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EDITOR’S PREFACE 


The present Yearbook is the final report of the Joint Commis¬ 
sion of the Mathematical Association of America and the Na¬ 
tional Council of Teachers of Mathematics on “The Place of 
Mathematics m Secondary Schools ’’ As editor of the series of 
Yearbooks I wish to express ray personal appreciation both to 
the Mathematical Association of America and to the National 
Council of Teachers of Mathematics for the generous way in 
which they have cooperated to make this Yearbook possible. 

W. D. Reeve 
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PREFACE 


The Joint Commission o£ the Mathematical Association of 
America and the National Council of Teachers of Mathematics, 
on the Place of Mathematics in the Secondary Schools, was or¬ 
ganized in 1935 to take over the work of separate committees of 
the two organizations that had been appointed some months 
earlier to study the problems of secondary mathematics During 
the first two years of its existence the Commission was able to 
hold conferences only in connection with meetings of the spon¬ 
soring societies, and not much progress was made toward the 
preparation of a report ^ In January, 1937, the General Educa¬ 
tion Board generously made a grant to the Commission of 
I5000, an amount subsequently incieased to $6500, and this 
subsidy made it possible for the Commission to hold meetings 
and carry on its work more effectively. 

The Commission had been left free to choose its own approach 
to the general problem of mathematics in secondary education, 
It became apparent very soon, however, that the Commission 
would not be able to consider all phases of such a broad sub¬ 
ject nor treat exhaustively the topics it selected for discussion. 
Among the primary difficulties in preparing the Report was 
that of achieving a proper balance between general principles 
involved and specific proposals concerning methods of develop¬ 
ing these principles The Commission believed that there are 
three groups of persons especially interested m such a report: 
(1) students of education, (2) administrators, (3) classroom 
teachers of mathematics. Obviously these three groups will view 

meeting of the original committee of the Mathematical Amciatlon in 
December, 1934, wag made possible by funds furnished by the Commission on 
the Secondary School Curriculum of the Progressive Education Association, of 
which Dr V T. Thayer was chairman 


IX 



X Preface 

the Report from somewhat different standpoints. Thus the 
student of education and the administrator may be interested 
chiefly in different phases of the broader aspects of the problem, 
while the teacher may be seeking answers to specific questions 
of instruction. It was in regard to possible interests of the 
teacher that restrictions in the scope of the Report had espe¬ 
cially to be made. The Commission could not prepare a general 
handbook, and it did not seem advisable to discuss methods of 
instruction. 

Within the Report itself the Commission has constantly 
sought to make it clear that the members recognize that there is 
no one perfect pattern of instruction in mathematics. Con¬ 
tinual experimentation is necessary if mathematical teaching is 
to meet the demands of changing school conditions, and it 
would be unwise to attempt to mold mathematics into a single 
shape, or to make any plan too rigid. Good programs depart¬ 
ing considerably from those that are set forth in this Report are 
being successfully carried on. However, the Commission does 
believe that the programs suggested are sound and, moreover, 
sufficiently flexible to meet a wide variety of needs if they are 
intelligently interpreted and followed 

If there is marked difference of opinion among teachers con¬ 
cerning the most satisfactory curricula for normal pupils, there 
is still more disagreement concerning programs for slow pupils, 
and, to a less degree, concerning those for superior pupils Al¬ 
though it is believed by many that only a start has been made 
toward the investigation of these problems, the Commission felt 
that It could not evade questions that are so pressing at the 
present time It is hoped that the discussion of general princi¬ 
ples and the specific suggestions that are given will aid those 
schools and those teachers who have not already found a satis¬ 
factory solution to the problem. 

The Report is not burdened with extensive references, as is 
so often the case in educational discussions. Views expressed are 
those held by the members of this Commission, based on their 
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own experience, their reading and study, and their discussions 
with other persons It seemed that little would be gained by 
trying to trace ideas to doubtful sources or by the citation of 
writers who are known to concur with the statements in the Re¬ 
port When other writers are quoted, they are usually quoted 
not because they are regarded as unimpeachable authorities 
behind whom the Commission can take shelter, but because they 
have given forceful or felicitous expression to views that tlie 
Commission endorses. On the other hand, the two basic pro¬ 
grams for mathematics instruction that are set forth m Chap¬ 
ters V and VI have elements that are so familiar it seemed un¬ 
necessary to support them by references. In some chapters it 
seemed desirable, however, to give short bibliographies, and it 
is hoped that the references included will prove sufRcient for 
the reader who desiies a further discussion than that given in the 
Report. 

Several of the chapters weie published in 1938 in preliminary 
form in two pamphlets in Older to receive criticisms and sug¬ 
gestions Many letters were received fiom individuals as well 
as more or less extensive comments from committees and groups 
that had discussed the preliminary Report. All of this material 
was very valuable in the preparation of the final Report. It is 
not possible to record here the names of all the many persons 
who, by giving aid and counsel, have demonstrated their interest 
in the work of the Commission, but the Commission desires to 
express its sincere appreciation to all of them. The obligation 
of the Commission to the following persons is especially great: 
Professor Harl R. Douglass of the University of North Caro¬ 
lina, who met with the Commission during one of its sessions; 
Professor E. R. Breshch of the University of Chicago and Pro¬ 
fessor Virgil S. Mallory of Montclair State Teachers College, 
who in addition to furnishing criticisms of the preliminary Re¬ 
port read some of the revised chapters and responded gener¬ 
ously to questions that were asked them; Dr. C. A. Atherton of 
Hershey Junior College and Dr. R. J Plannelly of Phoenix 
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Junior College, who helped in the revision of the chapter on the 
Junior College No responsibility should be placed upon these 
persons by anyone who disagrees with the Report. Although it 
gave careful consideration to advice and criticism, the Commis¬ 
sion did not always follow the recommendations made, so that 
the persons mentioned will themselves not concur with all that is 
said in the parts of the Report they especially scrutinized; but 
the Report was undoubtedly improved by their counsel and 
their suggestions. Finally, the Commission wishes also to record 
Its great indebtedness to the General Education Board for the 
financial assistance it gave. 
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"I had been to school most all the itme and 
could spell and read and wule just a little, 
and could say the multiplication table up to 
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reckon 1 could ever get any further than that 
if I was to live ftn n'n 1 don't lake no slock in 
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INTRODUCTION 


THE ROLE OF MATHEMATICS IN CIVILIZATION 

"There was things which he slietched, but mainly he told 
the truth " 

—THE ADVENTURES OF HUCKLEBERRY FINN 

As A background for discussing the place of mathematics in any 
system of education, it seems appropriate to give some attention 
to the ways in which this subject has assisted in the development 
of our civilization and the extent to which we now depend upon 
It. So old are some of the uses of mathematics and so deeply are 
they embedded in our culture that they are in danger of being 
taken for granted and forgotten On the other hand, at the 
present time the subject is finding employment in new ways 
that may not be known to those who are not directly concerned 
with mathematics, or even to some teachers of the subject. Ac¬ 
cordingly the theme that appears in the caption above is heie 
developed briefly. 


HISTORICAL PERSPECTIVE 

Some of our oldest historical documents have to do, either 
exclusively or incidentally, with mathematics The beginnings 
of the subject therefore belong definitely to pre-history. Though 
present-day studies are revealing the existence of a much greater 
knowledge of mathematics in antiquity than we had supposed, 
we shall never be able to uncover the first steps in its develop¬ 
ment any more than we can know in any satisfying way about 
man's first efforts toward artistic expression. It was a realization 
of the age-old character of mathematics and the social causes of 
its origin that led Professor Hogben to give the picturesque 
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summary, “The history of mathematics is the mirror of civiliza¬ 
tion.”^ During Its centuries of growth the subject has received 
contributions from different peoples, has been a common heri¬ 
tage for much of mankind, and throughout the (iviUzed world 
IS regarded as indispensable for further progiess. The realiza¬ 
tion that so much mathematics has come down to us tiom past 
years often leads to the belief that here at least is one science 
which has completed its growth Such a view is, however, quite 
erroneous, for the subject is one which today is glowing so rap¬ 
idly, as the great number of research papeis published here and 
abroad indicate, that the present has been described as the 
Golden Age of Mathematics 

MATHEMATICS AN OUTGROWTH OF FUNDAMENT \L 
HUMAN NEEDS 

However refined and abstract much of mathematics now is, 
one may be sure that its origin had to do with the commonplace 
matters of food, clothing, and shelter Questions inevitable for 
all human beings—such as how many? how much? how long?— 
could be answered only by counting and measuring These two 
processes, under the relentless stimulus of hunger, cold, and 
desire, gave the basic impulse toward the creation of mathe¬ 
matics, and today, in spite of its growth and ramifications, num¬ 
ber and form remain among the fundamentals of the subject 

ARITHMETIC AND GEOMETRY 

Having received instruction in numbers during early child¬ 
hood, people take them for granted and so do not realize that 
the development of the number system was an epic achievement. 
One is more likely to wonder how it ever was possible to get 
along with horses and buggies than to wonder how the Romans 
managed with their clumsy numerical notation. But upon re¬ 
flection one sees that the ideas, the processes, and the applica- 

^ Hogben, Lancelot. Mathematics for the MtlUon, p. ja. W. W. Norton and Co., 
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tions of arithmetic, as we have it today, form a highly perfected, 
permanent, and universal social heritage. 

The material world which surrounds us reveals form as clearly 
as It suggests number Although natural objects present them¬ 
selves in countless varieties, certain forms have a tendency to 
reappear, and this constant recurrence suggests basic concepts 
and stimulates the creation of an appropriate vocabulary Cir¬ 
cles, for example, are repeatedly forcing themselves upon us; 
one sees them in the sun, the full moon, the ripples on a pond, 
and everywhere, albeit imperfectly, in the trunks of trees and 
the stems of plants For centuries the night time sky was regarded 
as a hemisphere, with the stars fixed upon it, and the modem 
astronomer, though he knows better, preserves the illusion and 
still speaks of the "celestial sphere ” Long before man had 
constructed a circular arch he had seen one flash forth mysteri¬ 
ously in the rainbow Various practical arts, forced upon man m 
the struggle to survive, and raised later to a higher plane by his 
desire to make living more comfoitable and refined, prepared 
the way for geometry 

THE GREEK ACHIEVEMENT 

The much repeated story that geometry as a deductive science, 
as distinct from a compilation of miscellaneous rules, was started 
by Thales after he returned from a business trip to Egypt may 
not be true There can, however, be no doubt that Thales and 
other Greeks developed ideas that were to piove revolutionary 
by laying the foundation for some of the most significant aspects 
of Western civilization To them belongs the credit of initiat¬ 
ing rational science Long before the time of the Greeks, as early 
perhaps as the Stone Age, men possessed certain scraps of scien¬ 
tific knowledge of a practical kind, born heuristically from their 
experiences Thus they understood something about the use 
of the lever as an aid in moving heavy objects. At a later period 
we find quite remarkable technical knowledge in the civiliza¬ 
tions of the Chaldeans and the Egyptians. But peoples even as 
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advanced as these did not succeed m giving a reasoned explana¬ 
tion o£ natural phenomena and technical processes; apparently 
they hardly attempted to do so. On the other hand this was 
precisely what the Greeks did, and with them science as we 
think of It had its beginnings. Much of the Greek success is due 
to the development given to mathematics. 

OTHER BRANCHES OF CLASSICAL MATHEMATICS 

Such concepts as tliose of equality, cong;ruence, similarity, 
symmetry, ratio and proportion, woven so firmly into geometry, 
also contributed, under the spur of problems of indirect 
measurement, to the development of trigonometry, which had 
been used by the Greeks mainly in connection with astronomy, 
As one contemplates the table of chords that Ptolemy gives in 
his great work, which the Arabs renamed Almagest as an act of 
reverence, he realizes how essential all such work was if man 
were ever to "control his environment." 

The problems that were being subjected to mathematical 
analysis were constantly becoming more intricate, and revealed 
the necessity for methods more general and techniques more 
powerful and universal than the old ones. Out of this need came 
algebra, a subject which has shown a disposition to crowd into 
more and more places with benevolent willingness to take upon 
itself a larger amount of the work of the world. 

Appreciating this characteristic of algebra, Fermat and Des¬ 
cartes made a fusion of it and geometry, giving us the study we 
know as analytic geometry. Here a strange thing happened in 
our outlook upon things. Though to our sight the world looks 
convincingly like a three-dimensional affair, the new mathe¬ 
matics enables us to deal with a world not so “cabin’d, cribb’d, 
confined. Adventures into regions of more than three dimen¬ 
sions have been successfully made, the explorers bringing back 
valuable suggestions for dealing with the physical world, which 
shows the folly of ever committing ourselves to a policy which 
considers only things patently "practical ” 
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Soon after algebra ^nd geometry were united, the growing 
desire to deal effectively with phenomena and problems which 
had defied analysis brought into the foreground questions about 
rates of change Although certain Greeks, notably Archimedes 
and Eudoxus, had employed some of the conceptions of the 
calculus, it remained for the inventive and penetrating minds of 
Newton and Leibnitz to fix the foundations in a definite way 
The mathematician is justified in growing enthusiastic about 
this subject, since a new era for mankind began with its discov¬ 
ery, and human culture will never cease to draw heavily upon 
its striking methods of analysis. When, along with his neighbors, 
a mathematician observes publicizing of the fact that the world 
constantly changes, he may be pardoned for some surprise, for 
he IS likely to recall that two and a half centuries ago Newton 
was talking about fluxions and fluents. 

THE SERVICE VALUES OF MATHEMATICS 

Since much of our basic mathematics grew out of needs, its 
high utility should occasion no surprise. As the subject ex¬ 
panded It became more and more self-contained Mathemati¬ 
cians long have regarded it as one of man’s most appropriate 
activities, and they find satisfaction and interest in the study 
Itself This attitude has given an even gi'cater incentive for 
pressing its development than has the goad of need; neverthe¬ 
less contacts with the physical woild and applications to it have 
been discovered as by-products, such results being constantly 
taken up and cultivated by those engaged in various technical 
pursuits As there is no danger of our being deprived of the re¬ 
sults of mathematical inquiries, people may not keep in mind 
the many ways in which the subject ministers to us and may 
even forget how primitive our civilization would be without it. 
Most people, for example, do not know that quite as much use 
is made of differential equations as of wire in radio work. An 
inspection of textbooks having to do with numerous technical 
fields, professions, and trades reveals their great dependence 
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upon mathematics, and, if made thoughtfully, can well be rec¬ 
ommended for those who aspire to be competent appraisers 
of our culture. (See Appendix I.) 


THE NEWER USES 


Since the beginning of the century the science of physics has 
been greatly changed. The new work not only has employed 
novel apparatus but has required more advanced mathematics. 
In the case of the general theory of relativity, mathematics has 
been used in a more searching way than ever befoi e, since purely 
mathematical attributes became a guide in the quest for physi¬ 
cal laws The greater mathematizing of physics was to be ex¬ 
pected It was merely another step in an evolution long undei 
way More significant is the fact that some studies, until re¬ 
cently not mathematical at all, are rapidly becoming so. Per¬ 
haps the most notable example is chemistry, which is no longer 
almost solely a matter of test tubes and ciucibles plus a little 
arithmetic, but one of differential equations and integral signs.** 
Mathematics is a means not only for giving precise and eco¬ 
nomical statements for truths previously expressed less accu¬ 
rately and gracefully but also for affording new methods of 
discovery,® in some instances excelling the resources of the labo¬ 
ratory, just because it can bring one to grips with basic considera- 


= So striking has been the change that one chemist has lemarked "Clicmistry 
as graduated from the class of the descriptive sciences into the class of the exact 
sciences and has taken its place by the side of physics and engineering as a branch 
o mathematics,” Daniels, Farrington "Mathematics tor Students of Chemistry " 
The American Mathematical Monthly, Vol. XXXV, pp 3 g, 1938 
"An outstanding instance of what mathematics has done for chemistry with 
benefit to the entire world has been described as follows' 

"A modest professor of mathematical physics at Yale Univeisily discovered the 
p ase ru e and other thermodynamical lasvs of heterogeneous soliitions, and today 

m?nstne? 7 petroleum refining .,nd of other chemical 

ccIPhr H i inappiopriatc if the oil barons and motor magnates 

Act caw n «nnivou.ary m 

mil ons of a .7 f act,v,.led the 

also out ofT defiled,-not only out of the refinery stills, 

•<! mathematical equations of the meditative professor,” Gray, 
George S Science and Profits.” Harpers Magazine. April, 1936 ^ 
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tions In psychology and physiology, advances of new kinds are 
made through the application of mathematics, while certain 
types of geological studies can be made only by means of mathe¬ 
matics. meteorology being quite saturated with it 

Mathematical methods have appeared somewhat slowly in the 
social Studies, as was to be expected on account of the traditional 
descriptive qualities of these subjects The use of mathematics 
in economics will be considered briefly. Although in couises in 
economics there is reference to "laws” and "principles,” from 
which It IS asserted that conclusions are derived by deductive 
processes, mathematics has often been avoided. At most, a 
"curve of supply" and a “curve of demand" may have been 
drawn, and their intersection pointed to with a certain amount 
of satisfaction Economists acquainted with mathematical meth¬ 
ods have frequently felt a little uncomfortable at the inadequacy 
of the traditional procedures, a notable example being Marshall, 
who even in the fust edition of his great work, so often reprinted 
and revised, made use of the calculus only m the appendix out 
of consideration probably for his readers. There was no lack of 
emphasis, however, in the view which he expressed that eco¬ 
nomics must be developed by mathematics if it is to anive at 
clarity in its basic considerations 

It should be observed that it is just one hundred years since 
the appearance of Cournot’s famous Researches on the Mathe¬ 
matical Principles of the Theory of Wealth Cournot was a 
mathematician who sought to aid scholars in other fields, and his 
example has been followed by later mathematicians who have 
attempted to show in some detail wherein may he ways of prog¬ 
ress m the socially important subject of economics * 

*A bibliogiaphy of tii.uheraatical economics fiom 1711 to iR() 7 i ^>7 Irving 
Fisher, will be found in the tianslation by N. T Bacon of Cournot's isoik, llic 
Macmillan Co , iqag Important recent works on the subject by Amciican mathe¬ 
maticians are Evans, G C., Malhemalical Introduction to Economwi, 

Hill Co., 1930, Roos, Charles F, Dynamic Economics, The I’lincipm I’rcss, 1931. 
Reference may also be made to the works of such economists as H h, Mooic and 
Henry Schultz The increasing use of mathematics in economics is also shosvn by 
the establishing oE the journal Econometitca. 
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The mathematics that is of great use in developing concepts 
and relationships in the field of econornks is not solely the 
mathematics of statistical analysis, but mathematics of a more 
fundamental and classic form. It is of course tuic that .statistical 
methods are of growing importance in the study of economia 
as elsewhere From its very modest estate of a few years ago, the 
theory of statistics has grown significantly and has been suc¬ 
cessfully employed, for instance, in vhication and sociology. 
Statistical competence can now be regaided as a necessary quali¬ 
fication for many activities. 

MATHEMATICS AS A MODE OF THINKING 

It has already been suggested that though mathematics came 
into being through quite elemental needs, it has advanced far 
beyond that state. By the time geometry had attained the per¬ 
fection that the Greeks gave to it, mathematics had emerged as 
an instance of rigorous deductive thinking. Since then the word 
has denoted something over and above its theoiems and its 
results To malhematize a subject does not mean merely to in¬ 
troduce into it equations and formula.s, but railicr to mold and 
fuse It into a coherent whole, with its postulates and assumptions 
clearly recognized, its definitions faultlessly draivn, and us con¬ 
clusions scrupulously exact. Mathematical methods set up an 
ideal, a norm, a pattern, which though not attainable in all the 
activities necessary and proper to man, serve as a relentless spin 
to improvement. Mathematics succeeds because it .scatdies tire¬ 
lessly for the principles that underlie a situation or the weak 
point in a problem It analyzes, it dissects, and it relates, it tends 
to eliminate what is irrelevant or superfluous in order to attain 
an economy m thinking and expression 

THE SIGNIFICANCE OF ACCURATE THINKING 

At a time when so much is heard of social necd.s, it is well to 
emphasize those traits which distinguish men from other crea¬ 
tures. Assuredly it is not the social instinct, for there are animals 
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and insects which have highly organized social lives, nor is it 
even such qualities as devotion and sacrifice But man alone has 
the language sense and the high degree of reasoning power 
which allow the progressive development of one generation after 
another, by recording, analyzing, and using past experience A 
squirrel, like man, must deal with the problem of the normal 
granary, but it does not concern itself with questions of abstract 
reasoning, which man cannot escape. 

Man sets ideals for the things he does, and accordingly an 
ideal must be set for thinking If accuracy, cogency, should be 
this ideal, then it is attained in mathematics That is why mathe¬ 
maticians are little troubled by the question whether they see 
possible "utility” in this or that, but feel that they are engaged 
in the most human of enterprises, accurate thinking, and are 
not demanding immediate outcomes 

Can man by reasoning arrive at conclusions that represent his 
highest conception of truth? The answer is yes, and it is the con¬ 
stant business of mathematics to show this. If one wishes an 
example, he may lecall the pi oof that n® — n is divisible by 6 for 
all mtegial values of n, Is rational thinking "profitable” as well 
as possible? One need merely recall what the modern world 
owes to mechanics in order to obtain the answer 
The fact that in many situations theie are vaiiable and im¬ 
ponderable factors which influence people, in addition to emo¬ 
tional prejudice, has led to the claim that we should be more 
concerned with rational living than with rational thinking. It 
seems quite impossible to separate rational living from rational 
thinking; perhaps the difference between the two is one of de¬ 
gree rather than one of fundamental qualities. In any given 
situation we may either act one way or another or lefuse to act; 
but in any case, we aic held ie.sponsible for oui deci-sion and we 
must face the consequences of it, whether we like to do so or not. 
Surely prudence suggests that we seek to predict on the basis of 
logical analysis what the consequences of a given mode of be¬ 
havior will be 
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MATHEMATICS AS RELATIONAL THINKING 

Professor C J. Keyser has made the following forceful state¬ 
ment in regard to relational thinking; 

Each thing m the world has named or unnamed relations to every¬ 
thing else. Relations are inhnite in number and kind. To be u lo 
be related. It is evi dent that the understanding of relations i s a 
major concern of all men and wo men. Arc relations a concern of 
mathematics? They are so much it’s concern that mathematics is 
sometimes defined to be the science of relations.® 

It is precisely in this fundamental problem of searching for rela¬ 
tionships and giving accurate expression to them that mathe¬ 
matics has been so successful. Though the thought of ielation- 
ship was present in parts of Euclid and in early trigonometry, 
the general quest was handicapped until appropiiate symbolism 
came into existence, as it began to do with the appeaianre of 
algebra The letters of the alphabet, having been ficed ol the 
task of representing special numbers through the development 
of the Hindu-Arable notation, became available for all numbers, 
and mathematics began to reveal the great power of symbolic 
thinking With the development of calculus came an entirely 
new category of relationships, namely those in which change is 
involved Equations in mathematics, from the simple formulas 
for the area of a rectangle or a circle to the differential equation 
for a radio circuit or the integral equations which appear in 
mathematical economics, are nothing more than expressions of 
the ways in which one variable is related to others Similarly, all 
the tables we now have for elementary and higher functions are 
merely tables showing very explicitly the way in which certain 
quantities are connected As mathematics groups it constantly 
acquires and develops ways of dealing with relationships which 
before had eluded it. Because a good deal of effort is needed to 
understand these methods, there has been a tendency for work¬ 
ers m some sciences to neglect them and thereby throw upon 

'Keyser, C J Mole Philosophy and Other Essays, pp, 94-95 E P Dutton and 
Co, igay 
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mathematicians the responsibility not only of elaboiating the 
methods but also of showing the applications 

INFLUENCE OF MATHEMATICS ON OUR 
PHILOSOPHICAL OUTLOOK 

The success that has attended the development of mathe¬ 
matics and the benefits that have come through its wide em¬ 
ployment have had an important part in enlarging the general 
intellectual background of the present day. Certain philoso¬ 
phers, for example Kant, have drawn very heavily upon mathe- 
maticsj but it is hard to estimate how much influence such 
highly refined theoiies of knowledge have had outside the small 
circle that gives attention to metaphysical considerations, though 
undoubtedly some influence has been exerted by those who read 
Kant or by those who read those who themselves had read Kant 
The reality of mathematical mfluence, however, is far clearer 
than such a debatable example indicates, for mathematits, hav¬ 
ing been studied by the majoiity of well-educated people, has 
acted directly upon them, so there is not the need of the inter¬ 
position of the erudite philosophei. 

Even people who have no occasion to “use" more than the 
elements of mathematics and who have not followed its ad¬ 
vances regard it as a kind of stabilizing influence in a world 
quite uncertain about itself, and are heartened by the reflec¬ 
tion that over an ever-widening area of activities man’s mind can 
work unerringly, without passion, prejudice, or selfishness. Of 
course they do not take this as meaning that all our problems 
may be brought within the compass of mathematical methods 
or that extensive mathematical training is desirable for every 
enterprise. The limitations of mathematics are to be conceded 
quite as candidly as one admits those, for example, of music, 
of painting, and of sculpture. But just as these fine arts iclre.sh 
and give renewed spirit, so mathematics braces om mental back¬ 
ground by revealing the fact that within some subjects it is 
possible to achieve the highest ideals of thinking. The realiza- 
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tion that this is so is one o£ tlie things that should increasingly 
condition life today. 

Our literature, both that which is read and enjoyed over a 
long period of years and that which is dehnitely ephemeral, 
reveals the ideas just set forth. Few hooks have received as high 
praise as Wordsworth gave to Euclid in the lines: 

The one that held acquaintance with the stars, 

And wedded soul to soul in purest bond 
Of reason, undisturbed by space or time. 

It IS clear that Wordsworth recognized a very great human sig¬ 
nificance m geometry and saw a value in its theorems quite su¬ 
perior to what IS meant by utility A social philosophy is set 
forth in the lines above, one that regards men and women 
as being brought together by their intellectual possessions. 
Whether such a community of interests will ever be achieved to 
a significant extent is not the question, the important thing 
being that an ideal, drawn from Euclid, is set before us in lan¬ 
guage so felicitous that one tuins back again and again to read 
and reflect. Such ideals make our civilization seem better and 
richer, especially when they are set forth in words that tend to 
strengthen the ideals themselves 

Perhaps even more haunting is the line of Edna St. Vincent 
Millay, "Euclid alone has looked on Beauty bare," and the last 
part of her sonnet expresses a thankfulness for hours spent with 
geometry that must stir all who read our language 

O blinding hour, O holy, terrible day 
When first the shaft into his vision shone 
Of light anatomized. Euclid alone 
Has looked on Beauty bare Fortunate they 
Who, though once only and then but far away 
Have heard her massive sandal set on stone ® 

, Algebra, too, has left an imprint of its power and gracefulness 
that remains fresh in mature years, as shown recently by the 
novelist James Hilton when he linked music and pure mathe- 

«Irom The Harp-Weaver and Other Poems, published by Harper and Broihers. 
Copyright igso, igai, igaj, igjj, by Edna St Vincent Millay. 
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matics together, asserting that, in the long run, it is something 
like the binomial theorem or a Bach fugue that counts 
Turning to the daily press we find the same theme Reporting 
upon the Haivard Tercentenary, William L Lamencc wrote 
for the New York Times of September 6, 1936* 

The sessions this week dealt with the achievements of man's mind 
m the realms of the abstract—mathematics, astronomy, astrophysics, 
and cosmogony-with world leaders in these fields recounting their 
latest adventures 

Beginning with the most abstruse mathematics, calculating dimen¬ 
sions of the univeisc, the conference pioceeded to the more concrete 
sciences dealing with the structure and constitution of man’s cosmos 
Thus the conference went from the pure achievements of man’s 
intellect outward to the stars and galaxies The geneial picture pro¬ 
duced was that of man at his best, elevated by the superiority of his 
brain power 

It IS not likely that Mr. Laurence would have wiitten in this 
fashion, or that his paper would have printed what he wrote, if 
It were not realized that there are people who take inspiration 
from dwelling a little on man’s intellectual achievements. Con¬ 
fused as people are over current problems it is well to remind 
them that there is indeed such a thing as “man at his best." 

We have come a long way in our thoughts, fiom man the 
primitive creature, learning to count m order to cope better 
with a hostile world, to the lines of Wordsworth that take one’s 
thoughts into space, as well as inward to our intellectual posses¬ 
sions, to Miss Millay's conception of beauty and her deeply felt 
gratitude to geometry, to Mr, Hilton’s lingering memoiy of the 
grip of algebra, and Mr Laurence’s suggestive lines on man at 
his best Surely any question of whether mathematics influences 
our philosophy is answered 



CHAPTER I 


LOOKING AT MODERN EDUCATION AND ITS 
GENERAL AIMS 

^'Perhaps ajter censuring all the opinions that have been 
put forward on this obscuie subjeclj one ought to propose 
some theory of one's own ” 

-HLUODOrUS 


OUR FAITH IN EDUCATION 

Education in a Democracy. It is clearly the deshe oC the people 
of the United States to give wide educational oppoi timities to 
boys and girls Fiom the founding of the Republic to the pres¬ 
ent, men and women prominent in the national life have main¬ 
tained that the successful democracy which we cherish as an 
ideal must rest upon the pioper and widespread education of its 
people It has been held not only that demociacy might cease to 
exist without education, but also that a democratic order, even 
if apparently successfully achieved, must seek constantly to ex¬ 
tend the advantages of education to those who do not as yet 
enjoy them Thus education is both a primary means to an end 
and an end in itself never to be regarded as completely attained, 
A Story of Rapid Growth, The growth of our school system 
shows how vital and powerful the educational impulse has been, 
for schoolhouses and School children aie unquestioned realities. 
With the increase of numbers in the schools there have arisen 
grave problems for teachers and administiators. Especially has 
this been true in the secondary schools, the rajiid growth of 
which is shown by impressive figures frequently quoted.' The 

^Thc number of pupils has doubled every ten years since i8go. In 1936 more 
than 6,000,000 of the approximately 10,000.000 youth aged fourteen to seventeen 
were m high school Douglass, Hart K Secondary Education for Youth in 
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newcomers in the high school have been horn social and eco¬ 
nomic groups whose members pieviously had seldom gone be¬ 
yond the elemental y school, i£ indeed that was completed, Vari¬ 
ous leasons have been suggested to explain the inlliix. Perhaps 
one reason is that a high school education was considered a 
means to increased social prestige, while at the same time tech¬ 
nological developments m industry made it more difhcult for 
boys and girls of high school age to obtain employment Indus¬ 
try now requiies more technical knowledge or sufficient skill and 
endurance to pei foim routine tasks lapidly £01 hours at a stretch. 
Whatever the reasons may be, however, it lemains that the high 
school population has gieatly increased, a fact indicating that 
the people as a whole have faith in education 

NEED OF A MORE COMPREHENSIVE VIEW OF 
EDUCAllON 

In the past, the policy of the school was simply that of de¬ 
termining moie or less arbitiaiily what the boys and the giils 
should do Tiaditionally, schools have lequiied ceitaiii subjects 
for study and have provided other activities in which pupils 
were expected to engage. But with changing pupil pcisonnel, 
traditional cuiricula proved unsuited to many newcomeis, who 
seemed to deiive little benefit from thcir study The old studies 
were theiefoie modified, and new ones were provided with the 
hope of meeting the changed conditions. But these measuies 
did not meet the situation fully, and it has come to be recog¬ 
nized that the problems involved must be considered in a more 
fundamental way. 

Some of the efloi ts that have been made to solve the challeng¬ 
ing problems will be buefly desciibed. 

Tor as long as two decades attention has been devoted to the 
development of specific objectives for each of the suliject mattei 
fields By making clear the way in which poiLions of a subject 

Modern America, p afi American Council ot t'lluralion, Wa^liinKlon, 1937; 
statistics Irom bulletins of the U S OtTice of Education. 
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can contribute to achieving the goal or pttipose oE the whole, 
the inefEectiveness and aimlessness of much teaching has been 
reduced. Educational psychologists on tiicn pait have sought 
to improve instruction by indicating vaiious "bonds” that are 
to be mastered by drill or icpctiiion. In older to have moie 
complete appraisals of pupil piogiess, tcsiing expeits have con¬ 
structed various kinds of tests—iiivcnten y tests, diagnostic tests, 
and achievement tests—many of which have become standard¬ 
ized and are widely used. 

A frank discussion of the educational siiiuition must note that 
the movements described have, along with their good effects, 
added some confusion, for thcic are cases wlieie they have been 
cairied to an extreme. Thus, if a list of objectives is developed 
to a too great degree of refinement, an actual handicap can be 
imposed upon good teachcis. When one affiinis the existence of 
this fault, he is not denying that there are still many teachers 
whose work suffeis badly fiom iiicohcunicc and the lack of 
definite objectives On the other hand, te.sts have sometimes 
been applied without proper icgaicl for tlas.s si/c, chessroom 
methods, and time allotments Fuithcimoic, in their use con¬ 
sideration has not always been given to the liackgiounch of the 
pupils It is probable that a too highly mechanistic procedure 
is partly responsible for the emeigence of the pliilosophy of the 
child-centered school and other pionounccd forms of progres¬ 
sive education 

The Eleventh Yearbook of the National Council of Teachers 
of Mathematics includes a brief survey of the principal attempts 
at curriculum revision made duiing the past few decades Such 
studies show that there has been an cver-increasing expansion of 
the scope of secondary education, in the intetesL of both emich- 
ment and greater flexibility They also show that there has been 
a trend away from auihontanan prcsciiptions, and that this 
tendency to remove fixed requirements has led to a marked 
reduction of emphasis on definitely formulated “subject matter 
courses. Some educators now propose extensive participation 
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in curriculum making on the part of classroom teachers and 
pupils. The curriculum is then viewed as "emerging” from day 
to day, in accordance with ever new plans of “reconstruction,” 
"adaptation,” "integration,” and the like. But it is not clear 
how such a program can provide for continuity or coherence, 01, 
perhaps, even avoid some degree of educational chaos. 

The recognition that something more is needed than im^ 
provement of instruction through better utilization of pupil 
psychology, construction of tests for achievement, and analysis 
of objectives for specific subjects has led to the proposal of what 
are considered to be more fundamental approaches to educa¬ 
tional problems It is argued that the schools have been employ¬ 
ing quite inadequate or enoneoiis guiding ideals and piinciples, 
though the acknowledged benefits which have accrued from the 
schools as organized give evidence to the contrary. However, 
the efforts to find new and sufficient principles or appioachcs 
have led to so many proposals that the situation has been made 
more bewildering to many teachers instead of being convinc¬ 
ingly clarified.* The question arises as to how the individual 
teacher or admmistiator is to choose among such a vaiied col¬ 
lection of theories and proposals. 

Clearly there is need for a comprehensive point of view that 
will look at education as a whole Only in the light of an in¬ 
clusive orientation will it be possible to appiaise adequately the 
possible contribution of any subject matter field It is necessary 
to elaborate dependable criteiia of appraisal, of selection, of 
organization, of progress, and so on 

THE DUAL ASPECT OF THE CURRICULUM 

Only too often the fact is overlooked that every school activity 
of importance has both an impersonal and a personal aspect. 

® A long list ot different "approaches" aclvot.uetl at the present lime li.is been 
given by Bruner, Herbert D et al, A Tentainie list of Aplnoarhes In Curriculum 
and Course of Study Construction Mimeographed, Teachers College, Columbia 
University, Curriculum Library, 1954 The work o[ Bruner has been used by 
Norton, John K and Norton, Margaret A, Foundations of Curriculum Building, 
Ginn and Co, 1936 See especially Chapter HI 
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The first has to do with the accumulated or devclopiug experi¬ 
ence of the race and is relatively independent of jiersonal opin¬ 
ions or backgrounds. The second has to do with the reaction 
of the individual pupil or school to this resei voh of information 
or training. And so, the work of the school has both a static 
and a dynamic character. On the one hand, the school transmits 
important cultural possessions of the race, without which our 
institutions could not go on The maintenance of tins lieritage 
gives continuity and distinction to our national life. On the 
other hand, each generation necessaiily re-exarnines this heritage 
and adapts it to its own uses in the light of new and changing 
experiences. Therefore it is inevitable that in many aieas of 
human experience there will be factors tliat giadually become 
obsolete while others suddenly assume a riucaal importance. 
The drama of human evolution is thus a continuous struggle 
between the old and the new. This fact is inevitably leBected 
in the problems of the cuinculum. 

Throughout the whole history of education there have been 
countless attempts to define its functions, to claiify the meaning 
of the educational process, and to set up progiams or icgulations 
for the guidance of pupils and teachers. By this time we should 
realize that there can be no finality about such definitions or 
prescriptions Each epoch will insist on interpreting in its own 
way the educational needs of the rising generation, in accord¬ 
ance with new demands and altered perspectives Since human 
evolution is an unending process, it follows that education in¬ 
volves the necessity of constant readjustment. 

There are, however, weighty stabilizing factors that prevent 
a complete break with the past. There are, in fact, permanent 
backgrounds, perspectives, and values so universal and all- 
embracing that they might be expected to be held continuously 
in view They are connected with cci tain permanent physical, 
mental, social, and spiritual types of human needs, and with ele¬ 
ments of our world-wide environment that change only imper¬ 
ceptibly, if at all. It IS the function of the school to stress, first 
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of all, adaptations to permanent features of existence, without 
neglecting adjustments demanded by each successive age. If 
there is nothing of lasting significance in the programs of our 
schools, then all is writ in water and we are indulging 111 a futile 
game of self-deception at the expense of the youth of the race. 
There is wisdom in clinging to a linn belief m enduring back¬ 
grounds, and even the revolutionary developments of the recent 
past, while profoundly affecting human welfare, serve only to 
strengthen this conviction 

ENDURING EDUCATIONAL CONCERNS 

Among the human needs that will ncvei lose their impoitance 
are those of food, clothing, and shelter. A knowledge of facts and 
activities centering around these fundamental human icquhe- 
ments should be a concern of the schools. Security, reduction 
of anxiety, of disease, and of useless drudgeiy depend to an ever- 
mcreasing extent on the study and control of natuie and its re¬ 
sources Hence science, with its countless lamifications, will 
permanently engage the attention of the school For similar rea¬ 
sons, the study of man’s soc lal institutions cannot safely be neg¬ 
lected. Again, the practical arts, in conjunction with science, 
leading by slow degrees to advanced forms of technology, were 
among man’s chief tools in his slow ascent from savagery to the 
power age in which we now live. Hence, training which aims to 
develop creative ability in the fields which have to do with the 
transformation of raw materials into useful and artistic objects, 
is a vast though still neglected domain in the schools. And in 
the evolution of science and technology, mathematics has con¬ 
stantly furnished essential and invaluable aid For that reason 
alone the study of mathematics must be regarded as a peimanent 
ingredient of eveiy balanced school curriculum The fine arts, 
including music and liteiatuie, have jirovldcd elements of re¬ 
lease from drudgeiy and sources of appreciation that are among 
humanity’s noblest ti ensures To furnish continuous contacts 
with these great and enduring products of human genius would 
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seem to be a sacred obligation of the school. Situated at a still 
higher level there is a reservoir of spiritual values and visions 
pertaining to a nobler and finer life, to ideals of heroism and 
self-sacrificing endeavor. To be sure, such values may not be 
suitable for incorporation in textbooks and cotnses of study. 
But it is not too much to expect that the school shall, by its 
spirit and in its daily activities, keep in mind the infinitely 
subtle and permanent problem of peisonality growth. 

This brief sketch of the school’s permanent interests could 
easily be extended or be made more explicit. Enough has been 
said, however, to suggest the majoi aims or objectives of the 
school But aims or objectives are not cold abstractions to be 
realized merely by a series of methoclically planned activities. 
They are, rather, the school’s confession of faith and an indica¬ 
tion of the manner in which it inteiprets its stewaulship. 



CHAPTER II 


general objectives for secondary 

EDUCATION 

"7 pray thee overname them, and as thou namest them I 
will descnbe them, and auouhiig to my description, level 
at my a(jc( tion " 

—PORIIA IN HIE MERCIIANI 01 VINICL 

In the pieccding chapter the thesis was developed tliat the 
school should give adequate attention to the broad aieas oE ex¬ 
perience that have been shown to be oE almost univeisal occui- 
rence and importance. Unless he is brought into contact with 
them, the pupil will be unable to interpret, to appreciate, and 
to participate helpfully in impoitant domains of modern lilc. 
In the present chapter a somewhat detailed discussion will be 
given of certain broad and gcncial objectives that should guide 
the instruction and the tiaining which secondaiy schools pro-^ 
vide for pupils 

A Classification of Objectives. It is evident that educational 
objectives in the last analysis will center around three perma¬ 
nent factors, namely, the physical universe, society, and the 
child They are invariant fiames of leferencc of the educational 
process To disregard or overstress any one of them unbalances 
the emphasis on desirable purposes of education Accoidingly, 
objectives may be regarded as having either a factual and im¬ 
personal aspect or a personal, jisychological bearing. Thus, 
when we study a given domain in a puicly scientific way, ine- 
spective of the leainei’.s per.sonal leactions, wc aie mainly 
interested in facts, skills, oigaui/cd knowledge, accuiate ton- 
cepts, and the like If, on the other hand, we scruLini/.e the way 
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m which the pupil behaves in a given situation, oi his modes of 
reaction, we are led to such (ategoiies as liabits of woik oi study, 
attitudes, interests, insight, modes of thinking, types of appre¬ 
ciation, creativeness, and the like. 

A clear recognition of these two essentially dilFc^rent yet com¬ 
plementary types of objectives is one of the achievements of 
recent educational theory. It is generally conceded that in the 
past the chief emphasis was on impeisonal or factual objectives. 
Perhaps there are extremists now leaning too far in their psy¬ 
chological or child-centered point of view. But educational ad¬ 
vancement demands that due weight be given to both types of 
objectives 

This chapter will deal with objectives mostly of the second 
type The discussion will be limited to those objectives to the 
achievement of which the study of mathematics can make a sub¬ 
stantial contribution, No attempt has been made to list them in 
order of importance All are significant It is not implied that 
mathematics is the only study that can contnijutc to the attain¬ 
ment of these objectives, but its contributions are outstanding. 

> ABILITY TO THINK CLEARLY 

Educational leaders have pointed out that facility with skills 
and acqu aintance with facts do not constitute a sufficient goal 
for sch ools to set in their instruction of youth. One often hears 
the complaint that boys and girls are given only miscellaneous 
information and ar e dr illed in routine performanc e when the y 
shc juld be “trained to think ’ The gcial implied by the last 
words is very broad, and not all of the related activities are espe¬ 
cially pertinent to the general place of mathematics in educa¬ 
tion. An attempt will be made to indicate some activities that 
will serve to illustrate behaviors associated with clear thinking. 

Gathering and Organizing Data. Many serious problems in¬ 
volve the gathering and organiring of data, or should involve it 
if a satisfactory solution is to be obtained. In a way, this is 
merely a trite saying, immediately acceded to; but nevertheless 
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the process is not always earned out in a foithiight tvay Data 
may be obscure or difficult to obtain, while in other instances 
personal prcdilettions and interests invite biased selection. 
School experiences should impress upon pupils the fat t that in 
many social and scientific situations an e.sscntial step in good 
thinking consists in olitaining the facts and otgaiu/ang them 
Pupils should be led to reali/e that organization of (quantitative 
data precedes the mathematical treatment essential for adequate 
un^lerstanding of the scientific piinciples involved While the 
mathematical curricula of our sccondaiy schools have not given 
adequate attention to these matteis, the Commission believes 
that in the future definite piovision must be made foi training 
of this kind. 

Representing Data. In uiging suppoit for a pioposition one 
has the problem of piopcily presenting the undei lying data 
Although in the ouhnaiy occupations of cither adolescent ot 
adult life one docs not often deliberately cinjiloy scientific pro¬ 
cedures, one should be familiar with such pioccdure.s in older to 
follow discussions and appuuse intelligently issues that may be 
vital, or at least interesting, to him. Among the most promising 
ways of acquning such ability is that of engaging dining school 
years in activities demanding not only the tollcction but also the 
careful presentation of data. By such experiences the pupil 
should acquire the realization that the piopcr iepre.scnLation of 
data is often an invaluable aid to cleai thinking about many 
problems 

Drawing Conclusions, Data, well .selected and piopcily pre¬ 
sented, provide a basis for chawing (onclmsions. The difficiilLy 
of this process vanes with the situation, ranging from cases in 
which the conclusion is simple and obvious to those in which 
penetration of thought or a sequence of consecutive steps of rea¬ 
soning is involved Furthcimore, the confident e that may be 
attached to conclusions varies from a moderate piobability to a 
high degree of ceitainty. 

For problems in many fields of man’s activities, a clear and 
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permanent solution may be unattainable, although the answer 
to any particular problem may with the passage o£ time become 
clearer and more certain as pertinent information accumulates 
or more profound analysis is employed. Since one of the pur¬ 
poses of thinking is to gain conclusions, it is desiiable for young 
people to have school expenenre with subjects in which the 
ideals of permanence and high precision arc realized. This ap¬ 
plies even for those persons rvhose main interest is in problems 
in which conclusions must involve doubt. The contrast that ane 
IS thus led to see may engender an attitude of wholesome cau¬ 
tion. This experience may indeed leave a particularly vivid im¬ 
pression when opportunities are presented to study problems 
where a numerical measure of probability is assigned to a con¬ 
clusion necessarily based on data somewhat contradictory or 
otherwise inadequate. 

Establishing and Judging Claims of Pi oof. The effort to 
establish or judge the validity of many propositions leads to 
questions about the nature of pi oof. Any formal discussion of 
epistemology can hardly find place in sccondaiy instiaction, but 
there should be conscious experience with both inductive and 
deductive reasoning. The character and requisites of these two 
procedures should be so clearly grasped that appropiiate be¬ 
havior on the part of the pupil is brought about in the direction 
both of understanding and of making applications. In solving 
problems the pupil should develop the habit of asking whether 
he IS starting from general piemises and is seeking consequences, 
or, by examining particular instances, is aiming at universal 
conclusions He should seek to discover and remove ambiguity 
in the use of terms. He should understand the relation between 
assumptions and conclusions, and he should grow in the ability 
to judge the validity of reasoning which purports to establish 
f proof. P roper attention must be given to generalizing these b e¬ 
ha viors and understandings . We may then hope that pupils will 
apply them to situations arising in many different fields of 
thought 
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ABILITY TO USE INFORMATION. CONCEPTS, 

AND GENERAL PRINCIPLES 

One o£ the chief aims of the schools has always been to impart 
information which can be employed in one way or another by 
the boy or the girl both in youth and latei in adult life Certain 
factual knowledge is part of the essential equipment of even a 
moderately educated person But it is not enough, for equally 
important is the ability to think in terms of broad concepts and 
to apply geneial piinciples. Since in the secondary school a 
higher degree of matin ity on the part of the pupil may be as¬ 
sumed, tins school begins to differentiate itself maikedly from 
the elementaly school in the development of such capacities. 
Here arises one of the diniculiies of the secondaiy school, be¬ 
cause the varying abilities, predilections, and cnviionments of 
pupils will greatly influence what the school may accomplish for 
them The problem is complex, but its solution must neveithe- 
less remain one of the chief goals of education. 

ABILITY TO USE FUNDAMENTAL SKILLS 

To be even modeiately literate there are certain skills that 
each individual must have at his tommand. He must fust of all 
be able to read, write, and cany on certain arithmetical work. 
The elementary school conceins itself with such matters, but as 
society grows increasingly complex, technical, and scientific, the 
range of skills that cither arc necessary or aie highly desirable 
is continually broadening. This would seem unquestionably 
true in the fields of language tiaining and mathematical skills. 
Thus one of the essential functions of the secondary school is to 
foster the retention and further development of basic skills.^ 

’■The fact that some .siiljjcds, noi.ibly ni.iilicrn.iiiw, .nc iK'c.css.»ry in oitlcr sue 
cessfiilly to cany on oilier subjects, li.is led sotue cdiK.uors to ticsoibc them as 
"tool subjects,” This lias been unfortunate, for by Mn|j;lin(!; out one qu.ility of a 
subject and using it as a geneial designation one tenth to foigci ottici qualities 
that are also unporlant, paiticnlarly for ccitain individuals When we consider 
the development of avilization we sec that a tendency to grow away from mere 
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DESIRABLE A 1 111 UDKS 

Discussion of aitiiudes lias come into pinmincnce m late years 
m educational literature. This has involved the explicit inclu¬ 
sion in the progiaiTi of the schools of teitaiii objectives, which, 
while difficult to obtain, aie iiKieasiiigly being regarded as 
among the most important educational goals. Although the 
term '"attitude” is relatively new as a specific designation, schools 
have always had ideals and pin poses which could have appropn 
ately been classified under such a name, Wheieas foiineily these 
aims wete regarded as by-pioducts, to be realued automatically, 
the significant featui'e today is the attempt to analyze what is 
meant by these attitudes and to develop mstruciional procedure 
that will achieve what is desired. 

The classification of attitudes becomes complex wlien cinried 
out in great detail. One finds himself involved m an intiitate 
mesh of ideas that are oveilapping as well as woids that aic am¬ 
biguous. In the present connection it is not uctessaiy to attempt 
an exhaustive study, so the discussion will be limited to a few 
outstanding aims of education that fall within the wide category 
of attitudes 

Respect for Knowledge, The fund of knowledge now avail¬ 
able is so extensive and varied that any one individual can 
become acquainted with only a minute portion of it. At the 
same time modern problems are so complex that most people 

tool considelation5 is one oE its chief characteristics On every hand one witnesses 
the desire to transform what was originally a mere tool so that it will yield satis¬ 
factions other than utility Consequently it is quite unjustified to call studies 
tool subjects" just because they have great tool values. The physicist needs 
mathematics, hut he gams a great deal if he secs in the mathematics that he uses 
as a powerful implement some of the things the mathematician sees, quite as the 
person who is forced to use foreign language finds new satisfaction Jf he can 
develop a little of the spine of the rc,il language student Something is sure to be 
lost when anything is viewed as a tool which has in fact been merely one form in 
which human thought and aspirations have developed and ideals found har¬ 
monious and complete expression Such a distortion, usually .arising from the 
desire for haste and the wish to move directly toward some objective, is likely 
to lead to defeat in the end. 
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must rely largely upon the effoits of expeits to clarify them and 
to indicate possible solutions This means that the schools must 
seek to inculcate a strong and abiding lespcct for knowledge in 
order that the accumulated -wisdom ol the lace may be preserved 
and effectively used Persons who have developed this attitude 
exhibit behaviors such as the lollowing. They strive to make 
their own knowledge about problems with which they are con¬ 
cerned as complete and as accurate as possible They seek to 
settle questions on the basis of evidence lather than by personal 
opinion or capiice. They recogni/e that the judgment or opin¬ 
ion of those who have devoted long study to certain questions is, 
in general, more dependable than that of othcis If they cannot 
personally attain such standards, they are willing to accept the 
recommendations of cxpeits as a basis for guidance in the most 
desirable courses of action Schools can help pupils develop this 
attitude in various ways They can assist them to distinguish be¬ 
tween what IS worth-while knowledge and what is not and can 
give them criteria of judgment (oncerning the relative meiits of 
various types of authoiity. They can impress upon them the 
importance of ascertaining who aie the authorities in various 
fields and the impoitance of turning to them for guidance. In 
these and other ways, the schools can foster an attitude which 
will make pupils eager to inn ease their own knowledge and 
sympathetic with efforts to pieseive and extend the knowledge 
of the race Inteiest in a subject tan result liom study of it as 
well as motivate it 

Respect for Good Workmanship Society needs good work¬ 
men, and one cannot meet this demand unless he has come to 
realize what good woikmanship is. To some this realization 
comes naturally, while in others it may be a trait haid to estab¬ 
lish. Much of the work of the modern world involves precision 
and minute attention to details, such qualities becoming more 
pronounced as civilization grows moie complex Those at every 
level of society should be helped to attain an attitude of respect 
for good workmanship, and be made to realize that it is effective 
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and thorough work that gives one a claim to an adequate return 
for labor 

The ability to do work well and an appreciation of the mean¬ 
ing of excellence are not sufficient. There must be a mental and 
moral fortitude to stick to a task, even when other activities 
seem more inviting. Men and women engaged in professions 
which on the whole are congenial to them spend many hours at 
what IS wearisome and devoid of much inspiration, because an 
interest and absorption in what is being done often makes 
them oblivious of any distasteful elements. It is even a delusion 
of young people to believe that their "chosen occupation” will 
be full of thrills and devoid of all the elements of drudgery 
which they find in other work they are asked to do. In broad 
perspective, indeed, all work is likely to involve elements of 
drudgery Many fail to accomplish meritorious work within 
their possibilities solely because they do not have the quality 
commonly described as “stick-to-it-iveness," The majority must 
work for other people, and any reasonable scheme of social or¬ 
ganization should encourage the development of efficient and 
dependable workers Many students of our social structuie can¬ 
not imagine an organization, even though it be far more equit¬ 
able and charitable than that which we now have, which will 
result in making people feel constantly like singing at their 
work Voluntary acceptance of discipline is needed m a democ¬ 
racy, and it is a duty of the schools to develop it as a product of 
the life of the school as a whole. 

Respect for Understanding. Related to the idea of doing 
work m a creditable manner is the ideal of realizing the differ¬ 
ence between mastery and superficial understanding. A large 
part of the progress of the race has been due to men who have 
seen in apparently familiar situations more than was evident to 
others What is implied by really understanding even a com¬ 
paratively simple thing may be quite an involved problem. 
Often it includes far more than one is at first inclined to believe, 
for It is possible for a person to believe he understands when 
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in fact he does not understand at all. Modern life demands 
understanding as well as excellence in woik 01 ctaftsmanship 
Education therefoie has the obligation of bunging pupils into 
experiences wheie they may at least he awakened to tlie distinc¬ 
tion between thoiough uncleistandiiig and routine peifoiniance, 

Social-mtndednes’! Here it will merely be noted that it is uni¬ 
versally conceded that schools should piovide opportunities for 
boys and girls to secure a w ide range of social knowdeclge, and at 
the same time strive to aivakcn a sense of social responsibility 
which will remain a dominating influence throughout then 
lives. Unless this is clone there is danger that individuals, edu¬ 
cated within the schools that society has cicatcd and supports, 
will use their knowledge and capacities purely selfishly or in 
definitely harmful ways Thus, no matter how thoiough the 
training that schools may give for the puipose of making people 
think clearly, they may be making the clevei pci son moie admit 
in achieving ends either individually selfish or beneficial solely 
to a small class or group. Fear of such dangei has led some 
educators to the position of subordinating the individual intei- 
ests of the pupil to a purely social end. When such a position is 
carried too far, a personification of society may result that is 
almost devoid of meaning, for the implication is likely to creep 
in that the views of society may be ascci tamed a.s well as those of 
an individual. The imperative need for a large amount of ivcll- 
organized instruction and training having definite social impli¬ 
cation IS generally rccogni/ccl The Commission hclieves, how¬ 
ever, that some of the desirable qualities of social-mindedness 
may be effectively aiouscd and stimulated by a vaiiety of studies 
which in the past have not been associated with this type of 
emphasis. 

Open-mindedness. The school has done little to remove the 
deep and widespread iiait of being biased by one's intei ests. In 
actual fact individuals cany cm icflcctive thinking over a wide 
range of activities, in many of whicli it is possible for them to 
hold a detached and scientific attitude, as they search honestly 
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for die answer that the data indicate. The schools must there¬ 
fore aim to develop persons capable of unbiased and logical 
thinking and at the same time to mold character that will lessen 
the danger of unsocial employment of the power thus stimulated 
and strengthened 

INTERESTS AND APPRECIATIONS 

Pupils in secondary schools fiequeutly have inieiests and ap¬ 
preciations which the school should help them develop But in 
addition to encouraging such personal iiiteiests, the school 
should seek to arouse new ones. There aie at least two impor¬ 
tant reasons for this educational obligation. In the first place, 
the successful pursuit of any chosen activity usually lequires 
competence in fields whose lelation to his major interest the 
pupil has not previously perceived. Definitely related subjects 
should be revealed as vital to his success. He should acquire the 
realization that it is as difficult to isolate one activity from all 
others as it is for a person to live uninfiueiiced by the welfare or 
doings of other people. In the second place, interests actually 
outside the range of one's main endeavor may have a large in¬ 
fluence on the satisfaction found in life Although it is to be 
hoped that one will find some enjoyment, or at least content¬ 
ment, in the part of the daily work of the world that he carries 
on, one is in a sense unfortunate if, in an age so rich as the 
present, he does not have some active interests and apprecia¬ 
tions Even those whose work is of an interesting and satisfying 
character often have absorbing avocations in which they may 
achieve some distinction It is still more important when work 
is monotonous and lacks characteristics that are inspirational 
to have something to which to turn for intellectual and emo¬ 
tional Stimulus. We cannot depend upon private enterprise to 
furnish adequate opportunities for wholesome entertainment. 
Thus there is an increasing provision for recreational facilities 
at public expense, the public schools often aiding in such pro¬ 
grams through their buildings, equipment, and personnel The 
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fostering of interests and appreciations in pupils while in school, 
which IS being stiessed heic, has a somewhat diffeient purpose, 
for it aims to make people, in some ways, at least, more self- 
contained. more lesouiceful, and less dependent upon private 
or public mass entertainment facilities as the sole means of re¬ 
laxation and enjoyment. 

At first sight it might seem that the fostering of purely 
personal interests and appreciations is giving education an in¬ 
dividualistic bias at a time when educatois aie stressing the 
importance of social attitudes. It would seem to lun countci to 
the contention that everything a boy oi girl does in school and 
everything studied must have a cleai and unmistakable value 
for society On the contrary, however, the cultivation of personal 
interests need not be anti-social. The individual who finds in¬ 
terest in his cultuial heiitage and is well acquainted with it, is 
very likely to see the present nioie clearly than one who believes 
that the pioblems of today can be detached tiom the past The 
Commission believes that social attitudes are likely to mamlest 
themselves in people who have an interest m such clomaius as 
literature, art, music, science, and mathematics. "I'liese have 
been among the tiuly humani/.ing activities in which man has 
engaged. They reach his finer lather than his grosser'nature, 
and through their influence a nobler and moie kindly society 
can be built 

In a democratic society it is imperative that there should be 
widespread appreciation and knowledge of subjects othei than 
those tliat have to do with jiolitical 01 social matters, or are req¬ 
uisite for professional or vocational competency, Theie should 
be strong bonds betsveen gioups working at diverse occupations, 
for m no oihei way can we be certain of retaining our cultural 
heritage, to say nothing of increasing it. There is no doubt that 
art, literatuie, and science will flouiish in a state where all pos¬ 
sess sufficient knowledge of these tilings to have an appicciation 
and a liking for them; but there may well be doubt whether the 
necessary public support will be given if the schools tiy to train 
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only specialists and pay no attention to thoroughgoing general 
instruction. Through their high school studies, boys and girls 
of ability can be made to feel that they are partakers of tlie sig 
nificant achievements and experiences of the race, their common 
heritage bringing them together and mitigating the disjunctive 
influences of varied avocations and special interests. 

One should distinguish between those types of detailed 
knowledge which may disappear quite quickly after the study 
of the subject has ceased and the general appreciation which re 
mains, A pupil who studies diemistiy for only a year soon for¬ 
gets the formulas and most of the farts he has learned; within 
a short time he could not pass an examination and he would be 
useless in a laboratory unless he devoted some time to review, 
But chemistry will not be thioughout his life a mystery, a mere 
name, or at most a vague dictionary definition. Having been an 
active participant in chemical study, and having himself per¬ 
formed chemical experiments, he knows in an intelligent way 
why chemistry is of great importance to human welfare, and he 
is familiar with the basic theories of the constitution of matter 
and with methods of investigation by which chemistry reveals 
many of the secrets of nature. To him the chemists of the world 
are not like workers in a land he has never visited and of which 
he has no conception whatever He might truthfully say in after 
years that he has never used in any vocational way the chemistry 
he studied, just as he may say he has never used the pictures on 
the walls of his home in any such sense But if he says with calm 
and deliberate seriousness that the study of chemistry meant 
nothing to him, he is merely making a highly damaging admis¬ 
sion and IS not m fact criticizing chemistry. A similar statement 
can be made concerning the study of any other great field of 
learning For example, a pupil should derive from the study of 
trigonometry an appreciation of the importance of the subject 
in physics, engineering, surveying, and astronomy that will re¬ 
main after his own ability to solve problems has gone. The 
great potential values of the residuals that remain after detailed 
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knowledge is forgotten has been well stated by Prolessor 
Snedden. 

The purpose of the teaching given us in these fields was surely 
never designed to make astronomers, African exploreis, writers of 
poetry, or painters of pictuics out of us But we are cultured persons 
to the extent that we have rich appreciations precipitated from such 
long range contacts as we wete able to make in these great human 
enterprises 2 

Studies which give a geneial cultural background can also 
create interests to be cairied on later as leisure-time activities 
Although much is heard about the necessity of educating for 
profitable use of leisure, the aims are often too low or too cir¬ 
cumscribed, as Professor Biiggs has observed: 

Unfortunately, the prevailing conception, even among educators, 
of leisure time activities, is that they aie pnmanly hiking, games of 
various kinds, creative work that is more or less aitistic, and im¬ 
proved association with one's fellows.® 

In short, the aims are often such as can be attained effectively 
without any considerable school experience, and hence are not 
ministered to by any supposed "educating for leisiue ’’ 

OTHER OBJEGTTVF.S 

Other objectives are fiequently mentioned, of which health is 
a prominent one Theie can be no question of its importance, 
and It IS passed ovei here solely because the subject with ivhich 
this report deals is not especially conceincd with it. One re¬ 
mark, however, will be made There is an increasing amount of 
knowledge on the part of the public as to sanitation and hygiene, 
and people gain information concerning medicine or health 
through agencies other than the schools, as is proved by the 
rapidity with which they have become vitamin conscious. Thins 
in the matter of health instruction, the icsponsibility of the 

2Snedden, D S Crlnratuiml Sociolof^ fw p r,ar». The MacmiUan 

Co, igs8 

®Briggs, Thomas H. "The Philosophy of Secondary Fducation" Teachers Col¬ 
lege Record, Vol, XXXVI, pp 593 G03, 1935 
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school varies greatly from child to child, and in the case of chil 
drenfrom some homes might even be com[)letely dismissed. 

Much has been said concerning citizenship and worthy home 
membership as objectives. Such broad terms must be analyzed 
before they have meaning. Citizenship should certainly mean 
more than an alertnes,s to current prolileins, an awareness of 
civic responsibility, and a willingness to aid in worthy enter¬ 
prises, It should embrace cultural interests and appreciations, 
and should imply a high degree of competence in the actual 
work in which one is engaged. One may recall profitably that 
Benjamin Franklin, often described as the world’s greatest citi¬ 
zen, was an eminent philosopher and scientist as well as a faith 
ful servant of the people. No small amount of the influence 
which he was able to exeit, and the confidence he could inspire, 
came from the esteem in which he was held because of his bril¬ 
liant accomplishments in a number of fields. 

Worthy home membership should likewise imply knowledge, 
abilities, and appreciations quite as well as the long cherished 
domestic virtues, if the word "worthy" is to mean much. For 
instance, elementary mathematical knowledge can be regarded 
as essential m the home, and mathematics more advanced can, 
on occasion, be desirable. The objectives previously discussed 
can all, in fact, contribute to worthy home membership as well 
as to citizenship, if these latter objectives are raised to a desirably 
high level. 



CHAPTER III 


THE PLACE OF MATHEMATICS IN EDUCATION 

'7 shall on with my story of praise, and then show you 
the heart of my message ” 

—VIOLA IN IWLLFriI NIGHT 

The influence that mathematics has long had in our civih/ation 
and Its growing importance indicate in a general way the place 
It should occupy m education. Since the function of the schools 
is to equip boys and girls not only to be effective membeis of 
our society but also to be appreciative of our culture, schools 
must especially provide contacts with a study which lias done so 
much toward both “controlling our environment” and forming 
our intellectual background. Though such a general statement 
IS easy to make, difficulties arise when its consequences are 
sought in such specific things as curricula For illustration one 
needs merely to call attention to the divergent views now ex¬ 
pressed. On the one hand there are those who urge that only a 
small amount of mathematics be univei sally required, and who 
say that we should expect only pupils with special inclinations 
to go further. On the other hand we have the thesis of Flogben, 
not a teacher of mathematics but a social biologist, that there 
are urgent social and individual reasons for a large number of 
persons to become proficient ovei a wider range of mathematics 
than they have covered in the past. 

One point should be disposed of at the beginning. There are 
many persons occupying important places in society who to all 
appearances have negligible mathematical appreciations yet 
live rich cultural lives. In some cases their study of mathematics 
evokes unpleasant memories, tempered only by recollection of 
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the joy that accompanied ultimate release. What does the Com¬ 
mission make of this? In many cases the dislike for mathematici 
may have been cieated either by the ineffectiveness or the per¬ 
sonality of a teacher or by the unsuitability of the material that 
a competent teacher had been lequirecl to jnescnt This, how¬ 
ever, cannot be offered as a universal explanation. If mathe¬ 
matics IS to be given the prominence in education which this 
Commission believes should be given it, every effort should 
naturally be made to reduce the number of tliose who cany on 
the subject in secondary yeais with a feeling of unhappiness and 
with a belief that no substantial benefit Is being obuined Bet¬ 
ter courses of study and better teachers ran do much to bring 
this about. It can be said here, however, that the Commission is 
prepared to accept the possibility of conditioned antipathy in 
some individuals, and would not force mathematics beyond the 
elements of arithmetic either ujion a pupil whose rebellious 
distaste toward the subject seems firmly cntrenciied or upon 
one whose genius or legitimate absorptions leave little leisure 
for mathematical development. 

As to the complaint that there aie too many cases where mathe¬ 
matics has been unsuccessfully studied, the following needs also 
to be said Similar criticism is made of the teaching of other 
subjects, so the complaint is only a part of the popular criticism 
of current efforts at educating. We "teach” English, and there is 
still much bad grammar and an apparently increased reading of 
cheap and vulgar writing. We dwell upon the social studies, 
and their lessons are left within the classroom by many who 
succumb to the lure of economic panaceas. We instruct m 
health, but the rules are disobeyed not infrequently by the 
teachers themselves as well as by the physicians who devise them 
These are discouraging facts about human nature, but they are 
not reasons for lowering our educational standards. The Com¬ 
mission believes strongly that educators should not resign them¬ 
selves to the doctrine of “minimum education” as the norm It 
believes that we should by all means require as ideals and stand- 
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ards something definitely superior to the small amounts of this 
or that subject which some people "get along with.” Cou.sLanL 
reasonableness should be used in meeting the difiicult special 
situations that giow out of mass education; but the schools 
should certainly be umemitting in tlieir elFoits to rai.se the gen¬ 
eral standard of American culture. We should never be content 
with a "high standard of living” only in the material sense 
There is a positive answer to the question as well as the some¬ 
what negative answer just set forth. The Commission believes 
that under proper teaching, supported by disciiminaimg and 
sympathetic guidance, a fairly laige proportion of boys and girls 
can realize that man has lived so long, accompli,shed so much^ 
and learned so many things, that they cannot icasonably isolate 
themselves from traditions which .stumgly condition the picsent. 
The conviction will come to them that they can hojie to deal 
effectively with the futuie only by iiaying attention to the pa.st. 
In view, therefore, of the incieasing impoitaace of mathematics 
to civilization, because of the technupie.s it has peifected as well 
as Its methods of reasoning, the Coinmi.ssion believes that ample 
opportunity and enemuagement .should be given to all indi¬ 
viduals to continue tbcii mathematical training as far as their 
powers allow and as othei conditions permit. lSucIi instiuction 
should be m definitely oigani/ed mathematics cour.scs, for inci¬ 
dental learning of mathematical fiagments in connection with 
other studies cannot give either the general understanding or 
the appreciation of the subject that is here advocated. 

The mannei in which mathematics as a school subject con¬ 
tributes to the objectives dusc ussecl in Chapter II will now be 
discussed. 

MATHEMATICAL STUDY AS TRAINING IN CLEAR 
thinking 

It is unfortunate that for a long time it was maintained that 
mathematics furnished a general training of the 'Reasoning 
faculties,” as if a certain power might theieby be developed to 
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function mall situations. The piobleni o£ “transfer” however, 
need not be gone into here more than to note dm it w now 
generally accepted that transfer is povsiblc. It is to be observed, 
moreover, that nothing was said rcgaiding the tiaining of a gen¬ 
eral “reasoning faculty" when in Chapter 11 the ability to think 
clearly was discussed. 

What was said about galherhi^ and organizing data, pre¬ 
senting data, and drawing conclusions .shows at once how impor¬ 
tant mathematics may be in giving imstiuctive experience in 
these procedures. If, as was stated before, mathematical teaching 
m the past has not paid sufficient attention to tlie first point, 
gathering and organizing data, this was partly due to the fact 
that scholars in other fields were not always cooperative. They 
shut themselves away from mathematical methods. But this has 
now changed, and the development and the wide use of statisti¬ 
cal methods have greatly increased the area in which significant 
quantitative work is possible. A ceitain knowdedge of basic 
mathematics is required in these areas. A fair competence in 
algebra is needed if one is to uiidei stand concepts and pro¬ 
cedures beyond the most elementary ones In a way algebra may 
be a "tool” for statistical work but a tool in a very fundamental 
sense, since it is woven closely into the texture of the subject 
and into the thinking which is involved. That something far 
more than routine skill is required becomes apparent when the 
subject IS carried mto the range of probabilities, a field into 
which it inevitably moves as soon as measures of reliability are 
introduced. 

The truth of what has just been said is being constantly dem¬ 
onstrated by individuals attempting to do statistical work with¬ 
out adequate preparation. The difficulties which so frequently 
take them to a mathematician for aid usually center around the 
meaning of things Actual use of formulas may have caused no 
trouble, but neither the ideas from which the formulas were 
derived nor their implications are understood, The person in 
distress has usually obtained a number of whose accuracy he is 
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sure, but whose meaning quite confounds him Such a situation 
IS evidence not of lack of numerical adioitness but of compre¬ 
hension. The person may be bewildered solely because he does 
not have at his command the only language which will allow one 
to “think through” the subject he is trying to handle. Such un¬ 
happy situations as this will be coireeled only when mathe¬ 
matics IS rightly viewed as essential to clear thinking in certain 
domains, and all talk of it as only a “tool subject" has ceased 

Portions of mathematics can be made especially effective in 
developing habits and traits discussed under the heading “Estab¬ 
lishing and Judging Claims of Proof." Geometiy has always 
been regarded as presenting unusually impressive instances of 
deductive reasoning In a formal couise in the subject a pupil 
almost daily has an assignment involving “proofs," and in no 
other study is this likely to be the case. The nature of the mate¬ 
rial with which the proofs deal is indeed quite different from 
the “life situations” which he will encounter later as an adult 
and a citizen It is altogether probable that, in the past, mathe¬ 
matics teachers did not do all they should to make the experi¬ 
ences of the geometry class as broadly significant as they may 
well be 

Geometry has been treated solely as geometry and not as a 
subject, which in addition to being a splendid example of deduc¬ 
tive reasoning, important and interesting in itself, can also serve 
the purpose of creating a critical attitude of mind toward deduc¬ 
tion and thinking in general. It is essential to have the theorems 
of the text understood and the problems rvorked, and to place 
the mam emphasis of the study upon geometry itself; but it is 
important also for mathematics teachers to make geometry yield 
all the educational benefits it can Teachers who have experi¬ 
mented have found that, without lessening serioiusly the amount 
of geometry taught, the course can be made the means of estab¬ 
lishing a general critical attitude on the part of pupils, an atti¬ 
tude that they recognize and value. Especially at the high school 
level, principles of deductive thinking can be most effectively 
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taught in connection with a well-organized, substantial subject 
such as geometiy, which, being logical itself and free from per¬ 
sonal prejudice, can serve as a yardstick. It is clear that little can 
be accomplished merely by announcing principles and criteria 
of good thinking and calling attention to the danger of their 
violation by illustrations of good and bad thinking taken from 
“life situations.” In a miscellany of such illustrations there 
would be neither coherence, growth, nor any body of knowledge 
significant in itself Furthermore, abstract principles of reason¬ 
ing are not designed to arouse response, particularly in young 
people. On the other hand it is not strange, when one pauses to 
reflect about it, that geometry, with its origin in mensuration 
constantly kept before us by its very name, with its employment 
of figures and its superb logical structure, often has been a favor¬ 
ite study and has even stirred those gifted with literary expres¬ 
sion, though not pursuers of mathematics, to affectionate praise 
of its satisfying truth and its serene beauty. 

Until recently there has been little inductive thinking in ele¬ 
mentary mathematics Comprehensive books on algebra have 
frequently contained a chapter with the austere title "mathe¬ 
matical induction," probably poorly understood and productive 
of little result unless the pupil went considerably beyond alge¬ 
bra Mathematicians have disagreed with the statement of Hux¬ 
ley that mathematics knows nothing of observation, of experi¬ 
mentation, or of induction. Though definitely untrue, if one 
is thinking of the way in which the subject has developed, the 
criticism has been valid when applied to methods employed in 
Its teaching There is now, however, a definite trend toward 
leading pupils into new topics through their own experiences, 
Especially is such procedure possible in geometry, and the ap¬ 
pearance of informal geometry, including intuitive and experi¬ 
mental procedures, in the seventh and eighth grades is a distinct 
and significant step in this direction The possibilities are cer¬ 
tainly numerous, and it is to be hoped that mathematics will 
emerge finally as the vehicle through which may be obtained 
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impressive experiences in inductive as well as deductive rea¬ 
soning. 


MATHEMATICAL INFORMATION, CONCEPTS, 

AND PRINCIPLES 

A large body of mathematical knowledge is of unquestioned 
utility and involves no intricate techniques, For example, 
theorems of geometry are merely facts about figures, of eiilvcr a 
descriptive or a metric chaiacter. Necessary for certain trades or 
technical occupations, they may be univci.sally desirable Un¬ 
doubtedly a very large number of Americans tan find the aica 
of a rectangle. To find the area of a ciicle, however, would lead 
many to ask aid, although some would be cpuck to claim, ‘‘I 
could solve such a problem once " Ilowcvei, just as one need 
not inventory the mathematital requiicinents of tiades and tech¬ 
nologies, he need not enumeiate all instances in which mathe¬ 
matical information may profitably be used, in ordei tliai the 
place the subject deserves in our school cuiricuU, on the scoie 
of information alone, may be recognized. 

On a somewhat different level, insofar as thc'y affect mental 
activities of educated persons, come the concejits and principles 
with which one has contact in mathcniaiical instruction When 
well impressed upon tlie mind, tliey aie more peimanent pos¬ 
sessions than facts or even skills, which are likely to be impaired 
through disuse In a society which draws so heavily upon mathe¬ 
matics, as does our own, mathematical principles and concepts 
should affect the manner in which the individual thinks and 
should color the appraisals he make.s. The signed numbers of 
algebra, the similarity, the congruence, and the parallels of 
geometry, the rates of change of elementary calculus should be 
so taught that they leave lasting impressions. The ambition 
to make mathematical instruction moie broadly significant 
through emphasis on concepts has led to strc.ssing the function 
concept as a unifying element Inasmuch as it deals with rela¬ 
tionships, it is quite true that few concepts have greater univer- 
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sality or importance. A society, all members of which while m 
school have been given persistent and effective contact with this 
concept, should view problems and situations more intelligently 
than a society which has only a certain number of mathematical 
specialists. But the great importance of the function idea should 
not lead to an over-emphasis upon its significance, nor should it 
lead to slighting mathematics which does not come under its 
scope, for very important and very intere.stmg parts of the sub 
ject are unrelated to it. 

MATHEMATICAI- SKILLS 

An effort has been made to describe the fundamental ways in 
which mathematics is embedded in thinking and to discuss its 
concepts in such a way that they will not be confused with skills. 
But a precise dividing line cannot be drawn. Mathematical 
technique is a very real thing. Its extensiveness and the diffi¬ 
culty of mastering it will always be a source of discouragement 
to some pupils and a perplexity to some teachers. Unless one 
has facility with its processes, however, mathematics cannot be 
used effectively. Its techniques must be so well acquired that, 
in a sense, they take care of themselves, leaving all of one's 
powers available for other purposes, especially the higher ones 
of analyzing and directing. If the handling of fractions or the 
solution of simple equations taxes the pupil's ability, there is 
little chance that he will deal satisfactorily with situations in 
which these processes enter. If there is, on the other hand, such 
command of the processes that there is true fluency in their use, 
there is likelihood that mathematics may be justly appraised and 
effectively used. 

The character of the techniques of mathematics is in part re¬ 
sponsible for the fact that it is necessary to study the subject for 
some time before it pays extensive returns. A pupil may attend 
one class in first aid, learn how to apply a tourniquet, and later 
save a life But it is hard to conceive of much benefit from one 
lesson in algebra or geometry. The deep-seated desire for quick 
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returns, however, will always arise in connection with mathe¬ 
matical study as m other situations, and should be honestly 
faced Of course every effort should be made to make mathe¬ 
matics pay returns as promptly as possible, even the very pru¬ 
dent investor with his eye chiefly on the futuie is pleased with 
early dividends, for they support his faith in large ultimate 
profit. The recent efforts to make mathematic .s, especially alge¬ 
bra, yield more of interest in its eaily stages aie both laudable 
and notable. They make the study resemble an insurance policy 
with a good surrender value in early years. 

Though techniques should be regarded as means and not as 
ends, those of mathematics have certain viitues on account of 
the broad educational processes involved. Some teachers, un¬ 
settled by attacks upon mathematics, have sought to turn these 
attacks aside by fleeing Irom tedmupies as though they were 
evil, or have pictciided that they coiikl be learned, to the extent 
necessary, without conscious or serious effort. The actual edu¬ 
cational value of the technuiues, which makes such a retreat 
unnecessary, will be touched upon later. 

It i,s not difficult to draw up a list of situations in which one 
can profitably use algebia, and such a 11,st assists in a reali/.ation 
of Its importance. One is ('onfronted, however, with the ques¬ 
tion whether the mathematics that could lie used actually will 
be used even when the person is comjietent. Certainly not al¬ 
ways by any one person, even the accomplished mathematician 
may not employ his knowledge in all .situations where he could 
use mathematics. It is to be expected tliat in actual life mathe¬ 
matics will be used according to the individual’s taste and the 
extent to which he i.s actually stimulated by some problem. 
Neither mathematics nor any other subject can make the horse 
drink. The mathematics teacher is as powerless to make a pupil 
use mathematics as is tlie teacher of health to make him fol¬ 
low Its well-established laws. But education, which must not 
shirk the responsibility of developing capacities, at the same 
time must enable persons to realize the meaning of intelli- 
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gent living m a scientific age and urge them not to slump into a 
state o£ mental indolence, after having been potentially brought 
to a rather high level of understanding. 

Comparatively few pupils during the secondary years know 
what their later activities and studies will be. In the absence o£ 
required courses or suitable advice, many erroneously assume 
that they will need no extensive woik in secondary mathematics. 
On entering college they often find doors closed to desired fields 
of study because of the lack of adequate mathematical prepara¬ 
tion For example, they are unable to take woik of substantial 
character in the physical sciences, or in those parts of the social 
and biological sciences that employ statistical methods. To be 
sure, special courses are sometimes offered foi poorly prepared 
students, but such weak or emasculated studies are poor substi¬ 
tutes for standard courses that employ mathematics where it is 
naturally needed. To postpone until college years basic prepara¬ 
tory studies that experience has convincingly shown can profit¬ 
ably be pursued in the secondary school, gravely handicaps the 
pupil in his later effort to make a program of real collegiate 
studies. The doctrine of "postponement,” like the doctrine of 
"incidental learning," however alluring to the shortsighted per¬ 
son and however valid in certain subjects, is indefensible in 
the case of mathematics. The subject is so extensive and so 
difficult, requiring systematic and protracted study, as to be un¬ 
suitable for the general application of either of these doctrines, 
Administrators should feel deep concern over the large num¬ 
ber of pupils who find themselves without adequate preparation 
for the activities, professions, or additional studies which they 
later wish to undertake but which presuppose substantial foun¬ 
dations In their solution of this problem lies the test of their 
educational statesmanship. A strong and corrective influence 
should be exerted upon those boys and girls who are capable of 
doing fair work with secondary mathematics but who, although 
they have no serious dislike for the subject, and insufficient 
knowledge to form a sound opinion, think it unnecesary and 
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yield to what is easiest or most glamorous at the moment. It is 
for the good of society that each year theie should go forth from 
the secondary schools a large number of young people with 
marked proficiency in the technical skills of mathematics, to¬ 
gether with a fundamental understanding of some of its con¬ 
cepts. The steady flow of siuh a gioup into oui democracy is 
a major responsibility of school administrators. 

MATHEMATICS AND DESIRABLE A'l ITTUDES 

It is often asserted that as a people we have high icgard foi 
the specialist, the claim seeming to incUtatc .1 lespecL for knowl¬ 
edge and competence. However prevalent .sutli a legard may be, 
It IS not a disciiminating one. Our people aie, in fact, fre¬ 
quently and badly victimi/ed by p.seudo-S])etiahsts and jiseudo- 
experts, simply because they aie unable to lecogni/e important 
fundamentals. In the fulute yeais, as in the past, levolu- 
tionary piograms of an etononne and s<h uil natuie will be uiged 
upon our countiy After the jiaitcsaii and jioliiical thaiacter of 
a proposal has been scrutini/ed, thcie will still lemain the ques¬ 
tion whether the projxisal i.s based on a bioad knowledge of 
facts and an intelligent analy.sis of then lelaiionship, 01 on little 
more than wishful thinking. 

Now no subject excels luathcmaiic.s and those sciences that 
draw heavily upon it foi ability to set up higli standards of 
knowledge, of analysis, and of tcclmiqucs for aniving at accu¬ 
rate conclusions. Since mathematics and kindred scicnce.s under¬ 
take to construct systematic bodies of doctrine, they stimulate 
thinking, analysis, dcscoveiy, and growth. When the pupil is 
studying them, he luids liiiiisell unabh to advame meicly by 
using his memory 01 his fluency of .speech, lie uses hooks whose 
first chapters must be understood in oidei to advance to (he last. 
Only by comprehending each step in the piogiessivc develop¬ 
ment of these sciencc.s can he fmally attain the unclei.standing of 
the things that are being studied, things that aic pcnnianent and 
significant From this contact with ideal knowledge, he gains an 
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experieace that furnishes a backgtound for accurate discrimma 
tions and distinctions. We are at present confronted by so many 
social problems for which it is impassible to “know the answer" 
that it is especially important for society to acquire the steadying 
and careful habit of procedure which may come through the 
discipline of mathematical study. Good will and a warm heart 
are not enough to furnish us with tlie protection of life insur¬ 
ance; the formulas and the tables of the actuary aie in some 
ways more necessary. This Commission believes, in short, that 
mathematics can be so taught that it will help reveal the mean¬ 
ing of knowledge, as distinguished, on the one hand, from opin¬ 
ion and conjectures, and, on the other hand, from trivial and 
commonplace facts. 

It is probably true in certain respects that pupils are held to a 
higher level of achievement in mathematics classes than else¬ 
where by the nature of the subject itself, for here the standard 
of accurate definitions, of logical coherent statements in demon¬ 
stration, and of precise results must necessarily be stressed, In a 
broad sense, all this is merely claiming that mathematical meth¬ 
ods furnish examples of good workmanship. The possibilities 
of giving discipline of universal significance ate not lessened by 
the fact that not all the situations m which it may be used have 
the general characteristics of mathematics The question is one 
of creating an ideal and of setting up standards of excellence, 
not one of whether mathematics resembles other subjects. First 
the ideal must be glimpsed, then it must be so lived with that it 
will become a part of our lives This practice can most likely be 
accomplished through formal educational experience in which 
the ideal is constantly emphasized. This Commission believes 
that some teachers of mathematics have been indifferent to their 
full opportunity to hold up to their pupils high ideals of work¬ 
manship College students, showing very clearly that they have 
been allowed to "get by” in mathematical work as well as else¬ 
where, will unblushingly hand m papers whose careless appear¬ 
ance should give shame to any student Neat, well-arranged 
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work can have a sensory appeal, and should stimulate accuracy 
and precision. All these qualities, neatness, accuracy, and pre¬ 
cision, are merely attributes of “taking pains," a thing that is 
essential to good work in any field. It is not to be expected that 
mathematics will maintain the place its teacheis desire, unless 
teachers are willing to meet the insistence of administrators and 
educators that their subject yield all po.ssible contributions to 
the varied goals of education. 

Intimately related to good workmanship is the ideal of thor¬ 
ough understanding, and certainly here even the techniques of 
mathematics can be made to contribute wholesome lessons. 
Something as non-essential as a change of lettcis will often 
cause confusion for the beginner. Though a pupil may think he 
understands the identity {a -f b) (a ~ b) a~ — he is not 
likely to argue the case if he did not see its cgiphcation to 84 X 
76 until it was pointed out to him A pupil's piogiess in mathe¬ 
matics depends largely upon lus gtasp of the full implication of 
both the concepts and the powerful tcchnicpies. When he fails 
to understand some point, lus teacher frequently can trace the 
difficulty hack step by step to something the pupil believed he 
understood but which in reality he giasjied only inijicifccLly. 
The lesson to be learned from such an expeiience is much 
broader than the mathematics involved. Many parts of the sub¬ 
ject can be so presented that mathematics rvrll help to build up 
rn pupils the desrrable habit of questioning the claiity and the 
fullness of all therr knowledge. The desire to look into things a 
little more deeply can be stimulated by fiequent illustrations in 
mathematics of the profitablcno.ss of sucli a seaich 

It might seem at a Iirst glance that maihemaLics has little to do 
with developing social-mindedncss, which was .set down in 
Chapter II as one of the attitudes much in iavor at present. The 
“socral studies” arc currently urged as the cine for maladies 
which we know afflict us, but which we cannot dc,scnbe except in 
vague terms It rs, however, to be remembered that mathe¬ 
matics sprang from elementary human needs, from problems of 
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feeding, clothing, and shelter; and today, although it embraces 
a great deal more, it still has intimate connections with such pri 
mary questions. Thus, when propeily taught, mathematics 
surely should appear as one of the chief instiumerus of "social 
progress.'* 

Open-mindedness, tlie last attitude discussed in Chapter II, 

IS related to willingness to admit one's self wrong, but it is an 
attitude that should be carefully distinguished from mere men 
tal instability. In mathematics a person cannot long deceive 
either himself or another, for arguments that arise must end by 
tlie admission of one disputant that he had been wrong. This may 
cause the discomfort that some pupils experience in the mathe¬ 
matics classroom, where it is difficult to cover up a weakness 
Even if one's error is honestly come by at the expense of con¬ 
siderable toil. It must be laid aside without prejudice or resent¬ 
ment, Every pupil in geometry has had the experience of see¬ 
ing what he believed was a valid proof of an "original" explode 
under the questioning of his teacher. Even in studying his les¬ 
sons, he repeatedly finds it necessary to abandon a thought that 
for a few moments held the prospect of being the key to working 
a problem or proving a proposition. Such a situation may look 
somewhat grim, but, though the discipline may be too unpleas¬ 
ant for a few, an actual laboratory in open-mindedness, where 
one receives training in admitting an error endeared to him by 
the effort expended in seeking to establish it, may be more val¬ 
uable in forming a social attitude than rhetorical exhortations 

MATHEMATICAL APPRECIATIONS 
The schools must teach mathematics beyond its elements not 
only to equip those who need it as a tool, but also to make people 
appreciate in a forthright and intelligent way how basic is its 
place in our culture. The artist who depicted the “tree of 
knowledge" for the Hall of Science at Chicago placed mathe¬ 
matics at the very roots, with other subjects growing and flower¬ 
ing from it, thus implanting in the minds of many people the 
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idea of Its important cultural value. But such a mode of in¬ 
struction IS not sufficient, nor is it sufficient for teacheis of 
mathematics, animated by enthusiasm and pride, to display 
their trees of knowledge in their classiooms, The goal should 
ever be to create such understandings and appieciations that 
pupils in their own right become competent appraisers of math¬ 
ematics The position of mathematics in the "tiee of knowl¬ 
edge" IS a challenge to teachers of mathematics as well as an 
assertion of the value of their subject, and, repeated in our 
classrooms, it is a challenge to pupils, showing them not only 
what they may need in order to succeed, but what they must 
know if they are to comprehend certain essential elements of 
the civilization they are to share. The “tree of knoivdedge” is 
suggestive of a library with the names of poets, chamaLists, essay¬ 
ists, and novelists cut into its walls Assuredly the highest pur¬ 
pose here is not to give merited honor to those who cannot 
profit from it, nor to elevate ouiselves a little by the act of honoi- 
ing them, but rather to encourage those wlio see the names to 
learn why these names merit the honor shown them, and to 
share in a feeling of appiopnatcue.ss 
In the past mathematics has enjoyed such an appreciation, 
shown by the honors paid it m our literature and philosophy, 
and It still finds honor in contemporary literature. The fact that 
there are people who study mathematics and then assert that 
their Lime was wasted does not aflfcct the matter at all. The cul¬ 
tural tastes, appreciations, and accomplishments of the critic 
should be appraised befoie weight is given his opinion, though 
naturally in practice charity frequently intervenes. The Com¬ 
mission has stated at the beginning of this chapter that only the 
bare elements of mathematics need be lequired of a pupil thoi- 
oughly rebellious against the subject or of a pupil with a strong 
talent, wishing to devote his time to other subjects. The Com¬ 
mission believes, however, that appreciation of mathematics 
should be even more extensive than it now is, and it strongly 
urges upon administrators the wisdom and importance of using 
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as a general guide the ideas so well expressed by Professor Sned- 
den in the lines quoted in Chapter II ^ 

There is evidence of some interest in mathematics among 
adults for reasons other than narrow utility; for example, news 
papers and magazines from time to time carry mathematical 
problems Although these problems sometimes have the nature 
of a puzzle, they reveal an inclination toward mathematical 
thinking One would hardly care to venture the prediction that 
mathematics will ever be a serious leisure-time activity for 
adults to any extensive degree, but we have no knowledge of 
what the actual possibilities are Encouraging success has at 
tended some notable efforts to popularize the subject, and a 
thorough consideration of the problem of adult education may 
well show that the mathematics taught in the secondary school 
IS necessary for desirable work m later years. 

REMARKS 

The Commission believes that what has been said indicates 
that mathematics should have a prominent place in secondary 
education There should be ample provision for courses be¬ 
yond the ones that are required, conscientious efforts being 
made to influence pupils to continue mathematical study. Boys 
and girls should be informed as to the number of subjects that 
employ mathematics, and they should be led to see that an ac¬ 
quaintance with it helps one to live more intelligently in an age 
as scientific and as technical as our own. They should also be 
informed that in addition to its great helpfulness to man, mathe¬ 
matics has peculiar qualities, representing a form of perfection 
so striking that many persons, although not following it in any 
professional way, have considered their study of it one of their 
most valued experiences Nor should there be withheld from 
them the noteworthy fact that the greatest tributes to the sub¬ 
ject have come not from mathematicians but from dramatists, 
poets, and novelists Finally, they should be protected against 

^Eage 53 



Mathematics m Education 51 

becoming victims of the doctrine of incidental leainmg or the 
doctrine of postponement 

The effort to make mathematics a prominent feature of edu¬ 
cation implies the desire to keep secondary education on a liigh 
level, with respect to both the ideals that inspire it and the 
standards of achievement that are expected The Commission 
supports such a general educational position, m opposition to 
the movement toward minimum education. It is true that our 
attempts at universal education will bung into the schools many 
a case of Johnnie Lowique and Winnie Barely-pass, as well as 
delightful Huck Finns who “take no stock m mathematics/’ 
Unless the American temper changes completely there is little 
danger that such boys and gills will be dealt with unsympatheti¬ 
cally while we continue our cffoiis to devise studies and activi¬ 
ties really suitable for them. But they should not be allmved to 
set the general pattern for education, any moie than their tastes 
should be allowed too much weight in deteimining the pleas¬ 
ures and diversions available for educated people. A siuvey of 
movies and radio might indicate, however, that sue h a sunender 
IS being made. In concluding* one might say that the statement 
of Hogben that the history of mathematics is the miiror of civi¬ 
lization suggests that its position in the schools may reveal some¬ 
thing not only about our conception of education but about our 
national philosophy and ideals. 
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THE MATHEMATICS CURRICULUM 

"PEc shall make one or two poslulatesj deduce rules^ and 
give examples" 

-rowiiR, nti kind's English 
BASIC CONSIDERATIONS 

The Importance of Continuity and Oiganic Giowth. For many 
years American educators have urged the creation of curricula 
based on the view that the formal educational process extends 
from the pupil’s infancy through his adolescent years, or even 
further This idea is now icceiving uniform emphasis in all the 
major subject matter fields Mathematics, by virtue of its highly 
cumulative nature, cannot yield the cultural returns of which it 
is capable if it is offered as a disconnected sequence of isolated 
units. On the contrary, the major objectives of mathematics, its 
central themes and its broad life values, must be given an op¬ 
portunity to unfold gradually and continuously, in harmony 
With known facts of mental growth. 

The Importance of Flexibility Secondary education m 
America has not yet achieved relatively stable, clearly defined 
lines of demarcation that set it off from the domain of elemen¬ 
tary education on the one hand and from that of collegiate edu¬ 
cation on the other ^ We have, and may continue to have, a 
diversity of administrative divisions that are due to a variety of 
considerations Thus, in certain communities, the traditional 
8-4 plan has been replaced by the 6-3-3 7~5 

6-6 plan, or the 6-2-4 plan, either specifically for curricular 

^ In tins report the junior college is regarded as belonging to the secondary 
field See page 150 
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purposes or because of a problem of building accommodations.^ 
At this point we are merely interested in the fact that because 
of this variety of types of administrative organization in the 
field of secondary education it has been extremely difficult, even 
if it were desirable, to arrive at anything appioximating general 
agreement as to curricular offerings at any stage of the educa¬ 
tional process. No national commission can prescribe, or should 
even attempt to suggest, such a iigid organization of the mate¬ 
rials of instruction that there would be no further opportunity 
for individual initiative and constiuctivc experimentation. On 
the other hand, there is need at the momeiu to elaborate as care¬ 
fully as possible a gioup of guiding principles that may offer a 
definite step toward educational hairnony A tentadve list of 
such principles will be outlined in the following page,s. The 
second step is that of describing the curncular offcring.s, as far 
as possible, in terms of broad fields latlici than in terms of 
specific units of work 

Itis the opinion of this Commis.sion that the obvious difTuuhy 
of providing for both continuity and flexibility has been the 
great stumbling block in the development of a nation-wide 
mathematical progiam of instruction Accordingly, in this Re¬ 
port is described a program for maihcmatics in giatlcs 7 to 14 
that definitely aims to piovide for continuity of development, 
and that at the same time respects the reasonable demands for 
flexibility on the part of school administiaiois and teachers. 

The Work of the Elementaty Schools. The Commission has 
not attempted to suggest mathematics cvuiicula for the first six 
grades. That responsibility has been assumed by the National 
Council Committee on Arithmetic',''’ which will issue a separate 
report dealing with this problem. 

“Data concerning the giowth oi the iclitivc ficijiiency of tlicse administrative 
types of organization may he olit.iinrd from tlie ptihln.itinns of edtic.ition.al le- 
search bureaus, and from ediication.il yc.ul)floKs and .st.UUtic.il abstr.ncts Sec, for 
example, the monographs comprising the National Survey of Secondary I.Uucalion, 
Bulletin, IQJ2, No. 17, U. S OfTice of rducauon 
“Sponsored by the National Council of Te.icher? of MatltemaUO, under the 
chairmanship of Professor R. L, Morton, Ohio University. 
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The mathematics program o£ the elementary schools is the 
indispensable foundation of all the pupil's later mathematics 
work. If that foundation is weak, the pupil's subsequent prog¬ 
ress is likely to be permanently handicapped. 

In the following pages, it is assumed that a pupil who is ade 
quately prepared for the work of the seventh grade has acquired 
a working knowledge of the arithmetic commonly taught m the 
primary schools. An rncieasing number of representative syl¬ 
labi also assign to the elementary grades some preliminary work 
in the field of space intuition and a knowledge of geometric 
forms. Hence the following attainments may be regarded as the 
normal mathematical equipment of the American pupil who 
has satisfactorily completed the work of the sixth grade;* 

(r) A familiarity with the basic concepts, the processes, and 
the vocabulary of arithmetic. 

(a) Understanding of the significance of the different posi¬ 
tions that a given digit may occupy in a number, including the 
case of a decimal fraction. 

(5) A mastery of the basic number combinations in addition, 
subtraction, multiplication, and division. 

{<f) Reasonable skill in computing with integers, common 
fractions, and decimal fractions. 

(5) An acquaintance with the principal units of measure¬ 
ment, and their use in everyday life situations. 

(( 5 ) The ability to solve simple problems involving computa¬ 
tion and units of measurement. 

(7) The ability to recognize, to narrte, and to sketch such 
common geometric figures as tlie rectangle, the square, the 
circle, the triangle, the rectangular solid, the sphere, the cylin¬ 
der, and the cube 

(S) The habit of estimating and checking results. 

*For a synopsis of present tendencies m arithmetic, the reader may be referred 
to the Tenth Yearbook of the National Council of Teachers of Mathematics See 
also Norton and Norton Foundations of Curriculum Building, Chapter XI Ginn 
and Go, 1936 For the work of the primary grades, see especially, Morton, Robert 
Lee. Teaching Arithmetic in the Elementary School Silver, Burdett Co , 1937 
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A TENTATIVE LIST OF GUIDING PRINCIPLES 

Considerations Governing the Selection of the Materials of 
Instruction, Grades 7-/3. Among the considerations governing 
the selection of mateual in building a curnciilum, the following 
may be mentioned 

(7) Since there has been geneial agieement that the learning 
of mathematics rests upon acquiring a knowledge of a certain 
body of concepts, principles, processes, and facts that are essen¬ 
tially the same £01 all pupils, there can lemain little freedom of 
choice as to the inclusion in the curriculum of these funda¬ 
mental elements. The luiiifulum should include the basic ele¬ 
ments of aiithmetic, algebia, gcometiy, graphic lepresentation, 
and trigonometry. 

(2) In contrast with this pci man cut foundation, wc have the 
equally important fact that mathematics has had a remarkable 
growth and has been extemded to widely varied liclcls of appli¬ 
cation. 

For every type of pupil, a inathematical course of study must 
give constant attention to the "foundations,” while at the same 
time It stresses significant ajijjlications within the learner's po¬ 
tential range of uudei standing and inteiesi 

(^) The selection of the fundamental mathematical units of 
work, especially in giades y-g, is a highly technical task. 

In particular, the fundamental concepts, principles, and skills 
of mathematics must be introduced and developed in a care¬ 
fully organized pattern Due attention mirst be given at all 
times not only to logical consideiations, Imt also to psychological 
and pedagogical principles. 

(^) Extensive cxpeiicnce ha.s led to the conviction that in the 
case of retaided pupil.s, modifications are needed in tlie rate of 
progress and the clcgice c)f comj)iehcn.sion, rather than in the 
choice of the basic mathematical units. (See also Chapter VII) 

{5) The precise scope and degree of erajihasrs to be given to 
each major type of work, in a particular school, cannot be 
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stated witli finality in any general discussion On the contrary, 
these items must be regarded as subject to further local experi¬ 
mentation, in the light of actual time schedules and of desired 
or possible types of application and of training. 

( 6 ) Psychological considerations such as those having to do 
with the problem of understanding, with motivation, rates of 
learning, and with degrees of mastery, are also of great signifi 
cance in connection with the construction of modern curricula 
These questions must certainly be kept in mind when one 
wishes to determine the amount of work which may safely be 
accomplished during a certain period of time They are further¬ 
more of primary importance in the preparation of detailed in¬ 
structions for the teaching of each unit or topic. 

(7) Mathematics is often described as a "hard” subject. It 
has acquired this reputation (i) because it is composed of a rela¬ 
tively large body of closely related abstract ideas often presented 
'too abruptly, (ii) because its fundamental facts and principles 
must be learned as an organized sequence; (iii) because only 
constant attention and real understanding will lead to success 
m this field; and (iv) because only considerable practice, over a 
period of months or years, will insure mastery and the ability to 
apply with ease the results of mathematical training. While 
these features of mathematics cannot be denied, it is also true 
that each forward step in the subject is, as a rule, a very simple 
one. Hence, by safeguarding each day’s progress, and by follow¬ 
ing a teaching practice based on the laws of learning, the teacher 
can eliminate, to a large extent, the painful and futile struggle 
that is only too evident in some mathematics classrooms In 
particular, the following considerations are significant: 

(a) Early in each year the mathematical maturity of each 
pupil should be determined In case the required information 
is not available from reports, inventory tests may be needed to 
determine the amount of ground that may be covered during 
the semester, as well as the necessary amount of reteaching 
{b) Since mathematics is a cumulative subject, pupils should 
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be made to realize that each day’s work counts towaid success or 
failure 

(cyiixi understanding of the concepts and principles of mathe¬ 
matics IS the key to its successful study. To teach in such a way 
that the concepts become clear is the haidest and the most sig¬ 
nificant task confronting the teacher of mathematics. By way of 
illustration, a definition should usually be the outgiowth, not 
the beginning, of a learning process 

[d] “Overviews" and motivating discu-ssions are valuable as 
directing guides, while summaiies and organic leviews are effec¬ 
tive means of creating perspective and conlidence A properly 
constructed cuiiicuhim rvill give atletpiate attention to such 
considerations 

(e) In the past, much de[)endence was placed on mere drill, 
Recent psychological investigations .suggest that all tcchnic^ucs 
should be based on insight. This implies that adequate practice 
is to be provided, not meie dull, to lead the pupil to piopcr 
assimilation and mastery. 

(/) Modern psychology has proved the elTectivcness of "spaced 
learning” That is, "bunched Icaining" is not so productive of 
lasting values as "spaced learning " With slow pupils, cspctially, 
the idea of a periodic return to the same topic, piovicUng for its 
growing mastery and cnlaiged application, is of the utmost im¬ 
portance Experience shows that we cannot expect "one hun¬ 
dred per cent mastery" after a single, brief cxposuie. 

(g) The slow learner profits by at least the same degree of 
motivation, of cultuial enrichment and iniciest, as do othei 
pupils. But interest is pumatily a means of stimulating effort, 
not a substitute for effort. 

Principles of Arran^enienl. 'rhe following principles lefer 
primarily to the sequence of the topics to be included in the 
curriculum. 

(7) The sequence in the curriculum should be such that each 
topic will contribute definitely toward an ever-growing and 
more significant organization of the basic concepts, piinciples, 
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skills, facts, relationships, types of appreciation, and fields of 
application, resulting in the development of a unified mathe¬ 
matical picture. 

(a) Even in a reduced program, the study should emphasize 
problem solving and modes of thinking, and should not become 
a mere sequence of formal and relatively abstract drills. 

(j) If a unit organization is followed, it is not always advis¬ 
able to attempt in each of the units a complete or exhaustive 
treatment of the central theme or tojiic under discussion. On 
the other hand a unit should not include unrelated "odds 
and ends." 

{^) In general, a new topic should not be intioduced unless 
there is a sufficient background of prerequisite concepts and 
skills to permit unhindered concentration upon the new ele¬ 
ments. 

(5) A new idea or principle should not, as a rule, be intro¬ 
duced prior to the time at which it is needed or may be effec¬ 
tively applied. 

MATHEMATICAL CATEGORIES AS A BASIS OF 
ORGANIZATION OF THE CURRICULUM 

The Doctrine of “Centers of Interest ” Elementary and sec¬ 
ondary school systems are operating in many cases under differ¬ 
ent conceptions as to the best way to carry on the ‘‘educative 
process" One can with some propriety speak of the “old educa¬ 
tion" and the "new education" although such descriptions tend 
to over-siraplify the problem Not all schools of fifty or seventy- 
five years ago were alike; many of them were not so narrow in 
offerings or as restricted in points of view as is asserted in 
some present-day writing. In education, as elsewhere, one must 
remember that a careful study of the past reveals not only faults 
unsuspected by some people but virtues associated by others 
only with the present. On the other hand, what is called the 
“new education" may have more conservative elements than is 
sometimes realized. This much, however, it seems safe to say by 
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way of generalization. The “old education” interpreted teach¬ 
ing as a process of transmitting or inculcating a relatively fixed 
body of skills, information, facts, behaviors, and habits that were 
considered necessaiy or useful to a person, both in “making a 
living” and in living with satisfaction. It tended to employ fixed 
curricula, though not without giving attention in varying de¬ 
grees to the interests and abilities of its clientele through the 
use of electives or difleient cuiricula. The "new education," in 
contrast, tends to be much more “child-centered." It questions 
fixed curricula, even when provision is made for electives, and 
seeks to induce the pupil to icach out for such elements of infor¬ 
mation or training as may be in harmony with his own "needs 
and interest," both fell and unfelt. 

Under the “new echu ation" an effort is being made in some 
schools to build the curiiculum pnmarily mound signilicant 
"centers of interest” or "aicas of expciiencc,'' so broad in char¬ 
acter as to anticipate jiotentially a huge number of the educa¬ 
tional needs of children. By this means it is hoped to insure 
both a set of desirable jnactical aiul (.ultural backgrounds and 
the possibility of favoiable subjective leactions. Fuithermore, 
it IS hoped that through suflicicntly expeit handling of these 
backgrounds the school will succeed in tiansmitting the skills, 
facts, habits, and attitudes necessaiy to a successful life and well- 
rounded development Under the "old education" many of the 
most important of these facts and skills have been isolated, logi¬ 
cally organized, and systematically taught Under the “new edu¬ 
cation,” however, they are to be acquired much more infoimally 
in the course of expenem cs .selected, at least in jrari, for reasons 
other than their fiuilfulncss a.s a mean,s of transmitting prede¬ 
termined skills, fat ts, and hal)it.s. 

In the elementary school the "new educiition" has secured 
widespread endorsement. The secondary school is being sub¬ 
jected to great pressure to follow a similar course; that is, it is 
being asked to give up its "adult-organized," sequential subject 
matter courses in favor of broad, flexible "areas of experience" 
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that are assumed to appeal to the individual student. In this 
Report the concern is mainly with the question of the extent to 
which such a conception is feasible in the field of mathematics 
Unsettled Status of This Educational Issue. The fact has been 
stressed that the mathematics of the elementary school is a com¬ 
paratively closely organized and cumulative system of concepts, 
skills, facts, and relationships. A pupil cannot master a given 
unit in most branches of mathematics until he has acquired 
some understanding of and reasonable skill in the related earlier 
steps involved. If the basic equipment in mathematics is to be 
acquired by means of "centers of interest," as these are com¬ 
monly understood, such as the farm, transportation, and con¬ 
sumption of goods and services, mathematics becomes only one 
aspect of such study. Today a crucial question of curricular 
theory centers around the extent to which the methods of the 
"new education” lead to mastery or understanding of funda¬ 
mental subjects such as mathematics. 

The evidence accumulated on the relative merits of curricula 
organized according to the newer and the older theories is far 
from conclusive, at least with respect to instruction in mathe¬ 
matics. The "new education” is still definitely in the experi¬ 
mental stage in the secondary school. There can hardly be any 
doubt that an exclusive dependence upon "centers of interest" 
as a basis for organizing the curriculum makes very difficult the 
application of the guiding principles discussed in this Report, 
In the absence of more convincing evidence in favor of one 
point of view over the other, this Commission has sought a basis 
of organization that adheres to accepted principles, yet incor¬ 
porates modern views on the way the mathematics curriculum 
should be organized The Commission recognizes the desirabil¬ 
ity of correlated activities and a reasonable utilization of centers 
of interest pertaining to important aspects of modern life, but 
under present conditions it recommends that for other than ex¬ 
perimental classes the curriculum be organized in conformity 
with principles outlined above and later in this Report. 
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Expressing the Matlieninlics Cuinculum m Tenns of Broad 
Categories. For the reasons suggested above, this Commission 
has found it desirable to outline a gcneial plan of oigani/ing 
the materials of instuiction in sec onclaiy mathematic s, foi giades 
m terms of two piindples of dassilicaiion, Firstj theie is 
the subdivision accoiding to major subject fields. I. The field 
of number and of computation. II. The field of geometric form 
and space peiception III. The field of grapluc lepresentation. 
IV The field of elementaiy analy.sis (algebia and trigonometry). 
V, The field of logical (or "stiaight”) thinking VI. The field of 
relational thinking VIL The field of .symbolic icprcscntation 
and thinking Second^ thcie is the .subdivision of the fields into 
categories such as the follownig: I. Basic concepts, principles, 
and terms II Fundamental piocesses III, Fundamental rela¬ 
tions. IV. Skills and teclmicpies V Applications. 

A curriculum that is constructed in confoimity with such a 
plan has the following merits: 

(z) It consists of parts tvhich, separately and in combination, 
for many years have constituted the essential elements of .success¬ 
ful mathematics woik in the guides consideied. 

(2) It is flexible enough to make po.ssible it.s use in schools 
representing virtually all the piiacipal adimmstiative types of 
organization, such as the 8-4 plan, the 0^3-;} plan, the 0^6 plan, 
and so on 

(^) It IS sufliueiuly adaptable to meet a laige vaiiety of 
local conditions and special needs 

{4) It provides definitely foi continuity of tiaining with re¬ 
spect to the central objecLive.s of setondaiy mathematics. 

(5) It suggests and makes po.s.sil)le extensive correlation with 
related fields 

In later chapters of tins Rejioit two such curricula arc de¬ 
scribed, without any imjjlication that other saiisfactory pto- 
grams are not possible. Indeed other welhcan.sideicd and tested 
plans have appeared which seem to the Commission to he 
basically m agreement with those dcsciibed heie. The plans do 
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not restrict the freedom of the teacher as to metliods of teaching, 
or types of motivation, or lesson organization, 

ESSENTIALS OF A GENERAL PROGRAM IN 
SECONDARY MATHEMATICS 

In the following pages there is submitted in broad outline a 
summary of those mathematical fields and types of training and 
of appreciation that are necessary in order that the pupil may 
meet the demands of modern life and may realize the desirable 
cultural contributions that have been discussed. It is the opin¬ 
ion of this Commission that the mathematics program of our 
secondary schools, m grades y-is, should be built substantially 
on abilities and outcomes such as those suggested below. 

I. The Field of Number and of Computation 
(A Continuation of the Work of the Elementary Grades) 

Basic Concepts and Principles. There should be a growing famil¬ 
iarity with the basic vocabulary and working principles of arithme¬ 
tic. This involves (r) naming or identifying a concept when encoun¬ 
tered, (2) giving an example or an informal explanation of the 
meaning of given terms, and, at a higher level, (j) developing formal 
definitions of terms that have a broad operational significance. Ex¬ 
amples of such terms are the following: 

{a) Operations- addition, subtraction, multiplication, division, 
rounding off numbers. 

(&) Results: sum, product, difference, quotient, per cent. 

(c) Relations- ratio, proportion, equality, increase, decrease. 

(d) Applications: interest, discount, commission, rate, premium, 
profit, loss, average 

In all teaching of secondary mathematics much attention should 
be given to a conscious grasp of the principles which underlie the 
fundamental processes of arithmetic Examples of such principles 
are the following: 

(a) The numerator and the denominator of a common fraction 
may be multiplied or divided by the same (non-zero) number, with¬ 
out changing the value of the fraction. 

(fa) The order of the factors in a product does not affect the 
result. 

Fundamental Skills. The pupils should develop such skills as the 
following- 
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(a) The ability to use the four fundamental operations -with in¬ 
tegers, common fractions, and decimal fractions, due regard being 
given to the leainei's inaturily*o 

ip) The ability to use the pinuipal units of measure in everyday 
life situations. 

(c) The ability to read simple nuineiital tables in connection with 
the educational progiam as a whole. 

Application ^ There should be a giaclual and continuous develop¬ 
ment of the ability to rccogni/e and use arithmetical facts, concepts, 
and principles in everyday life situations, wherever encountered, not 
merely for the study of iieitineut lunneiical pioblems, but also for 
purposes of explanation and prediction. 

This ability should be stiesscd constantly until its use becomes 
a habit. 

Further Topics Theic .should be a gradual giowth in the pupil’s 
imclerstanding of the extended muniier system (negative numbers, 
irrational numbers, and so on). Attention may also well be given 
to; 

(fl) The ability to iierform addition, .subtiaction, multiplication, 
and division by use of a computing machine. 

(b) The ability to multiply, divide, stpiare, and find .square roots 
by a slide rule. 

(c) The ability to exercise judgment in presenting numerical re¬ 
sults of measuiemeiu or of computations based upon measurements. 
Due regard being paid to the learner's level of maturity, there .should 
be developed gradually the habit of letaining an aptiropriatc num¬ 
ber of significant digits and using ajipiopiiaie accuracy in com¬ 
putation. 

Field of GtOMi-iuic Form and 01 .Si'Acr Perception 

Basic Concepts The ability to recogm/e at least the elementary 
geometric figures and terims involves (/) naming a figure when seen 
or presented, (3) sketching or chawing a figuie to illustrate a term, 
and, at a higher level, (?) dcvelojiing a foimal cUTiniiion of the basic 
terms, The following list suggests types of terms that should receive 
attention: 

“It IS undensLOod that 010.15 processes aie ui be ctunulered not niciely in an 
abstract way, but in many roncrcie probleui situ,Hums such .13 ilui«e involving 
percentage and other business and social applujcions. Accnr.icy sliould receive 
the main consideration, but a re.iscnuble dcgice of .speed iium also be regarded ai 
essential, 

‘The description given here will apply wiib appropriate and rather obvious 

modifications to fields II, III, and IV, and reference will be made back to it on 
later pages. 
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(а) Entire figures: rectangle, circle, triangle, square, trapezoid, 
paiallelogram, rectangular solid, cube, cone, pyramid, sphere. 

(б) Parts o£ figures: radius, diameter, diagonal, vertex, sides, 
chord, arc, 

(c) Mensurational terms; length, area, volume, perimeter, and 
such units as inch, foot, square inch, cubic foot, centimeter, meter, 
degree. 

(d) Positional relationships: parallel, perpendicular, vertical, hon 
zontal, oblique. 

(e) Terms involving compaiison; gi eater, less, equal, congruence, 
similarity, symmetry. 

{/) Incidence relationships; intersection, tangency, coincidence. 

Fundamental Skills. The drawing, the measuring, and the basic 
construction of the common geometric figures arc skills, the develop 
ment of which should represent a continuous program accompany¬ 
ing the study of the fundamental geomeiiic relationships. 

Among the skills to be stressed are the following. 

(a) The ability to use such common instiunients 'as the ruler, 
graduated or ungraduated, the compasses, the protractor, and 
squared paper. 

(b) The sketching, or drawing, and the construction of common 
geometric figures, either full size or to scale. 

(c) The direct measurement of lengths and of angles. 

(d) The determination by formula of such common areas as those 
of the rectangle, the square, the triangle, the circle, and the trape 
zoid, 

(e) The determination by formula of such common volumes as 
those of the prism, especially the rectangular solid and the cube, and 
the cylinder 

(t) A use of the technique of indirect measurement m simple 
field work 

Elementary Geometric Factsj Properties, and Relations The pupil 
should acquire such abilities as the following- 

(а) The ability to recall and to apply habitually fundamental 
metric relations or propositions, such as the following- The sum of 
the angles of any triangle is 180°; the Pythagorean relation. 

(б) The recognition of relations resulting from varying positions 
of geometric figures, such as the possible intersection of lines, of 
circles and lines. 

(c) The ability to recognize and to state simple functional rela 
tions resulting from changes in dimension or position, such as the 
change m the area of a square whose side is doubled 

Discovery and Verification There should be a gradual and in¬ 
creasing development of the ability to discover and to seek means of 
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testing important geometric relationships An acquaintance with 
the major propositions resulting from this training should become 
a definite part o£ the student’s mathematical equipment 

Application See p. 63 

III. The Field op Grapiuc Rfprisentaiion 

Basic Terms and Concepts There should be a growing familiarity 
with the basic vocabulary of graphic representation. As in other 
fields this involves (r) naming or identifying a concept when encoun¬ 
tered, (2) giving an example or informal explanation of the meaning 
of given terms, and at a higher level, (^) developing formal defini¬ 
tions of the more impoitant terms. Examples of such terms are the 
following- ordinate, abscissa, axis, coordinate, distance, tangent, line, 
slope, locus, graph, symmetry, table, formula, scale, bar chart. 

Fundamental Skills The jnipil should be able to: 

(a) Take tabular data and construct thcicfrom a graph with a 
suitable scale, properly titled and of appropriate typo, 

(b) Read a given graph, rccogni/ing not only values at intci me¬ 
diate points, but also rates of rise and fall, and maximum and mini¬ 
mum values 

(c) (Optional) Draw a line to "fit" data appioximately linear 

Application See p 63. 

Further Topics. Some scliools may find it feasible to extend the 
work in graphic representation into the field of elementary statistics, 
including the use of alignment charts (nomograms). 

IV The Finn 01 E1.1 mini ary Anaivms 

The Basic Vocabulaiy and Working Concepts of Elementary 
Analysts The pupil should be able to. (/) name oi identify a con¬ 
cept when encountered, (2) give an example or an informal explana¬ 
tion of the meaning of the basic terms, and, at a liigher level, (j) de¬ 
velop formal definitions of such terms as have a broad operational 
significance. Among these are the following. 

(a) Types of number: positive and negative numbers, fiactions, 
irrational numbers 

(b) Operations, addition, subtiaction, nuiltiplication, division, re¬ 
ducing to lower terms, finding square root, raising to a power. 

(c) Structural term.s; monomial, binomial, polynomial, coefficient, 
exponent, radical, similai terms. 

(d) Functional terms, equation, formula, variable, dependence, 
table, correspondence, sine, cosine, tangent, 

(e) Applications, average, rate of motion or of work, evaluation 
of a formula, approximation, per cent of error. 
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Fundamental Principles and Techniques. The pupil should be 
able to use the fundamental principles of algebra and elementary 
analysts involved in basic techniques and in related pertinent appli¬ 
cations Examples of such principles are: the rule for the addition 
of similar terms, the rule for reducing fractions to lower terms, the 
laws of exponents. Illustrations of these techniques follow. 

(a) The fundamental manipulative techniques. 

(b) The ability to solve equations. 

(c) The ability to make trigonometric reductions. 

(d) The ability to solve triangles. 

Application See p. 6g, 

Further Topics. Some schools may find it desirable to extend this 
field of work to include in the later years some work in the technique 
of differentiation, together with applications that are withm the 
comprehension of the pupil. 

V. The Field of Logical (or “Stratgiit'’) Thinking'^ 

While It has always been recognized that mathematics is essentially 
a mode of thinking, it has not been equally clear precisely how the 
types of thinking characteristic of mathematics are to be stressed in 
connection with the customary materials of instruction. Nor is there 
general agreement as to the degree of emphasis that should be given 
to training in mathematical thinking. Recent psychological investi¬ 
gations tend to prove, however, that the "transfer” value of any 
given school subject is largely a result of a conscious and persistent 
application, in everyday situations, of generalized concepts, pro 
cedures, and types of thinking. The ability to apply widely and 
habitually such potentially broad areas of training is not acquired 
suddenly, but is the result of a gradual process of growth Hence 
every opportunity must be used in the dassroom, throughout the 
entire mathematics program, to cultivate the active interest of the 
pupil in the modes of thinking which we are here discussing. These 
considerations suggest the need of analyses of the kind given below 
That IS, in this field of work we are concerned with aspects such as 
the following. 

Basic Terms and Concepts A dear understanding of the mean¬ 
ing of the basic terms and the ability to recognize their actual oc¬ 
currences and their bearings in life situations. Examples of such 

r In connection with this topic reference can be made to Keyser, C, J , Thinking 
about Thinking, E P Dutton and Co.. New York, 19116, and Fawcett, H P., The 
Nature of Proof, Thirteenth Yearbook of the National Council of Teachers of 
Mathematics, Bureau of Publications, Teachers College, Columbia University, 

>938. 
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concepts are' assumption or postulate, projiosition, converse, con¬ 
clusion 

Fundamental Pnnciplcs, A clear giasp and appreciation of the 
assumptions and principles on ivhuk the .snuauie of mathematics 
rests, This involves conskleiatums sucli as the following; 

(a) A knowledge of the principles underlying the manipulative 
techniques of mathematics, siuli as those u Kuing to otdei, giouping, 
distribution, and the like. 

(b) The realization of the logical im])licaiions of 1 elated pioposi- 
tions, such as those involving a given tlieoiem, us converse, us op¬ 
posite 

(c) The realization of the economy lesnliiug fiom such an organiz¬ 
ing principle or assumption as that ol cfnitiuinly. 

Fundamental Abilities Such abilities as the following should be 
gradually developed; 

(fl) To recognize and fonnulate the assiunpiions undeilying uu 
argument. 

(b) To recognize teinis that reejuue {uei ise defuiuion 

(c) To oigamze siateuieius in a toheieiu logical sequence 

(d) To lecognize tlie jnoposiiion uiidei tbsciission and to leali/e 
when a conclusion has hcen teachecl. 

(fi) To discover cotiiiiion Haws not only in leasonaig in malhc- 
matical and related fields, but also in aieas inviting emotional lhas 
or requiring propaganda analysts 

(f) To recognize the logical stiuciure or plan of an extended 
series of propositions, or of a related groujr of disc ussions. 

Application. A gradual and me teasing development of the ability 
to manifest cohoieiiL, logical thinking in evi'iyday life .siluations. 

VI Thl Fiu.d 01 Rhaiionai Thinking 

Here we are concerned with the dcvelojnnent of a growing ability 
to recognize, m everyday life siiualions, eases of tjuaiuitativc rela¬ 
tionships and of functional dependence. The impoitaiue of this 
type of training was stressed as billows In the llepoit of the National 
Committee on Matheniaueal Requirements (ji. la): 

"The primary and underlying printiple ol the comsc should be 
the idea of relationship between variables, indudnig the methods of 
determining and expiessing such relationsliip. 'X'lie teacher should 
have this idea constantly in mind, and the pupil’s advancement 
should be consciously duet ted along the lines which will piesciu 
first one and then another of the ideas upon which finally the forma¬ 
tion of the general concept of functionality depends ”® 

*Such strong emphasis svas quite jusiiTied at that iime, hut the present Com¬ 
mission has already commented upon the possibility a( over-emphasis, (See p. 4s.) 
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Baste Concepts. The ability to rccogni^Cj to name, and in simple 
cases to define fundamental terras should be gradually developed, 
Such fundamental terms include: constant, variable, independent 
variable, dependent variable, one-to-one correspondence, function, 
formula, table, value of a function, invariant relation, increasing, 
deaeasing, maximum, minimum, associated data, ordered list, inter 
polation. 

Fundamental Skills and Abilities. Among these skills and abilities 
are the following: 

(a) To read tables of related values, including trigonometric and 
logarithmic tables, 

(b) To evaluate formulas for assigned values of the independent 
variables 

(c) To interpolate m tables and graphs. 

(d) To construct simple tables, such as frequency tables, from raw 
data, and numerical tables from given formulas. 

(e) To construct appropriate formulas from verbal statements. 

(f) To determine the constants (m very simple cases) for empirical 
formulas to fit approximately a set of given data. 

(g) To recognize functional dependence, and to select variables 
pertinent to a given problem 

Application There should be a gradual and increasing develop 
ment of the ability to recognize functional dependence as well as 
statistical associations which fall short of functional correspondence. 

VII, The Field of Symbolic Representation and Thinking 

The aim here is a gradual development of the ability to translate 
quantitative statements into symbolic form and conversely, and an 
increasing appreciation of the economy and the power resulting 
from the correct use of symbolic techniques 

HABITS AND APPRECIATIONS IN THE MATHEMATICS 
CLASSROOM 

The development of desirable attitudes, habits, and appre¬ 
ciations is an outcome of the procedures employed by the 
teacher and of the resulting classroom atmosphere. Lasting re¬ 
sults of this type, however, depend largely on continued atten¬ 
tion to their growth, and cooperation throughout the school. 

Every phase of the mathematics curriculum, as well as all 
classroom procedures, should be scrutinized for the opportuni- 
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ties to develop a growing appreciation of the immense power of 
tnathematics, of its record as a universal servant of mankind, of 
its cultural significance, and of its permanent place in the study 
of nature, in the sciences, in the piactkal arts, in husincss, engi¬ 
neering, and everyday life, 

Types of Motivation; Supplementary Projects and Activities. 
In recent years encouraging progress has been made in the direc¬ 
tion of stressing the appreciational and cultural aspects of mathe¬ 
matics, Many mathematics classrooms are being equipped with 
illustrative visual aids and interesting chaits and pictures giving 
evidence of the important place which mathematics occupies in 
the modern world The literature bearing on this phase of 
mathematical instruction is being extended. The Yearbooks of 
the National Council of Teachers of Mathematics, monographs 
published by Scripta Mathematica, numeious articles in such 
journals as The Mathematics Teacher and School Science and 
Mathematics, and a groiving list of special tieatises, all furnish 
valuable assistance to teachers wdio dcsiie to enrich their usual 
programs by contacts with motivating backgiouncls. Some 
effective modes of interesting pupils in this domain arc sug¬ 
gested in the following paragiaphs. 

Nature as a Museum of Form. In the Intioducdon, attention 
was called to the gi-eat mfluence of naiuie upon mathematics. 
Many geometric forms are either cleaily seen in or suggested 
by what man observes about him, and a (onstant mindfulness of 
this fact is to be recommended to all classroom teacheis 

Historical Refei enccs The history of mathematics should not 
supersede mathematics; it should supplement its study. It is 
especially effective in increasing the cultural value of the .sub¬ 
ject, and a carefully developed account of paits of the history of 
this old enterprise will give more meaning to both elementary 
and secondary curiicula in mathematic.s. Furtheimore, it is to 
be recalled that historical considerations often increase a purely 
abstract interest that one finds in some topic or some problem 
that has a special appeal to him. 
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Dramatizing the Role of Mathematics in Modem Life. Every 
effort should be used to make pupils conscious of the contnbu 
tions of mathematics to human progt ess and to individual and 
public welfare. The close connection of mathematics with the 
practical artSj with technology, industry, business, commerce, 
science, and other important enterprises, should receive atten 
tion. Among the methods that may be suggested for this work 
the following have proved successful; 

(a) School exhibits. A periodic display, in classrooms and 
school corridors, of materials that will stimulate interest in pres¬ 
ent-day uses of mathematics can be recommended as a helpful 
device, particularly if the jmpils themselves have fuinished the 
materials. 

(b) Assembly programs. Some mathematical units or topics 
are suitable for presentation before the entire school, in a drama¬ 
tized form Brief plays, especially when prepared by the pupils 
themselves, seldom fail to arouse enthusiasm and sustained in¬ 
terest 

(c) Mathematical films. The number of commercially avail 
able films that have a bearing on mathematics, while still very 
small, will gradually become larger; and such visual aids assist 
instruction in mathematics as they have already helped in the 
field of science Schools should be encouraged to make simple 
mathematical films as classroom projects, 

(d) Source books. Pupils should be encouraged to collect and 
to preserve, in individual source books, items that have a bear¬ 
ing on mathematics. Those who are not acquainted with this 
device are always surprised to discover how very wide is the 
range of the source book materials that can be assembled in the 
course of a single year by any class of normal ability, 

(e) A permanent mathematical museum In some schools a 
good beginning has been made in the direction of creating per¬ 
manent mathematical exhibits. The ideal plan is that of assem- 
bhng these collections in a central building, preferably in a 
special "Hall of Mathematics.” 
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if) Supplementary mathematical projects. Many enrichment 
projects based on local intcicsts and showing local uses o£ mathe¬ 
matics will suggest themselves to a lesourceEul teacher. Among 
these might be mentioned scheduled talks by leading members 
of the community who find daily ruse foi specialized mathemati¬ 
cal training, such as enginceis, acLuaues, and bankers. Some¬ 
times trips to large industtial plants, or for the put pose of en¬ 
gaging in elementary surveying, wnll add interest and vitality to 
the subject. 

Mathematical Clubs. In many schools it is possible, among 
other extracurricular activities, to organize at least one flouriiih- 
ing mathematical club. It may he advisable to have a club for 
the earlier years of the high school as well as one for the later 
years Such clubs seive the impoiiant purjiose of giving a suit¬ 
able forum to paiticulavly .superior or cnthu-smsiic pupils. The 
study of matliemaiical recication!*, of advanced topics, of his¬ 
torical backgrounds, as well as di.stussions, reports, competitive 
tests, and debates will influence noticeably the daily clas,sroom 
routine. If awards aie offered for outstanding work done by 
members of the club, an clfective incTutivc is often given to 
the entire mathematics piogiam of the .scliool. 

Mathematical Bulletin': or School Papers. Another extra¬ 
curricular activity which has created enthusiasm and has stimu¬ 
lated effort, IS that of enaliling die strongest mathematics pupils 
of a school or of the community to edit a school paper devoted 
entirely to mathematics Such a publication may also be utilized 
by the teachers and the pupils as a medium foi the rollec tvon of 
community problems, for liook icvicw.s and abstracts of impor¬ 
tant articles, and for important announcements It may also 
contain the ptograms of local or regional mathematical clubs, 
and may explain and discus.s the matheniaiital ec^uipnient de¬ 
manded by typical vocations or profession.s. In .short, the mathe¬ 
matical paper of a school or a group of .schools can attempt to 
show in what way mathematics is indeed a "mirior of civili¬ 
zation.’’ 



CHAPTER V 


ONE DISTRIBUTION AND ORGANIZATION OF THE 
MATERIALS OF INSTRUCTION, GRADES 7-12 

"Having premised Ihits much, we will now detain those 
who like our bill of fare no longer from their diet, and shall 
proceed directly to serve up the first course of our history 
for their entertainment," 

—HENRY FIELDING, TOM JONES 

INTRODUCTION 

It has frequently been charged that mathematical instruction is 
too resistant to change, the case ol geometry usually being cited 
by way of illustration. We are told that more than two thou¬ 
sand years have passed since Euclid wrote his Elements', then we 
are reminded that this very successful textbook was prepared for 
select and intellectually mature students and that the great 
teacher of Alexandria did not have m mind the requirements of 
mass education. It is indeed quite true that although educa¬ 
tional problems today are fundamentally very different from 
those with which Euclid was familiar, his famous work has been 
the model on which geometries have been constructed until re¬ 
cently With such facts in mind it is hard to evade such ques¬ 
tions as these Is this the best we can do? Did elementary 
geometry reach its ultimate perfection with Euclid? Is no fur¬ 
ther improvement possible? 

It is no longer necessary to say anything either in defense or 
in criticism of Euclid, or to debate the question of whether or 
not we were actually guided merely by tradition in our methods 
of teaching geometry. The fact is that pupils are being intro¬ 
duced to geometry in ways that differ significantly from those 
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formerly used It is true also that extensive changes have taken 
place in the teaching o£ arithmetic and algebra as well Beyond 
this there have been efforts to unify the different branches of 
mathematics m order to bring related ideas together, as well as 
efforts to develop new methods of approach in the hope of being 
more successful in arousing pupil interest. For many of these 
salutary changes credit should he given to the Report of the 
National Committee on Matheinaiital Requirements of 1923. 

Notwithstanding the desirable readjustments that have al¬ 
ready been made in mathematical teaching, and the indication 
that others aie sure to follow, it is to be expected that there will 
be a considerable degree of pennanente in the materials com¬ 
monly used in the mathematics classroom. Mathematics lepve- 
sents one of man’s grcate.st achievements in things that endure, 
not merely from yeai to year, but from century to centuiy.^ 
Throughout its histoiy it has giown by steadily adding new ele¬ 
ments while discarding or repudiating veiy little that it aheady 
possessed.® New ways of doing thing.s have been found, more 
pleasing and powerful methods have been devi,sed, deeper in¬ 
sights have been achieved, and coiuejits that at Iirst were obscure 
have gradually been claiified. Tliis growth and improvement 
have usually been aclueved, hosvevci, without a disquieting 
revolution that has left all mathernatus unsettled and confused 
for a period Certain theoiems of maihematits may, with the 
passage of time, satisfy us lcs,s or seem less interesting, but so 
long as we retain underlying assumptions unaltered they remain 
valid theorems It should not .surpii.se if vve find such charac¬ 
teristics of mathematics reflected in its teaching. 

CONSIDERATION.S RI-I,AT 1 VK lO TIME ALLOTMENT 

It is undesirable to legaul any high .school year prior to the 
last as a "terminal” year foi mathematical study, and to crowd 

'"The fashions of this ivorlci are in coniinuom ihange and I would concern 
myself with things that are al)KliiigGoethe. 

'"Themathematics are dibiinguishcd by a peadiar privilege that, in the course 
of ages, they may always advance .and can never recede.'-Cjbbon 
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into it numerous unrelated topics simply to make sure that the 
pupils -will have encountered them. Pupils need to meet im¬ 
portant topics repeatedly, on successively higher levels. Matu¬ 
rity also is requisite for die proper understanding of portions 
of the subject. It is therefore necessaiy to have a mathematical 
curriculum that runs through several years according to a sys¬ 
tematic plan. 

One must, however, face the fact that in many school systems 
the requirement of mathematics does not now extend through as 
many years as. in the opinion of the Commission, are justified by 
the best ultimate interests of the boys and girls. Hence there 
is the uigent practical problem of bringing about an extensive 
election of further mathematical couises beyond the required 
subjects Success in this undertaking will depend mainly upon 
two factors- (i) The degree to which administrators aid teachers 
in giving pupils adequate information on the importance of 
mathematical study, both practically and culturally, (2) the 
extent to which teachers themselves succeed m making the 
courses so rich in meaning that pupils will have gamed an ac¬ 
tually real insight into the true nature of mathematics and an 
enthusiasm for it. 

The Commission believes that mathematics should be re¬ 
quired through the ninth school year, and beyond the ninth year 
in the case of competent students, with the exceptions previously 
mentioned. In. arriving at a decision as to required courses, and 
courses that are recommended or are made elective, the Com¬ 
mission urges that administrators keep the following considera¬ 
tions in mind: 

(j) There is an increasing use of mathematics in modern life, 
and a growing demand for persons who have had adequate prep¬ 
aration in the subject. 

(2) All pupils should be made acquainted with the mathe¬ 
matics requirements of professions, of business and industry, and 
they should also be informed of the cultural and social bearings 
of present-day courses in secondary mathematics 



Materials of Instruction 

(^) Serious handicaps often result from the omission of or the 
indefinite postponement of mathematical tiaining. 

(^) Irrespective of where actual requirements may end, no 
particular year should be described as a normal year for ten 
minating mathematical study. 

(5) The time a pupil should spend in the study of mathe¬ 
matics should be determined by the degree of his understanding, 
appreciation, and mastery of the material that modern life seems 
to demand. 

(6) In order to insure a pupil's growth in mathematical power 
and appreciation, the mathematical program must be carefully 
planned as a whole. 

(7) The basic mathematical work in any school year, for 
pupils of approximately the same ability, should be the same 
for those who expect to enter vocational fields in the near future 
and for those who will have an opportunity to extend their 
training through further academic work. 

{8) Capable pupils should be given an opportunity to con¬ 
tinue their mathematical studies throughout the entire sec- 
ondary period and should be encouraged to do so. 

THE PROBLEM OF THE RETARDED PUPIL 

Every teacher has had convincing personal experience with 
the different rates at which pupils make progress and is aware 
of the varying degrees of mastery that they achieve by com¬ 
parable efforts There are also many objective studies that 
bear upon the question, and that show factually the great range 
in mental ages of pupils whose chronological ages are the same. 
Such data as these make it clilTicult to defend the practice of a 
single program in mathematics for all high school pupils; ap¬ 
propriate differentiated curricula seem to lie called for. Chap¬ 
ter VII of this Report will deal with both accelerated and slow 
pupils. At this point it seems desirable, however, to pay some 
attention to the question of remedial w'ork designed to reduce 
the number of pupils who must be classed as slow-moving 
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throughout their secondary years.® The Commission believes 
that the best information now available gives validity to the 
following statements; 

(/) Much more careful work is necessary in the elementary 
grades if we are to prevent a continuance of the widespread dis¬ 
abilities now prevailing in the secondary schools. Careful ex 
periments m representative school systems indicate that retards 
tion is due in a large part to removable causes. 

(2) Retarded groups of high school age should be given a 
program of work that includes a careful strengthening of the 
foundations in reading and arithmetic, at least one semester 
being needed for such work. 

(5) In the case of retarded pupils, it is impossible at any stage 
to crowd into a single year all the necessary remedial work and 
also the usual program for that year. 

{4) If the remedial woik is begun as early as the seventh 
grade, retaided groups can cover a major fi action of a normal 
program in both grades 7 and 8; but unless an adequate founda¬ 
tion m fundamentals has been created, little is achieved in 
mathematics. 

The program suggested for grade 9 and the higher grades m 
the remainder of this chapter assumes that the foundation in 
arithmetic and geometry has been well laid 

SUGGESTED GRADE PLACEMENT CHART 
Grades 7-12 

The program proposed in this chapter as one feasible curricu¬ 
lum plan IS set forth both by verbal description and in the form 
of a chart (printed as Appendix V). A chart is used because of 
the condensation that it allows, and because of the general 
comprehensive grasp that it affords of the program as a whole It 

* In this connection attention may be called to an important study concerning 
a remedial reading program in the high school by Stella S Center and Gladys L 
Persons, Teaching High School Students to Read English Monograph No 6, 
National Council oE Teachers of English, D Appleton-Century Co, New York, 
>937 
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is hoped that the chart will help to give the student of education, 
the administrator, and the mathematics teacher an understand¬ 
ing of the extensiveness of an adequate program in secondary 
mathematics, and a consequent lealiration of the time allotment 
necessary for the proper study of the subject. 

In describing a program by means of a chart, theie is risk of 
seeming to imply a greater rigidity than is intended'* This 
Report has already stressed the importance of Rexibility, and it 
IS possible to assign parts of the various fields shown in the 
chart to other school years than those indicated. The plan is in¬ 
tended for pupils of normal ability who have had good tiaining. 
It IS not, furthermore, implied that all the loork will be covered 
by all pupils. 

In the chart and in the outline tiie cnme subject of mathe¬ 
matics is divided into fields somewhat diffeieut from those on 
page 6i. The composite held of elementary analysis is broken 
into its two constituent parts, algebra and trigonometry. On the 
other hand, the former fields of logical thinking, relational think¬ 
ing, symbolic representation and thinking are united into a gen¬ 
eral field entitled mathematical modes of thinking, along with 
which are also considered habits, attitudes, and types of apprecia¬ 
tion. The histoiy of mathematics appears separately, as does also 
the problem of correlated mathematical projects and activities. 
The work to be done in all eight of the fields now considered ex¬ 
tends through every year of the progi'am, each year being ex¬ 
pected to deepen and extend the jiupil’s experience with the 
broad categories discussed in Chajitcr IV. In the earlier years 
much of the woi kin certain fields will he "iiifmmat,'’ but by slow 
degrees, as the pupil's mathematical power develops, a transition 
may be made to the more formal methods ciuuat tens tic of any 
scientific and comprehemive development of mathematics. 

‘Curriculum summaries for Rr.utei 7, 8, ainl 9 have been ih«1 to goad advan¬ 
tage by Raleigh Schorling, m rhf Teaching of Mathematia, pp, loa 107, Ann 
Arbor Press. While his outlines are much more detailed timn the descriptions 
in the present chapter, a comparison shows quire an .igreemeiu in grade place¬ 
ment oE topics. 
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It is to be noted that the piogram outlined makes definite 
provision for continuity of development of the different fields of 
mathematics, in accordatice with the pi inciples of Chapter IV. 
No discussion will be given of ways in which an integiation of 
the different subiects is to be effected, for this is largely a matter 
of methods of teaching, a subject which this Report recognizes 
as of great importance, but cannot treat in detail. 

THE WORK OF THE SEVENTH AND EIGHTH GRADES 

The mathematical programs of the seventh and eighth grades 
are treated as a unit, and by way of preface some explanatory 
statements will be made concerning the loles in these grades of 
the chief mathematical subjects. 

Arithmetic. On page 54 the Commission indicated what 
mathematical equipment it considers normal foi the adequately 
prepared pupil who is entering the seventh grade. Experience 
has shown, however, that the work of the elementary grades 
often does not provide a sufficient mastery of the fundamental 
processes of arithmetic,® either for the needs of life or for further 
progress in mathematical study. Time accordingly must be de¬ 
voted to further instruction in arithmetic, special attention 
being given to the development of insight as well as accuracy 
and speed. 

In the applied phases of arithmetic there is no reason for a 
rigid adherence to any one sequence of problems, so long as ade¬ 
quate provision is made for the definite inclusion of types that 
are socially necessary; such problem backgrounds may center 
around significant projects or be organized in a more conven- 

■The situation would be much worse it the doctrine of "stepping up" the 
teaching ot arithmetic m the grades should become prevalent, The proponents 
of this doctrine assert that many children are not mature enough to profit from 
a formal study of arithmetic until they reach the third or even the fourth grade. 
The Commission, however, sees no compelling reason tor subscribing to the pro¬ 
posal for "stepping up" arithmetic, but it recognizes that until definite and 
authoritative policies relating to this question have been adopted, there will be 
uncertainty m the minds of administrators as to the amount of mathematics that 
can be covered in grades seven and eight. 
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tional way There seems to be a gi owing belief that detailed 
^ork in such fields as banking, investments, taxation, and in¬ 
surance should conic in latei giades Brief and informal treat¬ 
ments of such topics may, of touise, be included in the work of 
normal eighth giade pupils. 

Informal Georneiiy.’^ Weak of an infouual kind in georaetiy 
should be given lecogmtion Some teachers believe that about 
as much time should be devoted to it in giades 7 and 8 as to 
arithmetic, Theie should be continuous attention to the work, 
for little good results fioin occasional uui elated les.sons in geom¬ 
etry. Caiem teacliing the fundamental concepts is pauicularly 
needed, and teaclieis should not encoiuage the riieie memoiidng 
of definitions 01 the imitative consiuuticm of the basic, figuie.s. 
It must be lecogni/ed th.iL the skills, the undeistanding, and the 
appreciations that ate the clesiic'd outcome of the study are 
acquired only slowly, 'riu* time allowed at juesent sometimes 
seems insufllcieiit 

Graphic ReInesentalio}^'^ The* pntiuing of nnmeiical data 
and the interpielation of giajilis aie now well e.sialibshed parts 

"Informal gcomciry lu ihc C.rniiinissiitii (i)iu('i\fs u indvulcs lire following' 

1 Intuitive gcomeiry, itu' |iu[»il li«»l.s ,u .1 hgin<* .iriil sus tli.tt soini'ilmig u 
obvious, as, foi exampk', ilu- jiu>[«tsiituu, 'If iwo sii.nglu Imtw iiuviseii. the 
vertical angles ai c equal " 

9 Experiracnial geomviry of ,1 simple i>pe, sinh .n rnuiiig out a [i.tiw iii.ingk, 
tearing off the angles and tlivn [il.uing ihein .utpicem to show ih.u their sum is 
180“, 

3 Observational geometry, whuli coiiMsts m uuogniring objects in the world 
about us as typifying ccri.im grumcttic foims, arnl to seeing ceit.im relattotislnps 
that exist between them 

4. Geometric constitutions, Iciuling to the .K(|uisiiiun of teiiaiti skills, siidi ns 
bisecting an angle, 

5. A simple approadi to <!('niimMi.iiiiJti ilmuigh mfoon.tl pioofs tif such 
theorems as "The sum of the .ingles of ,t ()n,«hil,tit<ur 1 is tjlMh’,’' .tliei tlie jmpil 
knows that the sum of the imgles of ,1 iii,ingJo is iHo''. 

’Strictly speaking, ,iny visii.d icpttsviit.Kion of iiiht'i niininii.it or spaiial data 
may be included under the hc.uling ol "gi.iphii lepieseni.UHin " Wlien thus 
interpreted, the draivmg of geome'tut, liguics. st.ile thawing, riivdinmtal duiwing. 
map making, and aiimlar ctutrpiises, aic aspeuis of giapliic i('picscnt.itioti, an 
interpretation now used extensively in hutopeatv sthooU In Anurita, when one 
speaks of graphic representation, he refers usually lo the picuiiing at numerical 
or statistical data 
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of mathematical instruction, but some cautions are to be ob 
served, An excessive enthusiasm for graphic representation can 
lead and sometimes has led to graphs being used beyond the 
point where benefit results,® There should not be an indiscnm 
mate employment of unorganized numerical data, selected solely 
because they are available. The teacher should give preference 
to data which are within the comprehension of the pupils, have 
real educational significance, and appeal to the learner's personal 
interest and imagination. It should be remembeied that the 
pupil’s ability to deal with convenient scales usually develops 
rather slowly. 

Algebra The algebra that has been successfully introduced 
into grades 7 and 8 up to the present time has been limited 
largely to the understanding of the basic concepts, to the evalua¬ 
tion of formulas, and the solution of very simple equations. It 
seems possible and also desirable to include other algebraic 
material, but, if it is to prove effective, the work should be 
carefully planned and should be so organized as to be significant 
in itself as well as designed to furnish a good foundation for 
later algebraic study. 

Trigonometry. In the plan here given no formal work in 
trigonometry is recommended for grades 7 or 8. It is well to 
point out, however, that during these two years the program 
outlined includes important concepts, skills, and factual knowl¬ 
edge which taken together constitute a necessary preparation 
for effective work in trigonometry. Instances are: such concepts 
as those of ratio and proportion, such skills as those involving 
the direct measurement of lengths and of angles, the technique 
of scale drawing, a familiarity with certain basic geometric prop¬ 
ositions and relations, and the reading of mathematical tables, 

Modes of Thinking, Habits, and Attitudes. The scope of in¬ 
struction and the types of experience for the pupil which may 
be included under this heading are so extensive that it is not 

* In Handmaiden of the Sciences, pp 90-91 (Williams and Wilkins Co„ 1937 )> 
Erie T Bell describes picturesquely, that is, graphically, how a "plague o£ graphs” 
has descended upon us in recent years 
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expedient to give a detailed treatment heic, there is, moreover, 
little general agreement as to the most eiTective ways of bringing 
about desired results. The Grade Placement Chart suggests 
some of the objectives which may be classified under the head¬ 
ings above. The extent to which the topics should permeate the 
entire course or may become the objects of direct and separate 
study by the pupils is admittedly an open question. For more 
extensive discussion of the general theme the reader is referred 
to current and pertinent literature.® 

Historical Backgi oundt During the seventh and eighth 
school years the historical background of mathematics should 
be drawn upon ficcly, Cor it gives an appioach that is natural 
and interesting Tliere are at present numeious books and 
monographs that can scive as the necessary sources. 

Correlation with Life SiUxiiilion^ and Other School Activities. 
No fixed plan will be suggested here a.s to the inclusion of suit¬ 
able fields of application for the mathematical program. Natu¬ 
rally, the applied phases of thi.s work will vary in accordance 
with the maturity level of the pupils, the total time allotment, 
community needs and inteic-sts, and the life and the spirit of the 
school as a whole. Definite piovision sliould be made, however, 
for the study of many life situations that are mathematically rich 
and also for school activities that have a mathematical bearing. 
A number of appropriate fields of application for this stage of 
the pupil’s development are indicated in the Grade Placement 
Chart. 

The Detailed Outline In the detailed outline that follows, 
die numerals 7 and 8 refer to gtadcs 7 and 8, respectively. When 
both numbers appear together, the indicated aspects of the cur¬ 
riculum are intended to extend throughout the two-year period. 

As previously indicated, the Commission recof^nzes that other 
satisfactory programs are possible. It believe.s, however, that the 

•This literature includes books on method. Yearbooks of the National Council, 
articles in The Maihemalics Teacher, in School Science end Malhewaltcs, and the 
like. 
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one here presented is practicable and has many desirable fea¬ 
tures. Parts at least have probably received as much validation 
as is possible for a program that is to be used in widely different 
schools. 


Arithmetic 

I. Basic Concepts and Principles, (y, 8) 

(/) Development of a reasonable familiarity with the -working 
vocabulary of arithmetic 

(a) Terms used in the fundamental technicpies, such as sum, 
addend, multiplier, product, per cent. 

(b) Terms used in the applications of arithmetic, such as 
profit, loss, discount, interest, 

(c) Terms used in connection -with the employment of the 
common units of measure. 

(2) Making sure of a clear understanding of the basic principles 
of arithmetic, such as the following; 

(0) Dividend = divisor times quotient (plus remainder). 

(b) Fundamental principles of fractions. 

(c) The value of an exact decimal is not changed by annexing 
zeros at the right of the decimal. 

II. Baste Skills or Techniques. (7, 8) 

(r) The four fundamental operations, involving (a) whole num¬ 
bers, (b) fractions, (c) decimals 

(2) The skills and processes needed in dealing with percentage 
problems and with other business or social applications of arith 
metic. 

ij) The ability to use readily the tables of measure commonly 
needed in life situations, and to read such other tables as are com¬ 
monly used m basic fields of elementary mathematics. 

III. Using Arithmetic in Problem Situations (7, 8) 

(r) Development of a problem-solving attitude 
(2) Development of the ability to analyze arithmetical problems 
and to prepare a complete solution in written form. 

(j) Continued study of suitable practical problems of increasing 
difficulty, such as the following. 

(fl) Numerical problems arising in the pupil's immediate en 
vironment (the home, the school, the store, the commu¬ 
nity). (7) 
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(h) Everyday business problems (buying and selbng, profit and 
loss, discount, commission, simple cases of interest). (7) 

(c) Business or social inobleins demanding greater maturity 
(banking, inve.stmeul, taxation, instuance). (8) (Prelimi¬ 
nary informal treatment in grade 7, in superior classes ) 

{A) (Optional.) Problenrs arising in sticme, in the shop, in the 
household aits (7, 8) 

iNroRMAn Gkimi i-ry 
I Basic Concepts (7, 8) 

(1) Development of a leasonable fannliaiity with the working vo¬ 
cabulary of genmeliy. 

(2) The ability to explain the meaning of ceitain key concepts 
used in grades 7 and 8, such as ciuk*, angle, tiianglc, isosceles tri¬ 
angle, rectangle, stpiarc, perpendicular. 

(5) Development of llie leali/ation that physical measuiement 
and drawings are only apinoxiimue 

II, Baste Skills or TrdniKjurs (7. K) 

(/) Learning to u.se the rulei, the compasses, (he protractor, and 
squared paper, as geometric insiuiments. (7) (Other instruments, 
such as those needed in mechanical drawing, may be intioduccd 
whenever they serve a useful purpose.) (7, H) 

(2) Learning to sketch or draw the basic iigiir<*s of gconietiy (7) 

(5) Constructing (a) an angle ecjual to a given angle; (h) paiallel 
lines, (c) an equilatt-ial triangle, given a side; (d) an isosceles tri¬ 
angle, given the base and one leg; (c) udated figures, (7) 

{4) Constructing (a) peipcncliculars; (b) bisectors, (c) common 
rectilinear figures, such a.s rectangles, stpiarcs, right triangles, regular 
hexagons, regular octagons, (d) rclateti figures. (8) 

(5) Constructing figures congruent or similar to a given figure. (8) 

(6) Measuring lengths diiectly (English units and metric units). (7) 

(7) Measuring angles directly. (7) 

(8) Learning to estimate roughly the approximate accuracy of a 
measurement, (7, 8) 

(9) Finding the peumcteis of figuies. (7) 

(ro) Finding the area of (u) a sciuaio; (b) a rectangle; (c) a tri- 
angle, (d) a parallelogram; (e) a tiape/oid; (/) a circle; (g) irregular 
figures. (7, 8) 

(ii) Finding the volume of (a) a tube, (b) a lectangular solid; (c) a 
prism; (d) a cylinder. (7, 8) 

(r2) (Optional.) Finding the volume of a sphere, a cone, a pyra¬ 
mid, (8) 



84 Fifteenth Yearbook 

{13) Solving applied problems involving lengths, perimeters, areas 
and volume. (7, 8) 

(i^) Drawing figures to scale. (7, 8) 

(15) Determining distances or angles indirectly by using (a) the 
method of scale drawing; (b) the method of congruent or similar tri¬ 
angles; (c) the Pythagorean relation; (d) the tangent ratio. (7, 8) 

HI. Important Geometric Facts and Relations (7, 8) 

(1) Introductory study of the geometry of shape, of size, and of 
position, for purposes of motivation and orientation. (7) 

(2) An introductory study of such basic figures as the circle, the 
angle, and the triangle, involving (a) the meaning of related terms, 
(b) measurement; (c) classification of angles and of triangles; (d) the 
informal study of important properties. (7) 

(j) An informal study of symmetry as a basis for constructions. (8) 
{4) An informal study of congruence and of similarity (8) 

(5) An informal study of the Pythagorean relation. (8) 

(6) A resulting acquaintance with such geometric facts, properties, 
and relations as may readily be derived by informal methods, and as 
have significance in the program of geometry as a whole Among 
these are; 

(a) Important metric facts, such as the following. 

Radii of a circle are equal (7) 

All right angles are equal. (7) 

The sum of the angles of a triangle is 180°. (7) 

In the case of parallel lines, certain sets of angles are 
equal. (7) 

The angles of an equilateral triangle are equal. (7) 

The base angles of an isosceles triangle are equal (7) 

The Pythagorean relation. (8) 

Common rules of mensuration (7, 8) 

- (b) Certain positional relations, such as the following 
A line can intersect a circle in but two points (7) 

Two unequal circles may be in one of six possible posi¬ 
tions with reference to each other, (7) 

Given a network of squares and two axes, the position of 
a point on that network may be determined by a pair of 
numbers. (7, 8) 

(c) Important functional relations, such as the fact that 
If the diameter of a circle is doubled, the circumference is 
doubled, (7, 8) 

The area of a triangle depends on the length of the base 
and of the altitude (8) 

If the length of a rectangular solid is doubled, while the 
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other dimensions remain unchanged, the volume o£ the 
solid is doubled. (8) 

IV. Discovering and Testing G/nwirtru Rrlationsinps, (7, 8) 

(/) Through the use of a laboratory technique, the pupil should 
begin to discover, to verify, and to analy.ee geometric relationships 
This may involve a variety of apptoathes, such as (a) inspection of 
drawings, (b) measuring; (c) superposition; (d) simple deductive 
analysis. (7, 8) 


Graphic Represlntation 

I Ability to interpret pictorial or graphic chart,s within the com¬ 
prehension of the pupil. (7) 

II. Making bar graphs based on simple .statistical data having 
educational signihcancc. (7, 8) 

III Making circle graphs, preferably in connection with a .study 
of budgets, of taxation, and related fields. (7, 8) 

IV. Making line graphs to show thango or (iuctuatinu. (7, 8) 

V. Making graphs based on social and economic data. (8) 

Algebra 


I. Basic Concepts (8) 

(r) Development of a reasonable familiarity with pertinent alge¬ 
braic terms used with the work of grade 8. 

(2) Ability to explain clearly the meaning of certain key concepts, 
such as coefficient, equation, (oimula, similar (euns 

(7) (Optional.) Signed numbers, 

II. Basic Skills and Techniques. (8) 

(These should be based on an understanding of carefully consid¬ 
ered principles. Only work in simple monomials should be stressed 
in grade 8.) 

(/) Symbolic reprc.sentation of simple quantitative statements or 
relations. 

(а) Combining similar terms by addition 01 subtraction, 

(j) Evaluating algebraic expressions or formulas. (This work 
may be begun m grade 7,) 

(7) Solving equations, each involving either one or two steps. 

(5) Reading a table of square roots. 

(б) Making a formula as a shorthand expression of a mathemati¬ 
cal rule (This work may be begun in grade 7 ) 
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(7) Making a formula representing a mathematical relationship 
(<?) (Optional.) Reading a table of tangents 
(p) (Optional) Interpreting and using .signed numbers in life 
situations. 

(id) (Optional.) Making a table based on a .stated relationship 
(rr) (Optional.) Interpreting a table of iclated number-pairs 

HI. Using Algebra m Life Silualtoiis or in Pi oblnn-Solvmg (8) 

(r) Solving verbal problems by appropriate methods, including 
(a) table; (b) graph, (c) formula; (d) equation. 

(2) Using the equation or the fornuila in the solution of common 
problems arising (a) in business; (b) in the shop, (c) in science, (d) in 
everyday life 


Triconomrtrv (7, 8) 

I. Familiarity with such terras as ratio, proportion, scale, congru 
ent, similar, height, distance, horizontal, vcitical. 

II. Drawing a figure to scale on cither unruled or squared paper 

III (For superior pupils) Making simple outdoor measurements 
of lines or angles and thus finding required heights or distances 

IV (For superior pupils) Using the "shadow method,” or a table 
of tangents, to find unknown heights, (8) 

V. (For superior pupils.) Making simple surveying instruments. 

The Remaining Fields 

The Grade Placement Chart gives suggestions for the other three 
fields that are shown on it 

THE WORK OF THE NINTH GRADE 
Since the ninth year occupies a special place in the rather 
prevalent 8-4 and 6-3-3 plans, it is natural that there should be 
lack of agreement in the different educational programs used 
for that year, The Grade Placement Chart, which summarizes 
the plan of the present chapter, presents the ninth grade program 
as one of general mathematics, with algebra serving as the central 
theme In this connection it may be mentioned that a large 
number of texts bearing the title algebra contain essentially the 
material that appears here under the designations arithmetic, 
graphic representation^ and trigonometry. 
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Arithmetic. Emphasis on accurate arithmetic work should 
continue throughout the ninth year. Effective practice should 
be given in rounding off numbers to a desiied number of signifi¬ 
cant digits, or of decimal places Opportunity for some compu¬ 
tation arises in algebra in connection with such topics as the 
evaluation of algebraic expressions or formulas, the solution of 
equations, checking of the fundamental algebraic operations, 
the solution of problems, and the use of tables. 

Geometry The abilities acquired during the seventh and 
eighth grades can now be used in illustrating, motivating, and 
applying algebra, m the solution of geometric problems; in scale 
drawing: in the study of indirect measurement; in (optional) a 
unit of demonstrative geometry. 

Graphic Representation, The piincipal techniques used in 
making statistical graphs may be applied in various, more com¬ 
plex situations. Greater attention should be given to the graphic 
study of formulas and equations. 

Algebra, By a wise and thoroughgoing elimination of unduly 
complicated technical processes, time has been gained in recent 
years for greater stress on understanding, on mastery of essen¬ 
tials, and on significant applications,’'’ 

“This impvovement is probably due In large measure lo ihe Report of the 
National Committee of igaj, which made the following siaiemeni that should 
still be kept in mind- 

"Continued emphasis throughout the course must be placed on the develop¬ 
ment of ability to grasp and lo utilize ideal, processes, and principles in the solu¬ 
tion of concrete problems rather than on the acquisition of mere facility or skill 
in manipulation The excessive emphasis now commonly placed on manipulation 
is one of the roam obstacles to inicUigent progress, [The situation jn this regard 
is acknowledged to be much Ircitcr at the present iimc.] On the side of algebra, 
the ability to understand its language and to use it inielligeiuly, the ability to 
analyse a problem, to formulate it rnathemaiially, and to imerptet the result 
must be dominant alms. Drill in algebraic mnmpulatwn iIwuUi be limited to 
those processes and lo the degree of complexity required /or a thorough under¬ 
standing of principles and for probable appliealMrii either in common hfe or in 
subsequent courses which a substantial proportion of the pupils wUl lake. It 
must be conceived throughout as <i means to an end, not an end in itself. 'Within 
these limits, skill in algebraic manipulation is important, and practice in this 
subject should be extended far enough to enable students to carry out the 
essential processes accurately and cxpcduiously." 
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Trigonometry. During the nxntli year a seiious beginning 
can be made in the teaching of the trigonometric ratios A unit 
of numerical trigonometry, making use of approximate values 
for the sine, cosine, and tangent, can be given. 

Modes of Thinking and Desirable Habits and Attitudes. As 
the Grade Placement Chart suggests, the tiaining under this 
heading begun in grades 7 and 8 is continued into the ninth, 
where it is possible to make an important extension by placing 
definite emphasis upon the functional concept IE teachers will 
be on the alert to take the many opportunities which present 
themselves, they may reveal to their pupils the important place 
of mathematics in modern life, and do much toward creating de¬ 
sirable attitudes and appreciations through mathematical study 
Historical Backgrounds. As far as time permits, historical 
references and comments should be interwoven with the topical 
developments of the year. This should not be done in a per¬ 
functory way, but in a manner that shows the development of 
our civilization and the great part that mathematics has played 
in it Such instiuction is of cultural value and assists in arousing 
interest Suggestions are given in the Grade Placement Chart, 
Correlated Mathematical Projects or Activities. A moderate 
amount of time should be devoted to systematic study of the 
fundamental and extensive part that mathematics plays in con¬ 
temporary life Much of this work will be of a supplementary 
character, and the "committee technique" is suggested as a 
means of collecting data, making displays, and giving significant 
reports 

The Detailed Outline. It is of course assumed that modifica¬ 
tions of the outline which follows will be made in order to adjust 
it to local conditions, or to the needs, interests, and preparatory 
backgrounds of pupils. 


Arithmetic 

I. Continuing the study of arithmetical concepts, skills, and prin¬ 
ciples, primarily in connection with the work in algebra 
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Ti SolvinE applied problems, as suggested by the \vork in algebra, 
also problems involving approximate computations; the slide 
rule (optional). 


Geometry 

I Reviewing and applying the geomctiic tiatning suggested lor 
’ grades 7 and 8, m connection with the woik in algcbia. 

II, In classes o£ superior ability, making a beginning in the study 
o£ demonstrative geometry. 

Graphic REPRfSLMi'AiioN 

I Reviewing and applying the lethnitiues acquiied in giades 7 
and 8, in the representation of statistical data demanding 
greater maturity, mainly from the fields ol business, economics, 
the social studies, and science. 

II Making graphs representing algebrait foinuilus, such as p -- gv, 

1 04p, and so on. 

III, Using graphs m the study of lineal eipiaiitms 

IV, (For superior pupils) Using giaphs m the suuly ol Min[)h t.ises 
of quadratic equations. 


Aixjeura 


I, Basic Concepts. 

(r) The acquisition of the basic vocabulary 
(2) Developing the ability to explain dearly the meaning of key 
concepts, such as exponent, positive, negaine, latio, propmuon 

II, Fundamental Skills and Techniques. 

(These should be based on an utidersianding of carefully consid 
tted concepts and principles. Woik with polynomials should be le- 
stticted to very simpdc cases.) 

(r) The foui fundamental opeiaiiotis, involving 

(а) Positive and negative numheis 

(б) Algebraic monomials or simple pnlynomiuls. 

(c) Algebraic fractions, mainly with monomial denominators. 
(2) Special products and factoiing, as follows; 

(а) Squaring a binomial, 

(б) Finding the pioduct of the sum and the difference of two 
terras 

(c) Factoring a polynomial the terms of which contain a com¬ 
mon monomial factor. 

(d) (Optional) Factoring trinomials of the form x® bx c, 
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(ff) Factoring the difference of two squares. 

0 ) Powers and roots. 

(a) Laws of exponents and their use. 

{b) Square roots of jKisitivc numbers. 

{c) Fundamental operations involving radicalsj mainly of the 
monomial type. 

III. Fundamental Principles, 

(1) A study of the principles governing the fundamental opera 
tions, such as the rules of order and grouping, the rules of signs and 
of exponents. 

(2) A study of the principles used in the solution of equations, 
such as the rules of equality and of transformation. 

IV. Study of Relationships and of Dependence 
(/) By tables, 

(a) Interpreting tables of related number-pairs 

(b) Making tables based on formulas. 

(2) By graphs 

(a) Graphs as means of illustrating quantitative relationships, 

(b) Making graphs based on tables of related number-pairs 

(c) Making graphs based on algebraic cxpicssions or formu¬ 
las 

(d) Using graphs In the study of equations 

(e) Using graphs in the solution of problems. 

(5) By formulas. 

(a) Formulas as means of expressing relationship or depend¬ 
ence. 

(b) Making formulas based on verbal statements, on geometric 
figures, on tables. 

(c) Evaluating a formula 

(d) Transforming a formula (only simple cases). 

(4) By equations, 

(a) Equations as means of expressing quantitative relation¬ 
ships 

(b) Solving equations of the first degree in one unknown. 

(c) Solving pairs of equations of the first degree. 

(d) Solving fractional equations. 

(e) Solving equations of the form ax^ = b, 
if) Solving simple radical equations, 

(g) Using equations in the study of proportion and of varia¬ 
tion. 

(h) Using equations in the solution of problems stated in ver¬ 
bal form 
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V, Using Algebra in Life Situations and in Pioblem-Solvmg 

(1) Learning; to translate quantitative slateuients into the lan¬ 
guage of algebra 

(2) Learning to make gencrali/ations suggested by the techniques 
and principles of algebra, partuularly wuh relation to the precise 
way in which definitely related, changing quantities will influence 
each other under given conditions. 

[fj Solving general verbal problems, using as a means of solution 
the table; the graph; the formula; the cqualion. 

(y) Applying the techniques of algcina in jiioblem situations aris¬ 
ing in business; in the shop, in science; in cveiyday life. 

(;) Interpreting the solutions of equations, including negative 
values, where they have sigmfirance. 

I'hIOO.N'OMI ITIY 

I. Reviewing the neccssaiy cont<‘p(s and skills. 

II . Finding heights or disuiues imlirccily by stale drawing; the 
Pythagorean relation. 

III, Finding heights, or distantes, tir angles, intliretily liy using the 
natural trigonometric funititnis (sine, tosine, tangent). 

IV, Using a table of natuial functions. (Imerpolation .should he le- 
garded as optional) 

Irri Ri MAiNiNf. Fin ns 

The Grade Placement Chart gives suggestions for the other three 
fields that are shown on it. 

THE WORK OF T (IE T FN'l H GRADL»‘ 

We are concerned in the tenth guide witlv a plan that adds 
significant mathematical training hut does not allow past in¬ 
struction to lapse and he forgotten. Although demonstrative 
plane geometry will lie regarded a.s the central theme for the 
year, the mathematical fiekls pieviously .siiessecl are given atten¬ 
tion, and there i.s ample oppotturuty fot a con.sideuihle degree 
of correlation and intcgi.uion of the new and the old. The out- 

^■■The treatment oE grades 10, ii, and la will lie mure condensed tlian that 
given for grades 7, 8, .and g, where a general disruMion of the different fields was 
first given, Eoilowed liy a det.nled outline All that is said about any one field 
Will now appear under a single caption. 
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line that follows is not exhamtivc and it admits of either 
extensions or contractions. 

Arithmetic, Facility in arithmetical computation should be 
stressed, Definite review and extension of the concepts of the 
subject in connection with applied problems are needed in most 
classes. The use of irrational numbers arises in connection with 
the Pythagorean theorem. Approximate computations occur in 
connection with trigonometric work, where the slide rule may 
be used. 

Geometry. As stated above, the central theme of the tenth 
year is demonstrative plane geometry. In the case of pupils who 
have not had the benefit of a good course in informal geometry 
in the earlier grades, it is necessary to present in a few weeks 
a number of items that should have received attention earlier. 
Sufficient time must be allowed before the introduction of for¬ 
mal demonstration to permit the pupil to become acquainted 
with the basic concepts and to become skilled m the use of 
geometric instruments. Methods of formal demonstration must 
not appear on the scene too abruptly. 

Standard lists of theorems have been issued by various exam¬ 
ining bodies, such as the College Entrance Board and the Re¬ 
gents of the University of the State of New York. Of particular 
interest, also, is the list of propositions in plane and solid geome¬ 
try prepared by the National Committee of 1923. Any one of 
these formulations may be regarded as sufficiently authoritative 
for purposes of classroom instruction, and no new list is con¬ 
sidered necessary by this Commission in connection with the 
present plan. 

Whatever list of theorems may be covered in the course, at 
least the following objectives should be set for all pupils 

I. Understanding of fundamentals: (r) basic concepts; (s) the vo¬ 
cabulary of geometry, (3) the nature of geometric proof and its vari¬ 
ous forms, (4) the significance of undefined terms, definitions, and 
unproved propositions (postulates and axioms) 

II Acquisition of skills, with an improvement of those set for 
grades 7, 8, and 9, and the addition of skill in demonstration 



Materials of Instruction 93 

III, Familiarity with facts of geometry, both those discovered by 
informal methods in grades 7, 8, .iiul 9, and those established deduc¬ 
tively. The facts and principles should be orgatiucd clearly m the 
pupil's mind around certain central topics or themes, such as: (/) 
parallelism, (2) congruence; (7) siinilaruy and trigonometric lela- 
tions, (^) concurrence; (5) induect measuiement; (6) mensuration; 
(7) loci, and (S) construction They should also he oiganued around 
such basic figures as; (/) the triangle, (3) the parallelogiam; (5) the 
circle, and so on 

IV Development of elemental y spatial insight, and the habit of 
noticing geometric relations in tluee dimensions, and of comparing 
such relations with those in a iilaue. (E g., Arc non-coplanar angles 
equal, if formed by paiis of jiaiallel lines? How many perpendicu¬ 
lars can be drawn to a line at a point? How should the angle be¬ 
tween two planes be defined, and what question is laiscd thereby?) 
Such a development can he setured by discussion and generalization 
of certain propositions or ptohlems oi plane geometry. 

V. Some realization of the signilicaiue of geometry in human af¬ 
fairs, both practically and culturally 

VI. A clear grasp of what is meant liy a deductive science; and 
ability to apply the method of postulaiioiud thinking m life situa¬ 
tions not specifically matliemautal. 

Note. In the Grade Placement Chart, objectives V and VI occui 
under Mathematical Modes of Thinking, but tliey are so important 
that they are mentioned here under sjietihc objectives for geometry. 


Graphic Rcpreseiiiation, In this giacle the woik in giapliic 
representation may be restiicted to a icvicw of what has been 
done previously and to an extension m connection with the so¬ 
cial studies and science piogiams. Diawing of graphs in connec¬ 
tion with simple equations may be coiuKletccl an optional topic. 

Algebra. A purposeful inteiweaving of algcbia and geometiy 
may be accomplished by tbe following types of woik' (/) the use 
of algebraic symbolism whtnevei it i.s of advant.ige; e.g,, the u,se 

of letters to denote lengilus, angles, etc., as ^ in jihue of 

(a) algebraic proof,s of certain theoienss, .such as ib.it of Pythag¬ 
oras; (3) theorems in incmsuiaiion in gencrali'/cd form, .such as 
the law of cosines; (</) algebia in the mnneion.s geometric the¬ 
orems and pi oblems based on r.uio and piopoilion; (5) simple 
locus problems; (6) equations involved in certain geometric 
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theorems. If their use is desired in trigonometry logarithms 
may be taught. 

Trigonometry, The study of similarity and proportion fur¬ 
nishes a firm basis for the trigonometric functions The subject 
can be further related to geometry by deriving the exact values 
of the functions for 50®, 45°, and 60°, and by expressing the 
area of a triangle in terms of two sides and the included angle. 
The law of sines and the law of cosines may be introduced. 
Logarithms may be employed, but successful teaching of numeri¬ 
cal trigonometry at this level is possible without them. 

The Remaining Fields. The Grade Placement Chart gives 
suggestions for the other three fields that are shown on it 

THE WORK OF THE ELEVENTH GRADE 

The plan described in this chapter is compatible with the re¬ 
cent effort of the College Entrance Examination Board and 
other bodies to get away from a too rigid compartmental plan 
of teaching mathematics. It recognizes that, with new outlooks, 
mathematical curricula may be organized along broader lines 
than in the past, and at the same time pay regard to both con 
tinuity and flexibility. The Grade Placement Chart indicates 
that for the eleventh year in the present plan the central theme 
is the extension of algebra and a systematic study of elementary 
trigonometry. The two subjects are correlated through the use 
of the function concept as a unifying bond. Many of the topics 
of algebra begun in earlier years are extended. Reviews should 
be provided in these topics whenever they are needed 

Number and Computation. A better understanding of the 
number system will result from the study of irrationals and an 
introductory consideration of imaginary numbers, which will 
form part of the more extended and detailed study of algebra 
Emphasis on approximate computation is suggested by the study 
of logarithms and especially by their use in the trigonometric 
solution of triangles The writing of numbers so as to employ 
indicated powers of 10 can be correlated with work in science. 
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cept should be c()tHinu.dly stiewd nil's j .m hr dniie .ith.ni 
tageously in iounce iiun with the sttuh nf i.ddes. qn.qdn. 
formulas, and equations ItiqHiit.tui ph.ises of (hr tstnk m algr 
braare: (/) review and eMetismu of basu lunirpts and upenj 
dons; (3) a study of ItiKMi .itnl t|itafh.uu fuminnis. titutihei 
with the solution of numriual ami binal rquainms td dtr fust 
and second degtees in one tmkiunvn. (hr s'diiimu nf sets of 
equations involving two unknotMis. imliuhitg snnjdr sris of 
second degree equations; if/? a drtuird stmk of r\|«tiirn(s and 
radicals, with the solution of •'Smjdr of jadiia! rtjuations; 

(;)astudy of logaritinns ami ihr shdr nilr. Oi ihr 'wdmton of 
simple types of expouemiai rquaiions. ‘^inh as ilntvr (hat aiHC 
ill common problems invoKnig ioutjwnind intricst, .("i a gen¬ 
eral study of formulas, Uu'ii iiansfoiination. and. in s»nq 4 r t asrs, 
their graphu leprcsciuaitoir, ivywn nf sanation and dim 
mathematical ex|npssit»n; uj? nuihnutu. jjrtamdn, and bmo 
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cosine, and tangent; {4) double-angle and half-angle formulas, 

(5) the law of sines, the law of cosines, and the law of tangents; 

(6) solution of triangles, including problems on heights and dis¬ 
tances, (7) components and resultants; (8) work with simple 
identities and trigonometric equations; (p) field work. (Some 
of the work indicated may be postponed to the twelfth year, 
such postponement being especially desirable if the algebraic 
work of the ninth year did not include all the topics suggested 
for that year. Topics in tiigonometry that could be deferred are 
the addition formulas, the double- and half-angle formulas, and 
the law of tangents.) 

The Remaining Fields. The Grade Placement Chart gives 
suggestions foi the other three fields. 

THE WORK OF THE TWELFTH GRADE 

Instruction for the twelfth year should make possible the 
rounding out of the mathematical picture developed during the 
earlier grades and at the same time give preparation for future 
work for those who will continue their study of the subject In 
the present plan, work for the year consists of a unified course 
from the fields of advanced algebra, solid geometry, analytic 
geometry, trigonometry, and differential calculus 

Number and Computation The work includes (/) a review 
of the number system through irrationals, with emphasis on 
clear concepts and on an understanding of the laws of operation, 
(2) use of the polar as well as the rectangular form for writing 
and operating with complex numbeis, (5) use of the derivative 
for the determination of approximate errors in computation. 

Solid Geometry, .Since the pupil now has his first opportunity 
for systematic study of three-dimensional geometry, the work 
should include the usual theorems and applications, particular 
attention being given to the relation of lines and planes in space, 
and to the pioperties and the measurement of prisms, pyramids, 
cylinders, cones, and spheres 

The basic formulas of mensuration can be established in the 
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customary way, or by the use of such theorems as that of Cava- 
lien and the Prismoicl formula. Much attention should be given 
to the visualization of spatial figiues and relations, to the lepic- 
sentation of tlnee-dimensional figures on pajiei, and to the solu¬ 
tion of problems in mensuration, Tire lattei piobleins offer 
opportunity for correlation of solid geometry with aiithmctic, 
algebra, and tngononieti y Pai t of the impoi lance of the geome¬ 
try of the sphere comes fiom the new peisjicctive that it makes 
possible 

Analytic Geometry The analytic geometry included is de¬ 
signed to show the power and the geuei airly of the analytic 
method of treating geometiy and to give the pupil the basis that 
is needed for some of the work in analysis. The study should 
deal briefly with the stiaight line and the circle The rvoik on 
the straight line should include the slope-point hniu and the 
two-point foim, with the necessary pieliininaiies It should also 
embrace woik on paiallcls and pcrpcncUculais, with related 
applications The woik on the citdc should ini hide the stand¬ 
ard form for the equation and lecliution to that foiin, Locus 
problems leading to stiaiglit lines and incles should be intro¬ 
duced when possible. It may also he possible to include a little 
work on the paiahola and the ellqise 

Graphic Repiescntalion. Fuuhcr instuuHion in graphic lep- 
resentation will come through (r) giaphic solution of equations; 
(2) representation of complex numbeis, and (9) use of loga¬ 
rithmic paper (optional) 

Algebra and Difjeiential Calculus. The work fiom algebra 
and differential calculus embraces: (/) a study of lational inte¬ 
gral functions of tlic nth dcgice, including synthetic division, 
the remainder thcoicm and the factor theorem; (2) relations 
between the roots and the roeflicicnts of an equation; (9) Des¬ 
cartes rule of signs, (./) dcteiniinalion of inaiinnal loots; (9) 
permutations, combinations, and simplei cases of piobability; 
(6) introductory study of difTcientiation, limited to polynomials, 
with applications to slopes, maxima and minima, rates of 
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changes, velocity, acceleration, and related problems. Topics 
from algebra that may be taken in addition to, or in place of 
some of those mentioned, are:^® (7) a brief treatment of com 
pound interest and annuities; (8) further work in statistics 
Trigonometry, After a review of the work of the eleventh 
year trigonometry some of the following topics tan he studied 
(i) radian measure; (a) peiiodicity of the trigonometric func¬ 
tions, with applications to oscillating physical quantities, (3) 
inverse trigonometric functions; (4) identities and trigonometric 
equations; (5) DeMoivre’s theorem (Topics (2), (3), and (5) 
may need to be omitted if some of the work in trigonometry for 
the eleventh year is postponed to the twelfth ) 

History and Correlated Activities Supplementary readings, 
projects, and activities that require some maturity are within 
the reach of students during their twelfth year Such activities 
can contribute materially toward creating a lasting impression 
as to the nature and scope of mathematics 

is to he noted that the College Entrance Examination Board’s Descriplton 
of Examinations, edition oE December, 1938, says oE Mathematics Gamma (the 
most searching mathematics examination oflcred): ’’The examination will contain 
no questions on determinants, simultaneous quadratics, scales of notation, or 
mathematical induction " In this Report these topics are suggested as possible 
extra ones for truly superior pupils, with a caution about including too much 
material at the expense of thoroughness See p. 146 



CHAPTER VI 


A SECOND CURRICULUM PLAN 

"The teacher will find be can mtnest the pupil m U quite 
well by beginning with the old-fashioned four quarlen of 
the globe, and coming round to the child's own parish by 
way of Afiica and Zululaud," 

-MATIHI'W ARNOH). CINERAI. KH’ORT K)R 1878 

INlRODUCriON 

Various arrangements of instructional raatenals arc consistent 
with the broad principles set foith in Chapter IV. and it is not 
to be expected that any single type of curriculum will be ac¬ 
cepted by all schools. Piinciplcs for cuuiculum construction 
must be mterpieted in accoidance with the conditions that af¬ 
fect the schools of a given comniunity, and conditions may differ 
markedly from one locality to another. The plan outlined in 
the preceding chapter, perhaps with modified emphasis on some 
topics or with minor reariangcments, should suit the needs of 
many schools. On the othei hand, substantially diffcicnt plans, 
such as those evolved expeiimentally by various leadeis in sec¬ 
ondary mathematics, may be preferred by some administratois 
and teachers. It is, of course, undesiiable even to attempt to 
outline all the different plans of organization that are consistent 
with the principles of curriculum building pteviously clLsciussed, 
and that may be adapted to the needs of diverse sdiool condi¬ 
tions or objectives, The Commission will, however, desciibe in 
this chapter a second plan for oigani/ing the cuiritulum mate¬ 
rials for grades 7 to 12, 

The chief features of the present plan aie as follows. In the 
ninth grade there is to be a course in geneial mathematics in¬ 
volving a more extensive consideration of arithmetic than in the 
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foregoing plan, both as to piocesses and as to applications. In 
the tenth year there is to be offered a course m demonstrative 
geometry which is quite compiehensive, but which should never¬ 
theless appeal also to many pupils who do not plan to go to 
higher institutions. The eleventh year is to be devoted to a sub¬ 
stantial course in algebra. In the twelfth year the pupil ina7 
select fiom a variety of courses, described later In each of the 
glades 10 to la, important topics of earlier courses aie reviewed, 
use being made of algebraic piocesses in geometry and geometric 
pioblems m algebra 

In the case of larger schools the plan includes in addition 
during the ninth year a course in algebia, intended especially 
for pupils who expect to follow a piofession that requires con 
siderable mathematical training, or who prefer such a course 
In the tenth year such pupils will take the work in geometry 
referred to above. In the eleventh year a third term of algebra 
IS to be provided for them, and a term of elective work is to be 
chosen from such courses as arc available for the work of the 
twelfth year. 

In the description of the woik of the different years nothing 
IS said as to modes of thinking, habits, and attitudes, of histori¬ 
cal backgrounds, or of correlation with life situations and other 
school activities—topics discussed someivhat in the preceding 
chapter. What was said in that chapter, as well as the entries 
on the Grade Placement Chart relating to such matters, can 
again serve as a guide for the program that is here described 

A few comments of a slightly pedagogic character are made m 
order to clarify some of the suggestions. 

THE WORK OF THE SEVENTH AND EIGHTH GRADES 

Arithmetic. The contemplated work in arithmetic, including 
the applications, involves only the more common concepts, prin¬ 
ciples, and techniques For example* finding the interest on a 
sum of money for a whole number of years, but not for a frac¬ 
tion of a year specified by two dates, simple discount, but not 
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the value of an interest-bearing note, discounted before due; the 
nature and functions of corporations, insurance, and taxes, but 
only simple calculations in connection with the pioblems that 

are given. 

Geometry. The woik in geometry is designed to give an ac¬ 
quaintance with the figures mentioned in Chapter V. It also 
gives some related nuniciical work, and insLiuction in the draw¬ 
ing of figures It does not, however, punide training in discov¬ 
ering or testing theorems, nor give piaclice in using relations 
that involve such topics as congiuence, parallel lines, and spe¬ 
cial kinds of triangles 

Graphic Representation, As de.sciibed in Chapter V. 

Algebra. The work in algebia is assumed to he limited to the 
writing of formulas and simple lelaiions. Siiif e many teachers 
feel that interest in algebia is not stimulated, but may be de¬ 
stroyed, if pupils arc lecpiiied to use algebia unncccssaiily, it 
follows that. 111 a restricted couise, the emphasis should he upon 
training pupils to expiess in .symbolic language lules they are 
using rather than upon sy.stcmatic .substitution in formulas. 
Work with negative numbers—if included at all—is supposed 
to be limited to their incaiiing, and to their addition, with no 
attempt at teaching the other operations. 

Trigonometry. Figures arc to he tonstuicted to scale, and 
proportions are to be used to find lengths, but no work with the 
trigonometric ratios as such is contemplated 

THE COURSE IN GENERAL MATHEMATICS FOR THE 
NINTH GRADE 

The work suggested here for the ninth grade is a compasite 
course consisting of aiithmetic, graphic lepre.sentation, algebra, 
trigonometry, social mathematics, geomeuy, and logaiithms, A 
brief description of the content of each of the .subjects folloivs. 

Arithmetic Fractions, mixed number.s, deeiinals, and per 
cents are to be used fiequently, so that the pupil will increase 
his skills. Work on mensuration is to be reviewfed and extended, 
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not merely as a way of giving computational practice, but also 
for the purpose of calling attention to geometric forms and their 
uses Units from the metric system are to be used Percentage 
is reviewed and extended, especially as a means of showing how 
the use of equations reduces the number of rules and techniques 
that must be learned Woik in bookkeeping is suggested, even 
if only to a sufficient extent to show the nature of debit and 
credit entries in simple accounts Approximate numbers, sig¬ 
nificant figures, estimating results, and shortened methods oi 
multiplying are included as preparatoiy to the work with trigo 
nometric ratios Applications of arithmetic are to be extended 
to include such topics as per cent of error, medians, and weighted 
averages. 

It is recommended that particular attention be given to social 
problems that include more steps than those encountered in the 
previous grades, even though each step be a simple one, empha¬ 
sis being placed on the problem as a whole. For example’ In 
earlier grades the pupil might find the cost of lo tons of coal at 
|8 a ton, or the interest on $4,000 at 5% for 7 years. Such prob¬ 
lems are unrelated. A typical ninth grade problem is; "What is 
the monthly cost of a house valued at .$5,000 if money is worth 
4%, if the insurance is 48 cents per hundred dollars, if the owner 
used 8 tons of coal at $9 per ton, if repairs amount to $102, and 
if depreciation at 21/2% is allowed, all the expenses mentioned 
being on an annual basis?” 

The number and variety of occupations has increased so 
greatly in the last decade that it is no longer possible to have the 
applications of arithmetic include samples from every type of 
activity. Regardless, however, of how the pupil will some day 
earn his living, he will always be a citizen and a consumer of 
goods and services Hence there should be an earnest effort to 
include in the instruction in arithmetic many problems based 
on activities and interests of the ordinary citizen Compared 
with practice in the past there should be much more work in¬ 
volving such topics as home-owning, mortgages, taxes, install- 
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ment buying, insurance, investments, automobile expenses, 
debts, risks, health, food, budgets, building and loan associa¬ 
tions, cooperative enterpiises, and the like. The mathematics 
teacher should use such topics not merely as material for com¬ 
putations, but because an understanding of them involves (quan¬ 
titative relations. He sliould be luted to discuss many of them. 
The information that the pupil receives may be more important 
than the benefit to be derived from the computation. The Com¬ 
mission recognizes that the immatunty of the pupil will prohibit 
an exhaustive study of the topics suggested, any of which might be 
considered fuilher in giaclc 12, as suggested latci in this chapter 

Graphic Representation. There can be work in the construc¬ 
tion and interpretation of pictogtams, broken hue graphs, bar 
and circle graphs, and graphs of foimulas of the types: 

y as ax b, y as ax^, .yj k. 

Simple cases of the converse pioblems ol (itiing such formulas to 
data can also be considered in some case.s. 

Algebra. The work in algebia that is suggested as part of the 
ninth grade course in geneial mailiematic s is very restricted, in 
so far as technique is concmncd. It is centered around such 
aspects of algebra as the following: 

(1) The use and inteiprctaiion of signed numbers. 

(2) Algebra as a language, that is, the use of symbols to express 
ideas 

(j) The meaning and imjxntancc of gcneializing a problem and 
its solution 

{4) The use of equations to solve pioblems which cannot be 
solved easily by arithmetic. 

Instruction under (3) should include not only the writing of 
formulas, but also the wilting in mathematical symbols, or a 
study of the meaning of such statements as: "When adding sev¬ 
eral numbers it is immaterial which numbers me added first.” 
"The increase in profits was not proportional to the increase in 
sales." "To find a quotient correct to n places carry the division 
to n -f 1 places." 
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As an illustration of instruction under (5) one can contrast 
the problem, “How many gallons of water must be added to 10 
gallons of a is% solution of an acid in order to change it to a 
9% solution?", with the problem, "How many gallons of water 
must be added to g gallons of a i% solution to make it an 
solution?” Many teachers believe that such problems, slighted 
in the past because of assumed dilTicuIty, illustrate one of the 
most important uses of algebra. By omitting less important 
work, it should be possible to give adequate instruction in such 
questions. 

The complexity of the equations to be considered under [^) 
should be deteimined m general by the nature of the problems 
that are to be solved, though a is to be remembered that some 
work with equations of greater difficulty is usually necessary in 
order to make sure that methods are well learned and adequate 
skill is acquired. A consideiation of problems suitable for the 
course, from which the “answei known" type is eliminated, 
will show that the equations are not moic complicated than: 

24= I. 2 A;, ,09327=1,67, re — 8re = 4 60, 

- 5 = ifl, ,03/, + 06(4500 -p) = .05(4500), 

r 7 

- = —, — 16 = 100, 511J® = 13 

The literal equations which arise m the problems of general¬ 
ization are not likely to be more complicated than 

nx = s[x — a), ax + b{s — x) = cd, a — - - - 

X 

In the equations above no algebraic technique is involved be¬ 
yond multiplying, as in b(a — jc); factoring such an expression 
as ax bx, and knowing that the statement nx = a implies that 
X = a/n, where a and n may be any quantities, provided n =^o. 
It is not expected that the solutions of literal equations will be 
checked by substitution, for such an operation may involve more 
algebraic technique than is contemplated. 
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The subject o£ ratio and proportion should not be slighted, 
but should be used extensively in connection witli similar fig¬ 
ures, or for compaiing two aieas, two volumes, two gears, or 
two levers, as a means of aiiivmg at some desired lelation. 
This work includes a study of the connection between propor¬ 
tions and direct and indirect vaiiations. 

The study of dependence will be made more fruitful by 
emphasizing that an equation such as X. ^ ai + i is not merely 
a formula for L, showing how L changes as t changes; but is a 
relation between two vaiiables, fiom which either can be found 
when the value of the other is substituted. 

It is assumed that exponents will be used chiefly in stating 
formulas that involve squares, cubes, etc., and in wiiting num¬ 
bers in standaid form, such as- 


45,600 « 4,56 X loS oim)0456 4.56 X 10“*, 

The work on radicals is supposed to be limited to using a 
table of roots of integers from i to 100 for instance and making 
such changes as: 


VHio » 4VT5, 



The arithmetic process of finding a square root should be re¬ 
viewed; interpolation should be studied; the Pythagoiean rela¬ 
tion should be used, but only experimental testing of it need be 
considered, since even the simplest pi oof involves a more thor¬ 
ough study of triangles than is contemplated in the geometry 
work; the formula for the atea of a tiiangle in terms of its sides 
(Heron’s formula), and othei foimiilas involving square roots, 
may be included. 

To avoid misunderstanding it is to be noted that the proposed 
algebraic work does not include systematic study of the fol- 


(r) Multiplications of the types 

4^*5^. (a: - 2)(x-|-5) 
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(3) The four opeiations v/ith fractions. 

(j) Factoring, excejic tliat of ax bx. 

(^) Set.s of equations, of quadratu equations, except equations 
such as # — 16 — 100, and — 13 

(j) The "answer known" type of problem involving ages, coins, 
time-rate-distance, etc 

It IS of course not implied that teachers should not go beyond 
what IS outlined if the preparation of the pupils and their abili 
ties and interests warrant it 

Trigonometry As a basis for work in trigonometry there 
should be scale drawings, with consideration of similar triangles 
and ratio of similitude The three ratios—sine, cosine, and 
tangent—are to be defined, and instruction is to be given in the 
use of tables to four decimals, with a tabular interval of 1°, 
interpolation being to a tenth of a degree. It is not contem¬ 
plated that relations between the functions be studied, except 
the relations cosA = sin(90° — A), sin /4 = cos(go° — .< 4 ) 

Other Topics. As mentioned elsewhere in this Report, op¬ 
portunity should be taken to give the pupil an appreciative 
knowledge of the historical background of mathematics, and 
efforts should be made to develop those attitudes and habits of 
thinking discussed in Chaptei III As observed earlier in this 
chapter, suggestions made in Chapter V can be utilized. In addi¬ 
tion to such work, some classes are able—if too much time is not 
required to strengthen the arithmetic work of previous grades- 
to include one or both of the following topics 

(r) Geometry When this study is undertaken, the chief objects 
should be (a) to impart certain information about geometric forms, 
and (b) to illustrate the nature of postulational thinking. The two 
objectives should not be separated; each week’s work should show 
progress toward both goals. Assuming that the work is spread over 
fifteen or twenty lessons, the second objective can be reached by pre¬ 
senting a sequence of theorems, each depending upon and derived 
m a logical manner from some previous general statements It is, 
for example, possible to begin with congruent triangles and advance 
to a proof of such theorems as" "The base angles of an isosceles tri¬ 
angle are equal," "The sum of the angles of a triangle is 180°,’’ or 
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(g) Radical c<|iiation$ not more roinpheated than 
(A) Dc{)endefice and variation, imiuding 'work on findine 
an equation from data conteining the variables “ 

(a) Fundamental iqicrations with polynomials: Practice must go 
beyond the immediate needs so that pupils may acquire confidence 
and facility, 

(^) Factoring; the type ax^ -f hx c. 

{jf) Radicals, the wotk being limited to using a table of roots of 
intcgeis fioni i to loo, for instance, and making such changes as 

V3is=.4v^ 

The arithmetic [irocess of linding a sqii.tre root can be reviewed 
Interpolation in tables should be studied. The Pythagorean relation 
should be assumed and used The formula for the area of a triangle 
in terras of its sides ami othei formulas involving square roots can 
be included 

{5) Graphic rcpiesontatkm: It is expected that less time will be 
spent on the construction and inierpietation of statistical graphs 
than on the graphs of c([uation.s such as y sn ax b,y = ax^, xy = 
/t, X* H- y’* = r-*. 

(( 5 ) Problems: It is expected that this course v/ill include a wider 
range of algebraic [iiolilems than tlie course in general mathematics 
Problems about coins and ages, and other problems in which the 
answer must have been known befoie the problem was formulated 
arc icseful in developing skill m writing equation-s. Further, the re 
stnetions stated above in (/) should not unduly restrict the material 
for problems or the methods by whicli a problem is solved, but it is 
important that the pupil should know that the purpose of such 
problems is merely to give piaciirc and experience in the use of al 
gebra, For example, the problem of finding three numbers such that 
one number exceeds twice the fust by 5, and the third is 4 more than 
the first, the sum of the squarcss being 121, may be solved by writing 

x’+(2x-f-5)5+(xH-4)* =■ 121, 

or by writing, 

Although sets of three equations, one of which is a quadratic, are 
not mentioned m the equations in (r) above, ncveithcless the pupil 
who has acquired the iclea of substituuon can solve this set, and can 
profit from a study of such sets In fact, the pupil should be encour¬ 
aged to use this method since it is based on writing as an equation 
a given relation between quantities 
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(7) Formulas and generalizations: Since this course is for a special 
group of pupils, It Is expected chat much of the cxcremcly simple 
work that has found Us way into many toiirscs can be omitted, such 
as finding the cost of some sugar at a pound by using the graph 
of the formula c ~ Gp. The formula should be treated as a summary 
in a general foim of a relation between variables. The significant 
problems should be studied in a general form (the so-called literal 
problems, mentioned on page lO-i), the foi inula being then regarded 
as a solution of a generalized problem. 

(S) The trigonometric ratios: In case considerable time is neces¬ 
sary at the beginning of the course to correct foi deiiciencies in 
arithmetic, it may not be possible to give any instruction on the 
trigonometric ratios. Otherwise it should be included. 

THE WORK OF THE TENTH GRADE 

The work proposed for the terrth year consists chrefly of 
geometric material, and hence is best described as a course in 
geometry. It involves, iiowcvei, more algebraic and trigo¬ 
nometric applications than has l)t‘cu t,ii.sioinaiy to give in the tra¬ 
ditional geometry course Accordingly, the year will carry for¬ 
ward the work in tlie vaiious inathcniatital Iieltls discussed in 
Chapter IV. If the woik i.s .suitably oiganized, it should be of 
high value to pupils whether they had gencial mathematics or 
algebra in the ninth year, atid inc.spet.tive ol ivhether they go 
to college. A reason foi believing that the covu.se may have con¬ 
siderable appeal comes horn tiic fact that geometry touches 
human experience in a vaiiety of way,s, and in ways that can be 
made clear to young people-c.spcdally if the mfoimal geometry 
of the eailier gi'ades has sufficiently kindled the imagination. 
The pupil’s expeneiuc with gcometiy may now be 5ucce.ssfully 

rounded out by seeing the subjet t devckiped into a great logical 
system 

What was said in Chapter V coineining the tenth year can 
serve as an appioxiniate desciiption of the content and general 
plan of the course. The chief change is that the cnuisc proposed 
here devotes less attention to aiithmcdc and algebra and corre¬ 
spondingly more time to geometiy The lists of theorems ac¬ 
cepted as satisfactory for the former course may be regarded as 
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merely minimum lists here. It seems reasonable to affirm that 
the more theorems a pupil actually lias at his command, the 
more effective will be his work. Consequently the lists referred 
to should be supplemented when possible by other useful theo 
rems. In particulai, it is recommended that the course include 
work dealing with the length of a median; the length of an angle 
bisector in a triangle; the areas of insci ibed and circumscribed 
mangles, squares, and hexagons, in teims of radii, apothems, or 
sides. 

It may be mentioned that the theorems last mentioned and 
Heron’s formula provide excellent mateual for mensuration 
problems employing algebra. In tonnection with the Pythago¬ 
rean theorem, tune may well be given to a review and exten¬ 
sion of the work on radicals. Such changes as 



(fl o) 


and the method of solving such equations as 


and ax® =* a® 

should be taught The work on pioportions need not be limited 
to the usual derivation of a pioportion from similar triangles, 
but, in connection with a review and extension of the corre¬ 
sponding work of the ninth grade, can include inverse propor¬ 
tions, proportions considered as a special type of dependence, 
applications from science, and other useful problems. The work 
on similar triangles will give the pupils a better understanding 
of the trigonometric ratios; the pioblems need not be restricted 
to the very simple ones used in the ninth grade 
Although some of the mensurational aspects of solid geometry 
have always been treated in the lower grades, there is still dis¬ 
agreement as to how much solid geometry can be introduced 
into a course in plane geometry. Undoubtedly abler pupils 
profit by seeing some of the theorems of plane geometry ex¬ 
tended through a consideration of related situations in space, 
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Three dimensional illuslralious tan be intiodnced safely when¬ 
ever the pupil’s understanding ot plane figures is thereby deep¬ 
ened or supplemented. Siuli wtiik cannot, of touise, take the 
place of the thoiough tieatnient tliat is deinauded by engineer¬ 
ing schools. and coiisideiing liow little can be done, it would 
seem better in the coui.se heie coiiteinplatecl to devote any avail¬ 
able time to algebtaic woik, cu to the use of noii-niathernatical 
mateiial illustrating deduc tive thinking. 'I he lattci type of 
Tvorkadds to the appeal of goonu'tiy, and will undoubtedly in¬ 
crease in amount in the futuie. 

TI-IE WORK or IIIE El I-VI-NIII GRADE 

A systematic cour.se in algebia i.s offeied in the eleventh year 
tor those pupils who h.id the touise ui geiieial mathematics in 
the ninth year and also the course pist desttihed !or the tenth 
year, and who coiitmue iheii mathematic .il educatiou. Since 
these pupils are delmitely moie inaluie mentally than ninth 
grade pupils and aie .somewhal ex[)eneme(l matheinatually, the 
present course can he made iiioie ihoiough, and (am covet more 
topics than the algehia couise piesimisly destiihed (which was 
planned for laiger schools to offer in the ninth giade foi ceitaiii 
pupils), It can, in t;u t, include es.seuti.dly what i.s now com¬ 
monly designated as intnmvdiuU' «/ge/n«. 

The course should cou.sidei inoie dilluulT cases and jnobleins 
than are appropiiate loi the ninth giade touise, and in addiuon 
to the topics in the outline.* on pages loy-iop it tan include: 

(z) Additional woik on ecituuioiis; 

(a) Thcoicms jiIkhU ihe sum and tlie pioduct of the roots of 
qiiadratu tspiations, ,uid ihe condition for etiual loots, 

(h) Exlrancmis toots of t.ubtal equations 

(c) Exponential ecpuiuons, such as (Itj 

(d) Systems consistuig ol a lineai and a (puidiatic equation, 
and simjile cases of two c[uadi;uit ecjuations 

(e) Graphs ol ([luuhatic etiuations. 

if) Problems leading to ecfuaiions of the types considered. 

(2) Additional work on fundamental operations The work 
should contain moie involved exeicises than those in the ninth 
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grade, as, for example, operations with polynomials in which terms 
contain fractional and negative exponents. 

(5) Factoiing: the types -f c, ax ay + &x + -j- 

— h®, and expressions reducible to these types, the factor 
theorem. 

Radicals; rationalizing denominators; geometrical material 
involving radicals 

(5) Negative and fractional exponents; logarithms: applications 
involving more extensive computations than those of the ninth 
grade. 

{ 6 ) Trigonometric work, including the use of four-place tables. 

(7) Aulhmctic and geoinctnc ptogressions, with .some applications 
to finance; tlie limit of the sum of a geometric progression when 
r < 1. 

(S) The binomial theorem. (If this is included, some emphasis 
should be on the use of fractional exponents to derive approxima 
Lion formulas. Finding the itli term, and related problems are of 
slight value to the pupil at tliis stage.) 

No study of imaginaiy or complex luimbers is suggested This 
implies the omission of all quathatit equations having complex 
roots 

Students who had in the ninth yeai a cotnse in algebra (such 
as IS lecommended as an option in larger .schools) will now re¬ 
sume the study of this subject after having had the tenth grade 
work in geometry. It should be possible for them to cover m 
one semester the new topics listed above, with the inclusion of 
projects related to the mam study * In tire second semester of 
the year they can take one of the couiscs desciibed below in 
connection with the wolk of the twelfth year 

THE WORK OF THE TWELFTH GRADE 
Under the plan of this chapter there is offered in the twelfth 
year a semestei's woik in each of the foiu subjects: trigonometry, 
solid geometry, social-economic aiiihmetic, and college algebra. 

^In connection with the use of siipplcincniaiy niaten.'ils, a remark is in order 
It is iindesiiablc to use titles that tend to ningiiify topics that may be piesented 
in a veiy limited form For instance, it is an exaggeration to say that one is 
teaching statistics if he is meiely having pupils draw distribution graphs and 
find medians Some instruction in central tendency and dispersion at least should 
be included before the title statistics is justified. 
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It is, of course, not expected that any one pupil will take all the 
courses, though, as indicated above, some pupils will have taken 
one of the courses in the eleventh year, and can accordingly 
cover two more of them in the twelfth year. 

Two of the courses can be regarded as quite special, namely 
the course in college algebra and the course in solid geometry. 
As the name implies, college algebia is not a regular secondary 
study, but universities and colleges are glad to have students 
who intend to specialize either in mathematics or in one of the 
mathematical sciences ready to begin the study of the calculus 
when they enter college. They can do this if they have had a 
good course in trigonometry and sufiicient algebra m high 
school, and the advantage that comes to them i.s above question. 
As to solid geometry, it is to be recalled that some instruction 
m mensuration is given in the earlier grades, while a develop¬ 
ment of elementary spatial insight was suggested as a part of the 
program for the tenth year. Accoiclingly, the thorough treat¬ 
ment of the subject that is described for the twelfth year may be 
desired only by pupils who expect to attend an engineering 
school that requires it for entrance, or who wish to specialize in 
mathematics, or who have felt a strong appeal in classic Eu¬ 
clidean geometry. 

Both the course in social-economic arithmetic and the course 
ia trigonometry should have a wider appeal than the two courses 
just discussed So far as the course in social-economic arithmetic 
IS concerned, it needs merely be noted that it is especially de¬ 
signed to provide instruction recognized as important for the 
large group of secondary pupils who will not go to college. On 
the other hand, if some woik with the trigonometric ratios has 
been given in the ninth grade, the pupil will already have ac¬ 
quired an appreciation of their importance, though he has had 
too small an amount of the subject to say that he has studied 
trigonometry. Since the trigonometric ratios hold the key to 
the solution of so many problems, trigonometry is a highly cul¬ 
tural study. A pupil may forget the details of computing inac- 
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cessible heights and lines, ami of resolving forces and velocities 
into components, and he nuy lose Ins skill of combining several 
forces into one force or seveial velocities into one velocity; but 
it over a period of several weeks he h.is had extensive workvdtli 
such problems, he will have a lasting and intelligent idea about 
one very fimdatnental kind of scientific work Just as the theo 
rem of smes, the theoi ein of cosines, and the theorem of tangents 
are essential for ''piuctical" piohleins, so the formulas for the 
functions of the sum and the difrerence of two angles have a 
touch of the appeal of modem mathemaiii s in its most aesthetic 
form Finally, the 'almost cndlc.'ss identities that can be set for 
proof affoicl an example, penhaps uniivalled, of how rich may 
be the consccpiences of a small set of simple, wisely selected 
piopositions Fvciy teachci of trigonometry has heaid enthusi 
astic comments ii|)on the iich .significance of the subject, horn 
pupils many of whom wetc not .speclah/ing m mathematics, 
and also from people whose school days aic past. 

Trigonometry. In tlie full scmestei that is contemplated for 
the woik in tiigouomctiy there should be time not only for 
many applied problems, but also loi stiengthcning any neg¬ 
lected or weak paits of the pupil’s eailier instruction in algebra 
The work should be so well done that it will not have to be 
repeated m college The suggested outline is. 

(/) Problems rcqunuig extensive ralculations with four-place 
tables 

(2) Functions of any angle; functions of 30'’ and 45° and their 
multiples, the construction of angles when one function is given, 
the determination of the other ratios fiom one ratio, the reduction 
formulas; the graphs of the functions and their periodicity, the in¬ 
verse functions. 

(j) Functions of two or inoic angles. 

(4) Properties of triangles, the law of smes, of cosines, and of 
tangents, the half-angle formulas, formulas for the radii of the in- 
senhed and circumscribed circles, for altitudes, medians, angle- 
bisectors, and areas, MoHweide's equations and other checking 
formulas. The pupil should acquire considerable skill with the alge¬ 
braic manipulations of the formulas and not merely a reading 
acquaintance with them. 
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/ \ Identities and ctiuations This woik is invaluable to the 
pupil who wishes to impiove algebiait hidhiy, and it should be 
spread throughout the (c)ui.sc. 

^(5) The use of algcbia and gcoinetiy in ptobk-ins such as the fob 


lowing' 


(a) 


Finding the hmttions td 18''*, rind gfl'’, as a 

means of reviewing ladnals and woik on quadialit: equa¬ 


tions. 

ip) GeomcUic pi oof of many ol tlio tiigononu-tiic relations, 

(c) The deiivation ol foiniulas which solve an entue class of 
problems instead of one speiiln piolileni 
(7) Radian ineasute with appluations 
(S) Optional topn s 

(a) Coinplev uunibeis 

[h) DeMoivie'.s iheoiein and the mots ol unity. 

(c) The components and lesuUants ol vitlois 
(rf) Polar tooidinaies and the giaphs of .simple polai equa¬ 
tions 

(e) Instiumcrits used insuueving 


Solid Geometry. Attention lias alieady Ikh-ii t ailed to the fact 
that a semester (oinse in .solid geoinetiy t4in be legaided as .soine- 
what specialized, but the C’.oiniiiissitm would mention some sig¬ 
nificant and sometmies loigtitien nieiiis of the .study, 

(r) The traditional toinse ni solid geonietiy known as Bonk 
VI not only contains teitani ihemems about lines and planes; 
It also offers an oppoituuity to eul.uge the impd's gia.sp of 
postulational thinking by a mine ihoimigh tie.ilmenL of con¬ 
verses, inverses, and contiaposiiives of ibeoiems f.ind the rela¬ 
tions between thcoiems), of netessaiy and suHuieat (anditinns 
(atopic that is seldom tonsuleied in jdane geomctiy), and of 
indirect proofs; other toims of value aie Inie-.ind-plane dual¬ 
ity, and point-and-plaiie duality 

(2) There i,s Oppoi tunily loi t onsidei.ible algebiaic work that 
may strengthen abilities the student will need later in paits of 
calculus. The thcoiems about iiustunis aiul spluuical segments 
give a good oppoi turn ty fm a caielul leview ol laditals, laiional- 
ization of denominators, laditnl equations, and the manijjula- 
tion of somewhat complicated algebiau cxpiessions For a re¬ 
view of lueial equations there aie exeterses such as- “Express 
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the lateral area of a right cucular cone as a function of the 
altitude and the radius of the base." "If the eight edges of a 
regular pyramid ivith a squaie base aie all equal, express the 
length of an edge in teims of the total atea " 

(5) There is opportunity for computational work with use of 
logarithms. The pioblems should affoid practice in organmng 
and presenting a somewhat long piece of work such as: “Find 
how many inches of rainfall are equivalent to the water from a 
hose through which the water flows for an hour at the rate of 10 
gallons per minute, and spreads over a ciicle whose ladius is 12 
feet." 

(4) In contiasl with plane geometiy. where the pupil con 
structs drawings ■with compasses and stiaightedge, the figures of 
solid geometry afford oppoituniiy for the teaching of freehand 
sketching, which is so valuable to future aichitects and engi¬ 
neers, and is a woith-while atcomjihshment for other pupils. 
The straightedge may at times well be laid aside and the pupil 
be required to practice drawing as in the art class 
(y) The work on loci can be very instructive, particularly the 
part that has to do with the use of coordinates. 

(6) Although Cavalieri’s Theorem and other means can be 
used to derive many of the formulas on mensuration ■which 
would otherwise involve a study of limits, some introduction to 
the notion of limits can at times be included. Such work will at 
least show the pupil the nature of certain difficulties in measure¬ 
ments and how the mathematician has met them 
Social-Economic Mathematics. This course is a half-year study 
designed to acquaint the pupil with certain problems of modern 
society from a quantitative point of view. It assumes that the 
pupil has completed the work suggested for the ninth grade, but 
he may not have taken the work of the tenth or eleventh grade, 
It should be especially valuable to pupils in the commercial 
courses and to those who expect to study the social sciences later, 
Many of the topics are to a certain extent repetitions of similar 
work in the ninth grade, but it is expected that, because of the 
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lapse of time, the pupil will need a review. Moreover, on ac¬ 
count of theiT greater maturity, pupils will be able to grasp 
more advanced concepts and also do more thorough work. 

In the ninth grade many of the topics are presented largely 
from an informational point of view; here it i.s expected that 
more emphasis will be placed upon the quantitative aspects 
Since schools have only recently begun to experiment with this 
type of work, only suggestions of a quite tentative character can 
be made as to the possible content.s of the couise. 

(/) Measurement and computations; degree of accuiacy; approxi¬ 
mate numbers; significant figures; short ways of multiplying and 
dividing, logarithms, computing machines. 

(2) Such review of the fundamental operations with fiactions, 
decimals, and per cents as may be nere,ssary; practice in organizing 
and presenting problems that may involve only arithmetic, but that 
are more difficult than those of the ninth grade, 

(5) The simpler ideas of statistical methods, considered early in 
the course so that the subsequent topics may be .subjected to mathe¬ 
matical analysis as far as possible. 

(a) Construction of various types of graphs, including those 
with logarithmic (or ratio) scales on one axis. 

(&) Frequency tables; various types of averages and means; 
scatter diagrams. 

(c) Measures of central tendency and dispersion; correlation. 
(^} Index numbers. Their construction ami use in connection 
with commodity prices, real wages, cost of living, business cycles, etc 
{5) Household budgets; the per cents spent on food, clothing, and 
shelter at various levels of income; cooperative enterprises. 

Installment buying' reasons for apparent high rate.s of inter¬ 
est; influence on business cycles; advantages and disadvantages. 

(7) Investments’ stocks, bonds, mortgages, investment trusts; bank¬ 
ing procedures, periodic accumulations and payments; cost of home 
owning; annuities. 

( 5 ) Insurance: home, fire, theft, property, accident, etc, 

(9) Taxation: property, sales, income, direct and indirect; the cost 
of government. 

(10) Topics involving national policies, such as crop control, price 
fixing, social security, tariffs, foreign exchange, distribution of na¬ 
tional income, etc 

College Algebra. The work in. college algebra, which is likely 
to be offered only by larger schools, assumes that the pupil has 
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had more than a\ci<if»e succfvs u'ith hi.s previous work on funda¬ 
mental operations, exponents, log.ai iihms, ladirals, simultaneous 
quadratics, and piogressions, 7 'o obtain the full benefit from 
it, the pupil should also he able to detect and lemcdy any de 
ficiencies that tn.iy slinw themselves as lus work progresses. For 
example, he should be able to gia.s]) the defuntrons and opera¬ 
tions with complex nurnhei.s without extensive help in the class¬ 
room. The work should be essentially the same as that m the 
course with the same title- taught in colleges during the hesh- 
man year, and should be .st) well done that the pupil can be 
excused fioni the toire.sjioudiiig c'ouise m college It is reason¬ 
able to suppose that this is possible, since liigh .schools can give 
each week five iccitations of fouy minutes each lor approxi 
mately eighteen weeks and the touise tomes when the work in 
algebra is still fiesh in the pupil’s mind, 'riie couise can include 
the following topics: 

(/) Permutations and ronibuKitions; probability, 

(2) Determinants (second and third order determinants evaluated 
by diagonals, higher order determinants evaluated by minors and by 
inversions), applications to equations 

(3) Theory of equaiions: the fundamental theorem, equations 
reducible to quadratics; the factor theorem and the depression of 
equations; pairs of complex roots; relations between roots and coef¬ 
ficients, fractional roots, Lransforniaiions of ec[uations, the character 
of the roots; Descaitcs' rule of signs; location of roots by graphs, 
Horner’s method of appioximation 

{4) Series' review of aridrmetic and geometric progressions; har¬ 
monic progression, the binomial theorem, convergence and diver¬ 
gence. 

(5) Mathematical induction 

(d) Undetermined coeffidents. 

In the place of the college algebra dcvsciibcd above, some 
schools may wnsh to offer a semester of matliemaLic’s not limited 
to algebra Such an alternative course would place less emphasis 
on some of the topics mentioned above, oz not treat all of them, 

^ Since a large numbei oC colleges and universities provide two dilterent types 
of algebra courses for freshmen, the designation college algebra no longer means 
merely a course in algebra that is taught in college, but a particular course 
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and It would involve .m nuuKliittion 10 the elenicnis of ana¬ 
lytics, taltiihiv, tlic niatlietiiatit.s of hnance, and 

paits of elenifiitaiy statistu.s Cidtmal (oui.h's of ilii-i type oan 
be made veiy valu.dde to all impils, and, snuc smvey couisc!, 
are beginning to a])pe,u m lolkym', sndi a toutsc niifflit extuse 
astudent hom a letiuiied tnllci>t‘ (oiu.se, piovided he did not 
intend to pursue a .sysieniatu .study ol inaihematus 





CHAPTER VII 


THE PROBLEMS OF RETARDATION AND 
ACCELERATION 

"Undoubtedly philosopheis aie in the right when they 
tell usj that nothing is gieat or little otherwise than by 
compai ison. 

—JONATHAN SWiri, GULUVER'S TRAVELS 

VARYING CAPACITIES OF PEOPLE 
It must stem incredible to many teachers that the statement 
m the Declaration ol Independence relative to equality should 
ever have been given a meaning other than a political one, for 
classroom experience shows that the abilities of pupils are far 
from uniform Jefferson, who wrote the celebrated words, and 
who was a sincere friend of popular education, was quite pes¬ 
simistic concerning benefits of general higher education; his 
scheme of education was in fact definitely selective In the Con¬ 
stitution the postulate of the Declaration finds no place, and 
from the earliest days of the Republic schoolmasters and school 
teachers have striven with the problem of the slow pupil and 
the bright one. The dunce cap is not just a fiction of the 
present day, for it actually was used both to frighten the able 
but indifferent child into activity, and to punish, unjustly, the 
truly backward pupil. Fortunately, the picture of the past is 
not all of so somber a nature, and it is made more agreeable by 
the recollection that scholarships for bright pupils are also an 
old institution. Within recent years, indiscriminate assumptions 
as to native ability and intelligence have been sharply called 
into question by a number of psychologists, notably those of 
the behaviorist school. The doctrines they pronounce help to 
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Retardation and Acceleration 

keep a general balance in the problem of teaching, even in 
the mind of a teacher who does not accept tliem but holds that 
the effects of environment must be subject to distinct limits , 
In the present chapter the hypothesis of a wide range of abil¬ 
ities or capacities is fiankly accepted, and the beaiing it has ' 
upon mathematics instruction is examined. 

Although It is easy to be awaie of differences of intelligence, 
it IS quite another matter to measure them-and it is still an¬ 
other question to devise proper administrative and instruc¬ 
tional procedures to take account of them It is only within 
recent years that tests have been constructed to measure in¬ 
telligence. Sir Francis Galton is usually credited with the in¬ 
itial attempts to measuie intelligence because of the work he did 
m England about 1885. When Binct was given the task of as¬ 
signing children to a home fur the feeble-minded in France, he 
found that these children were unable to answer certain senes 
of questions that could he answeicd by normal children of their 
ages. In this way he established tests for various age levels, and 
he was led to measure intelligence by comjjaring the mental 
age of a child, as revealed by the tests, with his chronological 
age Later Terman greatly extended and refined the procedure 
of Binet, and in 1916 published the Stanford-Binet test, a re¬ 
vision of which was made in 1937. Gioup intelligence tests, 
first devised by Otis, aie an impoitant by-product of the World 
War, and they are more widely used throughout the schools in 
the United States than any other test.s. 

FUNCTION OF INTELLIGENCE TESTS 

A good intelligence test is piobably the best single instru¬ 
ment at present known for measuting geneial scholastic apti¬ 
tude. Nevertheless, some teacheis who do not undenstand the 
function of such te,sts and whci have seen them used incor¬ 
rectly, appear reluctant to avail themselves of this contribution 
of psychology 

In some schools the tests have been carelessly administered 
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and badly scoied, and the lesuks have been umeliable Ex¬ 
travagant claims that have been made for the tests by over- 
enthusiastic novices have also weakened their jnestige, Terman 
and Menill m Afensuii’ng /nh’f/igcme describe the function of 
the tests as followsd 

The expression of test results in terms of age norms is simple and 
unambiguous, resting upon no statistical assumptions A Lest so 
scaled does not pretend to rncasinc intelligence as linear distance is 
measured by ec[ual units of a footaulc, but tells us merely that the 
ability of a given subject couespoiids to the average ability of chil¬ 
dren of such and such an age. Tins was all that Binet claimed to 
actomphsli, and one can well doubt whether the voluminous out¬ 
put of psychometric liteiaune since his day has enabled us to ac¬ 
complish more 



From Terman and Merrill, Mcasurina Iiilelltffcncc, Fig I, F 37 1 Hoaghlon Mifflin Co, 


Distributions of Composite I^-M IQ’s of LStiinclaicIi/ation Group 
Ages a to i8 A = 2904 

As a lesult of his first investigations, which arc generally well 
known, Terman divided school cliildien into the following 
three divisions.“ (a) superior group, 20% of school population, 
IQ above 110, (/j) average gtoup, 60% of school population, IQ 
from 90 to 110, (c) slow group, 20% of school population, IQ 

^Terman, Lewis M and Merrill, Maud A Measuring Inlelhgence, p. *6' 
Houghion Mifflin Co , Boston, 1937 

* Terman, Lewis M The Measuiement 0/ Intelligence, pp 78-79 Houghton 
Mifltlm Co , Boston, igiG, 
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below 90 These c:uly fmduiss ha\e been ccmhimed by many 
later studies, including otheis by 'Iciman, wherein he shows 
that the mtcllettual dilhuciues of Ameiuan-born white chil¬ 
dren of ages 2 to iH (im be i>u tuiftl as in the graph on the oppo¬ 
site page» 

recent CHvVNOr-S IN HIGH .SCHOOL POPULATION 

The great growth of the emollmmit in the secondary schools 
of the countiy has lieen iKiied in C’.ha[jter I, where some com¬ 
ments were made as to its cause. The im tease in numbers has 
resulted m a gieat change in the type of pupil.s who are ad¬ 
mitted to the higli .schools While loinieily they came chiefly 
from the upper efonoiuu level of .society, they are now re¬ 
cruited horn piactic.dly all levtds. It is not tiue, hmrevci, that 
the high school is less ol a piejiaiatoiy school to any significant 
degiee than it was at the beginning ol the century, for umvei- 
sity and college eniollmctus h.ive pi.utually kept pace with 
high school entolhnents ^ This (act, niieiesting in itself and 
often overlooked, does not meati, howcwei, that tire higli school 
problem has not significantly changed, for jneseiit data show 
that it is not only the (hihhen of su[)euoi or aveinge intelli¬ 
gence who aie icmaiiung in school heyond the elementaty 
grades, The opposite view is m lact indicated by such data as 
the following, whicli show the appioHiinate intcdhgence dis¬ 
tribution of 2,241 child!cn who entcied the eighth gi-ade in 
Rochester, New Yoik, Sepitemher, 1938: 

®Tlic graph I*, basret on in 'Irnii.iii :intl McTrill, op nt. p 37, It givn 
the distnbuiion of the ininjiOMip ^fo^« tlut ihow ilio K^s obtained from two 
forms of the revised Tcruuin adiniiii>«ti“re<l to a stantUrdiratinn group of 

2,904 children of from a to 18 )o,u\ of .igr, exjirmed it> tenn’s oF per cent of the 
cases, at ten point intov,tli 

‘Many statistics tieiiing on tbe rpiestion t.tn be ffuind in the leporis of the 
U, S, Office of Fdiic.nion; Init n is difrnnlt to tell just wb.u figures one should 
select, on account of dilfeieiKes in dussifiuilitin, etc. It appe.irs, however, that 
both college enrollment fbio.iilly inicifiteted) .ind high sdimil enrollmeni are ten 
to twelve times what they were in irgro Iluring the pcrttxl of ipoo to 1933 the 
high school population was about five iimcs the college population, and the 
ratio IS increasing somewhat 
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(/) Superior Group 17% o£ 8th grade IQ 110 or above 

(2) Average Group 59% 8th grade IQ from 90 to tog 

(j) Slow Group 25% of 8th grade IQ below 90 

There is close agreement between these figures and those of 
the original Terman. study, which was based upon unselected 
groups. 

In the mathematics classroom the extremes m ability of 
pupils stand out clearly. Probably several factors are responsi¬ 
ble, but whatever may be the explanation it is certain that 
mathematics teachers face a serious problem if they are to make 
the subject both cultural and useful to the unselected mass of 
secondary pupils who are now in our schools. 

In the immediately following sections of this chapter a dis¬ 
cussion will be given of general methods and devices that have 
been employed to take account of the wide range of pupil 
ability; in later sections the question of adapting them to the 
mathematics program is considered. Pei haps no other part of 
the Report deals with a problem at the same time more im¬ 
portant and more baflling. Many teachers who feel themselves 
competent to deal with pupils of normal ability are perplexed, 
if not in despair, over the question of instructing those of in¬ 
ferior ability, while others feel that they are not providing ade¬ 
quately for superior pupils. Experiments are being carried on 
in different school systems, but most programs of instruction 
are still so experimental that few results have been published 
Considerable difference of opinion exists even on basic matters, 
and much work remains to be done befoie some of the uncer¬ 
tainties can be removed. This perliaps is a field m which the 
personality and resourcefulness of the individual teacher will 
always play a very important role Few clear and trustworthy 
sign-posts exist in this area of the educational problem 

PRESENT GRADE GROUPINGS 
The organization of schools into grades is for the purpose of 
facilitating instruction, for system and arrangement are essen- 
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tial in any school, especially in a school that deals with large 
numbers The old custom of attempting to letain a pupil in a 
grade until he has successfully passed the woilc assigned to the 
grade is certain to biing together in the njipcr gi-ades of the 
elementary school pupils of a wide \ariety of ages. Those who 
barely pass the first grades ate likely to fail soon, and their so¬ 
journs in diffeient grades will be prolonged .is they proceed. 
Just how great an assoi tment of ages tvould lesult if rigid stand¬ 
ards were enforced has been shown by Coxe. Taking data from 
many sources and using batteries of tests, he has shown by an 
illuminating and ruiusu<il giaph how great is the variation of 
achievement in children of dilleient chronological ages and at 
different grade levels.'’ One illustration will be given of the in¬ 
formation that can be icud from the giapli of Coxe. 'Hie work 
that IS regarded as noimal for tlie .sixtli giacle can be done by 
the upper quarter of all cliildren at ages between nine years and 
ten years six months. The next fifty per cent of tlie pupils, who 
may in general be regarded as noimal, teach the .same degree of 
achievement at ages ranging from ten yeans six months to fifteen 
years. The remaining cpiartet of the entiie gump never actually 
reach the sixth grade standard. A reluctance to have in the same 
grade children of different ages has caused .some aclministiators 
to abandon almost completely the policy of requiring that a 
grade stand rmcompiomisingly for a reasonable but definite 
achievement. The resulting practice of pas.sing pupils whether 
they do good work or do poor work raise.s serious quevstions. In 
the minds of many persons, including some pupd.s themselves, 
it seems dishonest to pass to a new gi.ide a pujiil who has plainly 
not done the work of the lust grade, though he might readily 
have done so.'* It i.s cleaily not wiihiu the piovinte of this Re- 

“Coxe, Warren W Our J'ducittumal erohti’m m Rn'eated by Pupil Pariabilily 
A mimeographed pulilK'.iiioii t)f Uie nivisinn of Research, Siaie Educacional De- 
parlment, Albany. N Y , ccj^y, 

“A strong attack upon ihe pMciire has Irecn made hv Jolitv L Tikhley, in The 
Mounting Waste of the American Seemdary School. Ilaivard University Press, 

>936. 
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port to debate the merits or denicius ot the new policy; but it 
is to be noted that ivhen it is tamed out there is a wide spread 
of achievement in the U{)pt‘i grades, with increasing difficulty 
of instruction 


AlUiriY GROUPING 

It is difliculL to say just when and where efforts were first 
made to achieve homogeneous ability giouping in different 
gi‘ades; but m igzo Detroit, among the large cities, became 
prominent for dividing pupils into supeiior, noimal, and slow 
groups, the groups being tailed the X, Y, and Z gi'oups respec 
tively The practice and designations Iiave been taken up in 
other school systems; m some cities sepaiatc schools have been 
established for slower pupils. Since slower pupils give rise to 
serious pioblems on account of lailuic, it is natuial that more 
solicitude should be manilestcd lor them' than for superior 
pupils who, because they succeed well with their work, cause 
no comparable pioblem for a school Recently, however, there 
has been a tendency to einphasi/e the importance of making 
really adequate provision for the most able pupils Since it is 
from this class that leadership in all phases of life must come, 
it IS a responsibility of the school to sec that its pupils have their 
powers fully developed and their inicrests fully awakened in a 
wide variety of activities. The size of the school determines the 
school years in which the formation of such groups as the X, 
Y, Z groups can be cairied on with success; in some systems it 
has been carried through all the years of the high schools in 
certain subjects 

Homogeneous ability grouping has not always led to satis¬ 
factory results. Some of the failures may have been due to in¬ 
adequate recognition by administrators and teachers of the 
fact that extensive adaptations of instruction are necessary to 
insure success In some instances the prescribed course of study, 
the character of the standards, the subject matter chosen, as 
well as the methods of teaching, have been too nearly the same 
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for all pupils. Since ability giouping allows a teacher to work 
with a homogeneous group, it is possible to adapt instruction 
to a class as a whole. No cornjictcnt teacher will complain of 
a class, all membeis of which aie able and industiious If the 
material taught to a group of slow pupils is wisely selected, and 
if due attention is paid to ways of arousing their interest, and 
to methods of instiuction. satisfactory lesults should be possible 
with such pupils. The belief that it is well to have a few 
bright pupils in eveiy class because they svill serve as a spur to 
the others has been ovet worked as an argument again.st abil¬ 
ity grouping; it IS in fact a spurious aigument. The pupil 
who can inspire others elFet lively is one whom they recog¬ 
nize as being somewhat comp.uahle to themselves and who is 
obviously doing well. In older to iai.se the level of general 
achievement we should have 111 oui classes a few pupils who are 
industrious and interested in tlicn work, but whose abilities 
are comparable to the abilities of the other meinheis: it is 
neither a genius nor even a brilliant student that is recfuired in 
every class. When groups are approximately homogeneous, it 
IS possible to adapt subject mattei, methods of teaching, and 
Standards of achievement to the needs and capacities of the 
individual pupils When supeiior pupils are segregated, the 
teacher can devote the entire class period to developing their 
abilities unhampered by the time-demanding errors of the dull. 
Segregation, wisely administered, gives to the slow pupil a 
chance to distinguish himself in his own gioup, and this is 
beneficial to his mental health. 

After considering very carefully the data that now exist with 
regard to ability grouping, C.nxe wjote as follows^ 

The contribution of research studies tends to give some evidence 
that, at least in traditional suhjert matter, {lui'uls make more de¬ 
velopment under a sy.stem of ability grouping than under other 
systems of grouping. . . . 

’Coxe, Warren W "The Grouping ol Pupils*' Thhty-lifth Yearbook of the 
Nalional Society for the Study of Education, Part I. p 309. Bloomington, Illinois, 
Public School Publishing Co„ 1936 
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The trend of the argiinient in this yearbook . . is that much 
higher aduevcmeni may be expected when pupils are propeth 
grouped. 1 he highest intellctlual developments can take place only 
when pupils aie placed in such situ jtioiis as will challenge their full 
capacity. 

This IS a temperate statement, but it is a better endorsement of 
ability grouping than an over-eiuhusuistic eulogy would be In 
the lines quoted it is not stated that abilities of a group should 
be somewhat homogeneous, but the context leaves no doubt 
on that point. On the question of challenging the full capacity 
of pupils, which is enqihasized by Coxe, one can return to the 
thought expressed above, that another jierson can stimulate us 
effectively if we know we can do as ivell as he, piovided we make 
full application of oui poweis. 

When funds permit, it seems to be the tendency m the lower 
grades to enroll 25 pupiks in slow classes, 35 in avciage classes, 
and 40 m blight classes; in the liigh .school the average class sizes 
are smaller. Some adminisuatois, liowcvcr, make the group of 
average pupils largei tlian the gioup of bright pupils, which 
tends then to be still more selective ” 

It has been found that a cumulative lecord of a pupil, with 
entries supplied by his successive teachers and accompanying 
his progress through school, furni.shes data that are invaluable 
in assigning him to the section in which he will do his best 
work. Since pupils differ not only in abilities but also in experi¬ 
ence, industry, interests, health, and amount of knowledge 
accumulated (which may not be pioportional to mental capac¬ 
ity), and since all these factors influence his future success, 
various types of information should be enteied on his record. 
In addition to intelligence rating, the record should give such 
other facts as actual results obtained in achievement tests, 
especially in mathematics and reading, teachers' judgments as 
expressed in school marks, age, physical defects and general 
health, special abilities and interests, vocational plans, eco- 


®Coxe, op, cit, p, 313 
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nomic status and occupations of the patents, and language 
spoken at home. 

Adjustment of standaids of iteifnrmance to tlie abilities of 
the different sections laise.s both educational and psychological 
questions. In some .schools achievcnient marks over the entire 
marking range, for example, A, li, Ck D, E, F, Inc., arc awarded 
to pupils m all the groups, maiks being then frankly relative 
rather than supposedly absolute in character Under such an 
arrangement a pupil m the 7. gtoup may obtain the highest 
rating and one m the X grouja the lowest. It i,s of course abso¬ 
lutely essential that the stliool iccoid show the type of sec¬ 
tion in which a pupil was cm oiled, and it is etpially important 
that the matter be made clear in transciijits to colleges or in 
reports to possible employers 

What has been said assumes that sectioning has been a 
recognized practice of the school, .systematically piovided for 
by the admini-stiation. When this is not the case a close ap¬ 
proximation to it can be canted on by teachers themselves in 
case there are two or more sections in the same subject. Thus 
if two sections in mathemaiic.s meet at the same houis as two 
sections in some other .study, a division along ability lines can 
be carried out, though of course compromises will have to be 
made in the placement of some individuals. When this pro¬ 
cedure is resorted to it may be that tlie scliool rcrotcls will not 
show the type of section in which a pupil has done his work, 
and the perplexing pioblcm of gi'ades for cliffeientiated sec¬ 
tions will arise. Fffoits may be necessary to pt event an able 
pupil from going into the slower .section because of the ease 
with which a high giacle can be won in it. 

It is to be remarked thru some .school systems have abandoned 
ability grouping, after having experimented svith it Some¬ 
times it IS stated that the procedure is undemocratic, and that 
asocial or psychological stigma attaches to membei.ship in the 
slowest group. The Commission does not believe such reasons 
to be sound, though it clearly recognizes the difficulty of plac- 
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ing pupils propeily atid is awaie of difijciiliies of administering 
die program successfully. 

OTHER MEIHOm OF CARINO FOR ABILl'IY DIFFERENCES 
When the number of pupils in a giade ot the enrollment in 
a subject is loo small, it is not possible to cany out the segrega¬ 
tions previously distusscd. Neverthele.ss there are procedures 
by which differences in ability can he allowed for, either by 
teachers in the method of conducting classes, or by the school 
through the piovision of what is sonicumes called an "oppor 
tunity room.” 

Where all tlie work of a pupil is with the same teacher, it is 
possible to approximate ability grouping in some studies at 
least. Appiopiiate divisions ran be catried out in grades seven 
and eight if the [uipils m these giades do not have different 
teachers for different .subjects. It is pinhahle, however, that two 
rather than three groups should he provided for in any one 
study. 

When pupils reach the place wheie they go from room to 
room for instruction under diffeicnt teachcis, differentiated 
assignments can still he tarried on, but difficulties may arise 
unless the planning is caiefully done and vigilance is exercised. 

[ One procedure is to have pupils .study the same general topics, 
with assignments adjusted to their varying alertness and 
powers. Perhaps the most feasible method of instruction is to 
have a common element for all pupils 111 a day's work, with 
extra assignments foi the abler gioup. The extra woik given 
these pupils should not be meiely moie of the same material 
given the rest of the class, unles,s it calls for a distinctly higher 
order of understanding; the gcncial aim should he to develop 
a greater breadth as well as more complete mastciy. The extia 
work must of course be checked by the teacher and carefully 
appraised, and assignments must be handed in fiequently. Reg¬ 
ular days may be set for the two sections of the class to meet 
separately (in the same room if necessary), the abler group for 
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discussion of their special material, the othei gioup for further 
consideration of what is leipiiied of them, and for reviews. At 
such times written woik can be provided ioi the gioup that is 
not having discussion. Efforts should also he made to have the 
stronger group carry on work in special meetings by themselves 

Some teachers repent that they have been successful in divid¬ 
ing classes into as many as thiee gioups, using dilfeient texts 
with the dilferent gnoups, (piite as if theie had been a section¬ 
ing into distinct classes Undoubtedly u veiy competent teachei 
would be requiied to (onduet a class in such a fashion, and the 
piocedure tends to put consideiable lesponsilnlity upon the 
pupils. No one will deny that at least on the sin face teaching 
reaches its ideal when the teathei adnjH.s the general piartice 
of helping pupils to in.stnut thein.selves. the tiuestion is one of 
the character of tlie results obtained Methods ol "piogiesslve 
education" call for ,su(h a teadnng jniKeihne, :tnd dtfleicnti- 
ated assignments \shcii full) iiulisidualt/etl juoiced in much 
the same way, with pupils having a voice in deciding the stand¬ 
ards they wisii to atitiiii. Uiulct sue h citeiimstrmce.s a class meet¬ 
ing IS often cpiitc unctmventicmal. and to many teachers it 
sometimes appears di.soig:ini/ed, “To wliat evtemt highly in¬ 
dividualized methods of in.sttuttion can In* used prolitahly in 
public secondary education will piohuhly long he a subject of 
debate Success will dejiend not only upon the teachei but 
upon the size of the class and the pei.sonnel that comprise it 
Neither a general endoiscment noi a broad disappioval would 
seem to be justified 

In the opportunity loom, or tlic adjustment room as it is also 
called, pupils aie given a chance to make up deliciencies in a 
specific subject, such a.s nuuliematics. A good teacher, relieved 
of some regulai iiisiriu lunud duties, shouhl he* m charge of the 
room. Pupils aic assigned to the lOom by teachers of regular 
classes for short periods of remedial work. Such tieatrnent is 
especially useful for pupils wlio have beeti alment, for transfers 
from othei schools using different courses of study, and for 
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pupils sufteiing from special disabilities. Since the work is 
largely individual a leaclier may diagnose difficulties quite 
accuiately and apply proper lemedial tieatment; on the whole 
the plan is a better one for reincdial w’ork than for presenting 
new material to a slow pupil, as there is not the benefit of a 
class recitation The plan tan betonie somewhat expensive; 
but It can be tlie means of pic\eniing many failures, and fail¬ 
ures are still more expensive. 

Piovision of special instiuctiun for supeiior pupils by a plan 
similar to the oppoitunity room as heie discussed will be men¬ 
tioned later in the chapter. 

GHARACTliRlS nC.S OF BACKWARD CHILDREN 
Pupils who are designated as "dull noimar’ usually have an 
intelligence c\uoLicnt between 70 and 90 In tins section atten¬ 
tion will be limited to this gioup, foi the defective children, 
whose intelligence quotients are below 70, are not often found 
in the mathematics classes of the secondary school, and they 
constitute a special jiroblem into which this report cannot 
enter An explanation should be made concerning the reason 
for using the intelligence quotient (IQ) rather than the educa¬ 
tional quotient (EQ), a measure found helpful in certain con¬ 
nections, Although there is a high correlation between the two 
measures, the group of pupils with low EQ’s includes bright 
and average children who merely will not work, and some who, 
because of physical reasons, are unable to do so. Since such 
bright children may be present in considerable numbers and 
since they have great possibilities of success when they exert 
themselves or have their disabilities icmoved, general conclu¬ 
sions based upon childien with low EQ’s may be erroneous 
For this reason, it is the child with the low IQ and not the child 
with low EQ who will be considered as backward 111 the present 
discussion 

In order to deal successfully with backward children a teacher 
must first of all know some of their traits. From an extensive 
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study Schorling has foimulatcd the following geneial conclu¬ 
sions about the dull noirnal pupil:" 

/, The dull differ horn ihc noinul not in kind but in degree. 

2 As regards sensoiy and motor tapatities the dull ate not far 
from normal 

}, With respect to instincts and eniotuins also the dull approach 
much nearer the nouns than they do 111 intellectual trails. 

f The higher mental processes dilfeteiuiaie the dull from the 
normal and the blight. 

This lack of system in the minds of the dull gieatly limits the 
amount of tiansfer of tiaiiiing. 

It is very clifficult for dull pupils to detect an alisurdity in an 
illogical statement. 

The dull pupil is extiemely weak in foimiiig associations be¬ 
tween wolds and ideas. 

Dull pupils arc limited witli ic-speci to imagination. 

The dull have an iriadeciuate inemoiy. 

The association of factois, an impotlant element in recall, is 
weak. 

Most inipoitani of alt. tbe dull pupil has dillituky in genc'ral- 
izing. 

Then, too, the menially hnuteil pupil is sveak in evaluating 
his efforts, 

5 Dull pupils have a short attcmiion spun 

6 The problem of tlu‘ dull noimal is fuiKlauieiitally one of 
mental health. 

7, The dull pupil's responses ate Itss udiable than those of the 
normal pupil. 

5 , Expcnincnts as legaids nlaii\c‘ aniounis of play are as yet 
meagre but seem to indicate that the* dull (hildren [day less than 
the normal 

p. The dull normal usually responds well to responsibility for 
little extra jobs than can he delegated 10 him. 

10. Though the dilfeieiue heisvetm leachtis is greater than the 
diffeience between .sthool ,suh|ctis, in liaditional secondary schools 
Latin and algcdira ludd the unenviable dismii tion of being the most 
difficult subjects for the dull iintniiil [lupils. 

II The curve of giowth toward a specifit matiijauon under con¬ 
stant environmenuil iiiflueiues aiijieaKs to he the s:inie for the dull 
as for the bright, 

^Schorling, RalciKh. T/ir Ir/hiuqur nf InUruelmti /or Dull Nnriml PupUf, 
pp. 15 35 Buie.iu of F.(liic.uii)n.U Relnencc ami RMcaifti, Ann Arlxir, Stirhigan, 
‘9S4‘ 
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Not all backw-aul diildrcii Avill possess all these deficiencies 
in equal degrees; but no teacher can lead the list without hav 
ing his desiic strengthened to leath this group of pupils more 
effectively. An awnteness of such specific traits as those given 
above should make it possible to select ajipropriate material 
and carry on instruction far moie successfully. 

Other investigators who have worked on the pioblem have 
published important findings. Thus horn a study of the growth 
curves for a number of thilchen in learning the tasks in algebra 
as measured by the Ilutlct and Btcslich tests, Beck concludes,*® 
“The data suppoit the fact that the slow gioup grows in the 
same propoition as the fast gunip though on lower levels of 
development.” IE the aim of teaching is to help pupils improve 
and to aid them in icnching the .state of understanding and 
achievement of which they are capable, such a pronouncement 
as this should not go unheeded. 

There is another very important aspect of the problem that 
must be considered before a decision is made as to the programs 
suitable for backward pupils. Burt, the English psychologist, 
in an exhaustive study of the .slow tliilcl** compaied 400 back¬ 
ward boys and gnls each with a normal child of the same age 
and sex attending the same scliool. He discovered that the 
average intelligence quotient of the backward children was 
approximately 78. But physical comparisons were equally strik¬ 
ing. The backward children weie on an average nearly one 
inch shorter In weight, both the defective and the backward 
were about three pounds below the standards. And, contrary 
to popular belief, he found that slow pupils do not excel m 
manual skill as a compensation for mental ability, but in this 
as in academic work, they rank below the normal and the 
defective. 

10Beck, Hildegarde. An Analym of the JielaUve Achievement in Mathematics 
of Slow and Fast Groups In Junior High School I evel, p 48. Unpublished Mas 
ter’s thesis, University oE Michigan, 1933 
iiBurt, Cyril, The Backward Child, pp. 155, 1156, 267, 269 D Appleton Cen 
tury Co,, New York, 1937 
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CHARAGTLRISTICS OF liRlC,!! I C,miDRtN 

Baker has obser\ed'“ that aUhnu^h the Mi|jeii(n [mpil tnay 
be similar to the Irnkwaul tluld iii n'SjKiiist's if» \f*iy simple 
Situations^ the former has the .ibihiy to Mihe toinjrlex pioh- 
leras by creating and nianipttlatmR many ass<K iamms. a thing 
the other child cannot dm Ihight pupils enpry ahstrar tions, 
as a general rule, they are capable ot reasoning, they base initi¬ 
ative, imagination, assoc nrtisc inc'inoiy r esoun cduhiess. and 
they read with undeistandiirg. But much nune tfian this can 
be said of them: they wisli to make tUsttnerirs for themselves, 
though after the discoseiies aie made thrv may he Inned 5>y the 
practice that must follcnv if they are to retain rvhat. they ha\e 
achieved. Because of the thslike that Iniglit thiirhen base for 
practice, some leatlieis loirsnlei it unnness.uv loj them. ,nul 
omit It from their progtains. ‘I he omission rtl smh an unjior* 
tant aid to mastery is likely to be tletnmrntal even to bright 
children, for it may lead tti failnte or near failnie, or at least 
to a lessened efilcieiuy. 

It may be a suipitse to tnany persons to know that staiisiits 
show that, considenng thetr mental ages, it is the snpejioi 
pupils and not the slow ones wlut often bum the retaiiled 
group in our schools. The competition <»f other actisittes, the 
ease with which they c\t*el in a hetetogeneons group, the lack 
of challenging wot k suited to their capatiiies and interests, the 
agreement sometimes existing among pujiils that a "gentle¬ 
man's grade" is one given frrr kw achievement- all these faticrrs 
have resulted in producing a deplot .ihle tetardatiotr on the part 
olsome of the ablest children. Stutt a toinhittni shtmld be cor 
rected; for since it is from the abler jnipils that leaders sliould 
come, their years in school slronhl he spent in serious prepara* 
don for the work that they wilt later do. 

In his detailed study of the traits of the hright < hild, 'retmaii 

’“Baker, Harry Charactfrifiir Difffrrntrt in nriijtii an<i IhJI Putthr 

School Publishing Co, Bloomington, III, 19*7 
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has found*® that the gifted excel not only in intellectual traits, 
such as originality, will power, capacity to persevere, sense of 
humor, and common sense, but also in physical growth and in 
general health, a result in harmony with that of Burt, whidi 
was mentioned above. 

TEACHERS FOR BACKWARD AND SUPERIOR GROUPS 
When an actual segregation into X, Y, and Z groups can be 
made there arises the impoitant question of the selection of 
the respective teachers. 

Theie is a growing conviction that for the two extreme 
groups, for the slow Z group quite as well as for the fast X 
group, especially good teachcis—though perhaps with different 
traits—are essential. This ha.s not always been the case, for in 
times past teaching dull pupils was thought to mean little 
more than entertaining them until they icached an age at 
which they could legally leave school. This mistaken opinion 
often resulted in as,signing slow chesses to the least successful 
or the least experienced teacher, or to a teacher who would not 
protest too much. The recent gieater concern for the slow 
group of pupils comes fust fiorn the knowledge that many 
pupils m that group can do more than was formerly realized, 
and second from a stronger impulse-to help them to the full 
development of which they are capable. Thus to an increas¬ 
ing extent slow classes arc a.ssigned to very skillful members of 
the teaching staff Under the teaching of such competent in¬ 
structors backward pupils may do much, while they would fail 
to advance significantly under poor teaching, or actually de 
velop undesirable habits of behavior, 

A chief requisite of a teacher of slow pupils is a firm belief 
m the worth-whileness of the cntei prise and a conviction of 
the possibility of success: no teacher who thinks that the task 
is futile should be so employed. Faith in the value of the work 

^“Ternian, Lewis M. Mental and Physical Trnilt of a Thousand Gifted Chil 
dren, p 634, Stanford University Press, Stanford, Calif, iga6, 
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mil come from a study of the cajMcitir'i o£ hackwarti |ni|>ils, 
fgr such study gives a kiicuvJcdgf of wluit tiicy t .m du ^nd of 
what is beyond them; u aho shows thr way to awaketi their 
interest and keep them at then tasks In the leaiher thete 
must be sympathy, there must be paticuM,*, attd their must he 
the imagination that will lead to the piesriiMtifm of a topu 
not just once and in one way—a thing the Hegmmng teadter 
oEten regards as sufRcieni-hui lepeatrdiy anrl frosn tlilfetetu 
viewpoints. 

In order that their full capacities may Itc dor eloped, 5 U|w:’nt)r 
pupils should have supeiior teathris. Ihe teat her diotihl l>r 
a distinctly intelligent peivcm, anti shotild not only 

good social qualities but disci immatmn 'I hough smh a tea* her 
should manifest an awfueiicws of tmiem piohlnm ami tale an 
interest in them, he should also rrse.d a him .uituhmrnt to 
those gieat underlying athiewtueius am! mttirst^ ilsat gne 
dignity and nobiUiy to huinau life He should base ,i broad 
range of information, and an exictisne kurAvlrdgr of the spr 
cial subject taught and its lelatitin to other fields 

The problem of cniurnlling ttmdmi ».mm»! Ire igtioird 
Though the backward chihl may desire to aiiiatt atimiutn n* 
himself, his means of doing so ,ue somesshat uwtiutrd Nmir 
he cannot arouse atiemion dmmgh rtallv supmoj at loeteturnt 
-as a superior child can do - he may lewut tt» some ti ude form 
of exhibition. In Older to he full masiei rtf ilte suu.ujiui, the 
teacher needs not only fumness hut t.nt. and should srrl 10 
make the simple tasks that aie set for the pupds as sansfsmg 
and as enticing as possible d lie rwr num.d pjoblrms ol dn 
dpline which arise with hmh supeimi ami dull thildrrn sbouhl 
be seen to call for diiectum ami guulame i.uhrt dt m domma 
tion, the aim being to dcwehip iutelhgr ui self «fiiM ipltur ju air 
atmosphere of mutual lespat hu th.u.utei ,imJ wiuilis acluesr 
meat, Some of the elements ne(css.uy ft.t i,m, o| tutkssard 
and superior pupils icein to he miiuial rnhcirut tjaijs; Imt 

study and training aieveiy im{HJiuim lu deselopitig tltrite native 
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abilities. The increased attention that the problem has recently 
received in teacher training programs is an encouraging sign, 

TEACHING PROCEDURE 

Since it is now well known that (hildren may be retarded m 
school because of physical as well as mental disabilities, back 
ward pupils should have physical as well as mental examina¬ 
tions, and the results of the medical findings should be followed 
up Children who have been classed as failures are often able to 
make aveiage progress by the correction of pliysical defects, for 
instance by fitting glasses, providing adecpiate diet, transferring 
to open air school, or removing diseased tonsils or adenoids. 
But once it is ascertained that unsatisfactory progress is due to 
actual lack of mental ability, special teaching methods as well as 
special subject matter are indicated, and should be employed in 
accordance with the special plan that the school is able to adopt. 

Burd^ gives the following advice to the teacher of the back¬ 
ward pupil; 

The whole type of instruction needs to be radically changed. . . 
Perhaps the most difficult point to bring home is that there is no 
single method appropriate to the backward child as such. The es¬ 
sential need is a teacher with an experimental outlook and adapta¬ 
ble turn of mind. What particular changes should be made will 
depend in every instance on the underlying causes of the trouble; 
hence the mam key to success is to vary and modify the teaching 
until it fits the individual child. 

Slow pupils, like very young children, learn best through ex¬ 
periences with concrete things. They must handle, measure, 
count, draw, make models, construct graphs, go on expeditions, 
hear talks, see pictures of things, etc., until the quantitative or 
spatial characteristics or relationships to be taught are really 
understood. After that the teacher may lead very gradually to 
tire abstract, returning frequently to the concrete to fix and illus¬ 
trate generalizations. Slow children can seldom make generaliza¬ 
tions or discoveries, except of the simpler kind. They profit 

Cyril, op cit,, p. n6. 
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from detailed explanations and enjoy repetition of fanuliai ma¬ 
terial. The teacher must discovei all the short steps by which 
their slow minds must travel, and be ready to aid with all the 
steps m sequence. Much of the iiatuial votahulaiy of the tea< her 
must be put aside, in Older to talk in tlie eveiyduy language of 
the pupils who are being taught 

Reading difficulties form a spetial weakness to be coirerted, 
and the teacher of the sltnv-1 earning will piofit from a careful 
study of books on the teaching of reading. IE rhildren can be 
taught to read successfully, they can often do mathematics 
which they formerly did not understand merely bei arise they did 
not comprehend the meaning of the words in whu h the mathe¬ 
matical concepts were explained. 'Fhe matter of leailing and 
vocabulary, so necessary a consideration in all haekwatd pujiils, 
is still more important in the (a.se of those who do not .sjieak 
English in their home.s. 

Oral reading of mathematical inaietial, which may well he 
motivated by casting it in the style of a [day, affoids an ext client 
point of departure not only for a disc ussion of tlie texihook hut 
also for the comprclicnsiou of the meaning of non-tec hnital 
words and mathematical leims. New.spaper clipjiings tuniish a 
continuous source for reading and discussion ol cpiantilatise 
expressions, both technical and non teclmical, as, for example, 
the association of a tube of any kind with a cylindei. 

The span of attention of the slow jmpil is shoi i, and thi.s fact 
makes it essential that there should be vaiieiy wuthin one iieiiod 
and that the units of work slioulcl be shoit. Although abstrac¬ 
tions present gieat difhculties to the backwaid, slow jmpils 
should be allowed to rea.son and discover in the realm of simple 
ideas as much as they are capable of underst.iiuling. Wiien they 
are in a homogeneori.s gioup they often enjoy doing this, Since 
it IS with concrete material that they will he most snee cssful, the 
classrooms of slow pupils should he esjiccially ecpiijipcd with 
rulers, tapes, protractors, coinpassc.s, squared paper, models, ad¬ 
vertisements, and business forms. Slower pupils actually show 
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ability in perforining easy computations and in applying simple 
rules that may be learned by rote. Their range of ability m 
arithmetical computation includes work with decimal fractions 
and common fractions as well as whole numbeis 
It is not necessary to devote as much space to the discussion of 
the traits of superior pupils as was given to the traits of slow 
pupils. This statement is not meant to imply that methods and 
means of dealing with such pupils are always well understood, 
but, since superior pupils should be imstructed by a superior 
teacher, there should be in this type of instiuction a meeting of 
minds that have important qualities in common and a contact 
of personalities with congenial impulse,? and tastes. Among the 
pertinent characteristics of .superior children may be men¬ 
tioned: capacity of sustained attention with a consequent ability 
to work with assignments covering several days, the power of 
dealing successfully with abstract ideas, and a readiness in under¬ 
standing applications of an advanced or difficult type. 

A further word with regaid to the function of practice seems 
appropriate. Even though tlie superior pupil may be somewhat 
rebellious with drill, and may be attracted more to ideas than to 
manipulation, extensive practice i.s often necessary It is one 
thing to understand a process when it is explained, but quite 
another to absorb and make it a part of one’s working equip¬ 
ment, ready for immediate use. Supeiior pupils should be able 
to grasp the truth of this fact, a skillful teacher of course helps 
relieve monotony by introducing variety Although the back¬ 
ward pupil may not giow restless with rejicated drill, and may 
even take satisfaction in a sense of achievement, the teacher 
must make sure that the pupil understands the reasons for what 
he is doing. The teacher imnst also make sure that the pupil is 
forming habits of correct response and is not drilling upon er 
TOTS, for the backward pupil is quite uncritical of his own work. 

“Potter, Mary A A Study oj the Enors Made tn Computational Anthmelic 
by Children with High and Low Intelligence Unpublished Master’s Thesis, Uni¬ 
versity o£ Wisconsin, 1930 
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Reviews must be frequent, ami tbete must hr tfnHiflrr-iWr 

leteaching of backward pujuh. ‘lo the slow thild nirutni piaiw 

and satisfaction in previous at toniphshnwiiis atr rffr* inr sftm 
uli for new attaintneius In thn lunnrHMui liuu nh%mr^ ” 

It is amazing tcj see ivhiu a paiinit tc^ihrt, whn n |tfr|wN“tl u* 
make full allowance for smh {rmj»<'iauirm.ii nr 4 ii 3 rf 4 attd t-rt pbui 
[lissyllabus along appiopi uur Imr^, t.ui liojii tlin ustiuNtwr 

ising material. 

What has been said ahine .ipplirs innsi spruiit.dh |rt shr 
teaching of the Z and X ginups uhai X, Y, / n rm 

ployed When that giouping is mn |«f\ufdr. .uid .» phin 
differentiated assignments is tisnl. ihr fr.uluinc pt* 4 ih m ss quitr 
different. One teaclici must ilitui dr.d with ihr tshulr i.rngr of 
abilities, but a knowledge of the ts.uis of .ddrj pupiK will lirlp 
m the problem of special assigninrnis foi tlirro, .uol tlo’ irvirist 
suggested Cor the venurintug pupih smU yur opp^nvuun n* iIp.jS 
appropiiately with tlie slowtn inrinlKns i»f Oxr 1 

THE M/VniliMAlK;S EOR lUt.KWAHh I’t'f'II.V' 

The Commission has alusuly cxjnc'wl ihr sutv ilut uvultr 
maticsshould be requited thtough gi.u!r iiuu“ li brhrsrs tis.u 
this amount of iTiathcni.uit.il simlv ii driktiuhlr not onh l»r 
cause it is useful but betauve u helps in ,1 miujur W4S 
intelligent adjustment in tin* ptrsrnt iLty isoshl I hr pingt.snn 
outlined m the two pu-tetling^ tlnqiirn had m utiml asrj.igc 
pupils for the lower guides (srsrn. eight, .uul mnr,. ,uitl ahlr. 
though not nccessaiily supei ioi, pupils ha the upprj gi4*les it 
is necessary to considei now* lunv tfirwtak stiggrsird f*n gMilr* 
seven, eight, and nine t an he tturihfit d fuj lur I w.tid pupsh 
Although a grctu deal of fuithri r\j« s lutrjuatoat n irqioird 
to check re.su]ts, the (.omtiiission iiigr» ih.ii m-Ulimi uo % s|e»u|»l 

“Butt, Cynl, op ai., pp. r,p 

”TliTQugliQut lUn st?OHin ,( pupal n !;,< *■ tsl*.! ! 4 ,*. «l J 

culty with all hissuiiliM. .Souif of il«* truwtis ifutlr 4n j-ppU o* is,r pup,! 
ww om. maihemauts is a study of sjMHiat iltHuulis .»ud 4f«4»4rtj4sr|'s 

iKmamaniemaiia clasa with die griurut Uuw mi.uo^ pMpsO 
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not be legaidecl solely as a study of utility in the case of back 
waid pupils, with emphasis exclusively on problems they may 
actually need to solve. It believes that foi hackivaid pupils as 
well as tor able pupils in.'Uhematits .should be in part cultural 
and infoimational. I'he future hfc of a backward pupil is des 
tined to be cpute ditumseiibed intellectually, and even alim 
ited batkgioimd of appreciations hcljis make him a better 
citizen. Such an aim seems piacticable if pioper material of 
instruction is chosen and if there is good teaching. 

Backivard pupils should not be taught only arithmetic, 
thiough the niisuken belief that arithmetic is the simplest 
mathematics since it is tire most elementary. Parts of algebra 
and geometry are .simpler than parts of aiithincdc; furthermore, 
they may be more useful arttl mote Irroadenmg, Slow pupils 
should be taught the simple pans ol differ ent dtvisions of math 
ematics.^® In all the blanches of matliemntus that are taught 
there must be a preponderance of concrete nratenal and experi 
ence, abstract parts being iiitioduced slowly and with modcra 
tion. A variety of subject trrattci tan be successfully taught if it 
is presented in concrete form, if it is properly motivated, and if 
time is given for its inasiciy. Without too great an expenditure 
of time the .slower pupil can be taught the use of letters for 
numbers, evaluation of simple formulas, work with ratio and 
proportion, the solution of easy problem.s, and the reading and 
construction of various types of graphs. 

In geometry the slow pupil can at least make simple drawings 
and constructions; he can recognize and enjoy geometric forms 
in nature, ait, and architectuie; lie ran do considerable work 

Mallory repous tluic, in the fomiit) a>i a \\hulc, if nuiihematics n taught to 
slow children In the ninth gutdc, it i.iktH one of the ftnins. (i) lather traditional 
algebra with lowered standaicis, (a) mocUfied algebra, (3) review of arithmetic or 
business arjthmetic; (4) shop mathematics; (15) some type of general matheraatlca. 
His own recommendation is that "the material taught should be so ailed gen 
eral mathematics including social uses of arithmetic, piactice in computation, 
simple algebra, geometry, and numerical trigonometry." See Mallory, Virgil, 
"Mathematics for the Slow Pupil " The Mathematics Teacher, November, 1933, 
PP 39' 398. 
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ith mensuration, and be uui make -wale drawings, i„ some 
'^'stances a little work iti simple geunietsn (iemnnstuuitm , an 
be done, Elcmenuu rvnik ruth tiigon*mirlsu latbis (an be 
dine by many liatk^saitl p«[»iK i! emiugh ttnir is guen to n. 

Asamatter ofsigtiifnant lubumaunn that uill help birui an 
intelligent outlook on lile, slow pupils ran appuHiate simiethnig 
oftherole oI niathcinatns in tisili/.umu thinugh the st«iy of 
numbers and the histmy uf measnienunt t'v »f simple mathe¬ 
matical tools and mspettimi uf nmie minplitated ones um- 
tributes to the same end. -Slow pnpiK i.ui e\pnientf a svulen- 
ingoEconceptions by taking put in tnps m mspni the uses nf 
mathematics in buildings and in imUisni.d plants, I heii lead¬ 
ing vocabularies can hesullnienih deselnped hu them tiiappie- 
date and undci.sumd the fpianni anr rxpirs'-inns lommmdy 
found in newspapeis and m.ig.uims It the m UmmI ih npiipped 
withagoodmaLheinsuu.il displas .«tu! ibi manual ui it is pinp- 
erly explained, tlic batkwatd pupil mis w-mi a gn aiet itisight 
into the role of mailiem.uir s in itsih/aiimi than is smnetimes 
suspected 

An outline of wmk for guides 7 H. and n tli.u tauies «nu the 
ideas set forth above is giscu in a «h.ni ,ss Ippmdiv \‘t A 
course for slow pupils tliai is un the sshuir in agieeinmu wiiIi 
what has been said heie has lua n jrjfiitrd h> lusiiei as hasuig 
been made by The Asmm lantni id ‘leathtis «d MatSu'in.uii s m 
New Yoik CityIlls Imilt aimind t«<nj latite t<*pHs. with sub¬ 
divisions as shown beluw': 

I, The Social Uses of Aiuhnif fi* 

Recrealionul and h isute at muu % 

Health activities. 

Thrift, 

Investmem.s. 

Keeping and imeipu'ung aiunnut 
Paying taxes. 

Providing for future m i ds and ntu tgr m n s 
Solving miscellaneims famils ernnmuti pndtieiin 
"Eisner, Harry "'lire Challrii^ «4 iHr S}»*v» ' I'lir injffci-meiij't /‘rtf/iirr, 

Vol XXXII, pp. g 15, lyjg 
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II. Interpretation and Visualization of Quantitative Data 
Learning of concepts of commonly used quantitative units. 
The comprehension of veiy laige and very small numbers, 
The use and iruerpretation of tables 

The con.struction and interpretation of graphs such as found 
in newspapers and ntaga/mes ami relating to safety, budget 
mg, social trends. 

The drawing of Minple infeientes fiom statistical facts 

III. The Uses of Geonietiy 

Tlie appredaiiou of geometric forms around us. 
Measurements of lengths, angles, aieas, volumes with instrii 
ments, 

The concept of approximate natuie of measurement. 

The solution of diicct nicnsurational jiroblcms as applied to 
familiar objects in life. 

Indirect measurements including scale drawings and simple 
numerital trigonometry. 

Construction of snuiile geomettic figures with instruments. 

The expcumental discovery of common geometric relation 
ships. 

The locus, 

IV. Algebra as a Tool of 'riiought 

The use of the foimula in geomctiy and arithmetic. 

Signed numbers. 

The extension of atitlimciical operation.s to include literal 
numbers. 

The solution of simple verbal problems with linear and pure 
quadratic equations. 

The outline of Appendix VI or that just given could safely be 
followed by a school system which does not wish to build its 
own piogpram, Experimental piograms of various school sys 
terns have been desetibed moie or less fully by different 
writers.'^® In some cases they .tie connected with vocational 
work, at least as a means of motivation. 

MATHEMATICS I-OR SUPERIOR PUPILS 

In dealing with brighter pupils, e.specially in the lower grades, 
opinion has been divided concerning the advisability of enneh- 

“®In an article, "An Adjusted Curriculum [or the Dull-Normal Pupil," Occu 
pattom, Vol XVII, pp 3439, October, 1938, Mary P. Cooie reports on programs 
for ten large citres in the country 
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ing a course by additional topics and teaching the essentials -while 
accelerating the pupil’s progress through school Because chil¬ 
dren develop more naturally and have better mental 

health if they are in classes with childien of approximately their 
own age, and for other reasons as well, administrators recently 
have appeared to favor the plan of keeping bright children in 
tfieir own age groups and providing for them an enriched pro¬ 
gram of studies that will challenge their capacities. 

Although the two progimms set forth in earlier chapters had 
m mind average pupils through grade nine, they were quite 
complete, and some optional material was indicated. By using 
special works on enriching mathematical instruction « and by 
referring to somewhat exhaustive textbooks, the teacher should 
have no difficulty in providing for the needs of eithei a nni- 
formly superior class, or the superior members of a class with 
whom some plan of differentiated as,signments is being em¬ 
ployed. 

The programs given for the upper yeans in the preceding 
chapters were tlienrselvcs quite extensive, and it is not likely that 
additional material will be needed extept for very able pupils, 
One way to provide for .siicdal pupils is to direct them into 
parts of analytic geometry and the cakulus that were not sug¬ 
gested in the outline: a high school lilirary should have text¬ 
books that are ncce.ssary for this pin pose If such instruction 
IS not desired, superior pupils can be given a bioadened know!- 
edge by study of some of the following topics;'^^ 

In geometry 

The notion of continuity 

The three famous problems of antiriuity, 

‘^specMlIy (o lie mitptl in (Ins (nnwiiiuii is fuinki'd rfiitinng of 
Ms hmalics in the Junior ,wtl Snwr H,gh Srlurnh, liv Mjsip Njse Wofnlrmi? 

Z, K 'lV,itl>prs CoIleRf, 

urn la niversity, ix t- 11)5 pp, ipf. sjifKun (iimpildiwns in tins liook 

can^beof the Ricatesi iiw in the ni.uli(*in,iuis in.iUter 

mi hmn lists 111 /liurnliiig .Suprrwr Slucknts, np, 

in ih Company, NVw York, A immlier of the topics given 

ReooV'''*'^ ’■eferred to are fotinti in the outlines of previous cliapten in this 
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ParalklBin and mfiniiv 

Non-Eudidcan geomt-try. 

Higher dimerwwnality 

The theory of hmiis. 

Study of ihe fotindatimis of gconteiry. 

In algebra 

Generaliraiion of the function coiitcpt. 

Maxima and minima problems. 

Mathernatital induction. 

Elemcniai7 number theory. 

Scales of notation. 

Determinants. 

Statistical theory. 

In trigonometry 

Spherical trigonometry. 

Applications to astronomy and navigation. 

An opportunity looiri for superior jnipils is helpful for indi 
vidual and special study, and has been provided by some schools 
When this means of guidantc and aid is not available, the 
problem of dealing with the special .study of superior pupils 
becomes a responsibility of different teachers. 

Other types of mathematical and related readings than those 
mentioned are possiblc,^^ and able pupils can also be given in¬ 
structive activities ill connection with mathematical clubs and 
school publications For all such projects to succeed it is neces¬ 
sary to have the school library properly equipped. 

It is not desirable to extend study to new topics at the expense 
of thoroughness. Pupils with able minds often believe the quick 
perception that comes to them is complete understanding, when 
It is not. In an earlier chapter of this report it was stated that 
mathematics is an admirable study to reveal the great difference 
between superficial undeistanding and mastery, and mastery 
was indicated as an objective of education. Able students 
should be guided into the habit ,of thoroughness, and dilettant¬ 
ism should not be encouraged Many parts of mathematics 

**The work of Woodring and Sanford, cited on p 145, will be found quite 
as useful m the matter of bibliographies for the upper grades as for the lower 
ones, as its title indicates. 
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must be repeatedly reflected iijwn and must be considered from 
many viewpoints before they arc adequately umieristwxi. Simi¬ 
larly, many of the processes must be enipkiyerl again and again 
before they can be aisimilaicd and used with tfie readiness tfiat 
a skillful person manifests. An immature mind may find much 
glamour m what us new, hut tlie tiaincti mind expciicnce# gieat 
satisfaction in penetrating more deeply and seatclung for un¬ 
suspected relations among familiar things. Some students go on 
to university or college with a wide variety of topics in mathe¬ 
matics studied in high school hut witii limned insight and inade¬ 
quate technique, A seat dung cjucstum heivildeis, and an in¬ 
volved problem IS beyond them. >Mthangh it is impciatis-e that 
high school programs should piovidc plenty ol mateiial for able 
classes or for able students in ordinary classes, the inipcntante 
of thoroughness should not be forgotten. However much it may 
be necessary to relax from this ideal in the case of pupils with 
moderate abilities, it should he kept constantly before those who 
are superior. 
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CHAPTER VIII 


mathematics in the junior college 

"I put them aside to finish lain in the yeai, and in the 
meaniohilej desewinp;, as I thought a litHc leal restful lux- 
ury, devoted myself to Differential and Inlegial Cakultis" 

-OL MOKGAN’. IN JOStl'H VANCt, 

DEVLLOPMFNr OF THE JUNIOR CIOI.LEGE 
The rapid spread of the junior college leniintls one of the devel¬ 
opment a century ago of the high school after its fiist apjjcarance 
in i8?i as the English Classical School of Boston. Although the 
junior college is e.spccially incvalent in the 'Wc.st, ns migin is to 
be found in the Ea,sL and the Middle We.st. 'Ehe Bi.idfoul (Mas.s- 
achusetts) Junior College and the Joliet (Illinois) Junior Col¬ 
lege both date hum 1CJ02, and of the junitn colleges now oj>t*r- 
ating, they are apparently the finst insiitniions to bear the title.* 
Today there aie moie than 550 junior ('ollege.s m foityfoin 
states and the District of Columbia. California has 57; Tcxa.s, 
38; Iowa, 37; and Oklahoma, 32. As to oiigin, two classifications 
are to be noted, In the first place, some four-year colleges svliidi 
were not especially flouri.shing h,ive contracted their ptogiarm 
and concentrated on the fir,st years of college svotk,^ In the sec¬ 
ond place, junior colleges as such have been founded, botfi a,s 
private institutions and as pulihc ,sc hooks. Of the pi ivaie .schools 
some are denominational and .some aie not; of the public schools 

‘The school in Brnttfool hart cjtuwrt tor » ti-mury .intl ihai in John tur a 
year betoie tlie prcierit nam« urre artnpitfil. ,Sn? "JtiiiKir Butklm, 

‘ 9 S 6 , No. 3, U, S, Office of Ertucatiort, Wjuliingum 
Un this conncciion 11 nuiy he timed Uiat rrtmrtent II,irf»r of the llntveoiiy of 
Chicago, who is often refenert lo as the -fatlier" of the junior ortlrge, gave no 
ess than six reasons why a small iriefrctiivc college should drop senior veortv and 
become a junior college Cf "Jimior adicges." nulletm, itjjfi. No, 3, U $. Office 

of Education, Washington, p ig. 

H9 
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some aie sup|K«te{I hy a city, some by a distiict, and some by 
a state. Ko small number of junior toUcgc.s have closed dmir 
d(»rs, and on the other hand .some have meiged with standard 
universities or colleges, or hate Irecn reorganized as four-year 
institutions.^ Although junkn eollege.sarcoigaiuzeddilferently, 
some giving only one year of work, and some having preparatory 
work connected with them, a decided majority of them ate two- 
year insiitutionsd With incieasing general public support the 
junior college is rapidly becoming an luipoitant part of the sys¬ 
tem of public education: and. if picsent trends continue, it will 
constitute the thutccnlh and fouitcenih gi'ades of the public 
school. Thus, It appears afipioptiate for this Report to deal 
with the junior college as falling within the field of secondary 
education,® 

The recent tendency of the secondary school system, as here 
conceived, to expand upwauls has cieated a somewhat new 
viewpoint toward the entire question of the readjustment of the 
administrative organization for earlier years. Although the two 
most common types of oiganization for the elementary and com¬ 
plete secondary school system arc at present the 8-4-2 plan and 
the 6-3“3-2 plan, it may be that neither of these plans is the one 
that will most generally prevail in the future, at least in many 
cities. There are strong advocates of a 6-4-4 plan, an organiza¬ 
tion in which there are six years of elementary school, four years 

^Und, pp 17, 18, ig. S3, Some of the institutions that have closed were 
founded before the Bradfoid and the Joliet schools, and the bulletin referred to 
makes the following statement, which shows the impossibility of any perfectly 
accurate account. "Many have blossomed and died before their names could be 
inscribed in any college directory " 

^According to the "Junior College Diicctory" of the American A'isociatton of 
Junior Colleges, ■Washington, 1939, tlitne arc at present 408 two-year schools 

' The question whether tlie junior college should or should not be regarded as 
part of the seeondaiy .school system has been nuich debated Arguments pro and 
con can be found in Eells, Walter C. The Junior College, Chapter XXIV Hough 
ton Mifflin Co., iggt. The statement in the text is not intended to align the 
Commission strongly on the affirmative side of the question. Eells, who prefers 
to consider the junior college as constituting collegiate rather than secondary 
education, says he is not disposed to press the matter of terminology 
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of high school, and four year# of junior rollegr or s olle^r- h i* 
not within the province of this Report to go into the antag«*i 
and disadvantages of such a plan.® The discussion deals only 
with the two-year type of junior college, whirh. wparaied rom> 
pletely from a high school, offers work only fai grades 15 ami 
14, As noted before this is the most prevalent type of junior 
college On the other hand those junior colleges that consiiitiie 
the lower divisions of universities are also not under considera¬ 
tion, How the programs of such institutions should resemble, 
and how they should differ from, the programs of strong inde¬ 
pendent junior colleges IS an interesting and important problem, 
but one which cannot properly be gone into here. 

FUNCTION OF THE JUNIOR. COLLEGE 
The junior college plays the double role of a terminal school 
and a preparatory school. As the most advanced part of the sec¬ 
ondary system it offers an educational teiminus for many stu¬ 
dents that is comparable to college graduation of a century ago. 
As a preparatory school it provides for other students the pre¬ 
liminary training required for entrance into the upper years of 

“The question ot the four-year junior college is discussed at length by Eclls, 
ep. at, pp eyg-yig He himself does not favor the arrangement and, for the sake 
of fairness, sets forth supporting arguments by quotations from its advocates, 
Eells analyzes the disadvantages of the plan, and after refuting arguments in its 
favor, devotes a chapter (pp, 730-749) to a discussion of the two-year junior col- 
isge. which IS the one he himself endorses. 

In 1933 Harry L Boardman, m a Master’s thesis at the University of California 
entitled Separation of Junior College from High School, presented some interest¬ 
ing aspects of the question He showed that heads of junior colleges in California 
were in general strongly in favor of segregation of grades 13 and 14 from the 
lower grades Boardman also presented the results of a study designed to show 
whether graduates of junior colleges that are segregated from a high school had 
better success in subsequent university work than graduates ot junior Colleges 
that are only partly segregated, or not segregated at all He found practically no 
difference in the achievements of graduates of the three types ot schools. 

Junior colleges differ as to the type of certificate they give for satisfactory com¬ 
pletion of their programs The A A, Associate in Arts, or Associate of Arts, is 
granted as a "title" by many junior colleges, and as a "degree" by a few. See 
Junior Colleges," p gi, where there is given a quotation from a study made by 
Uoak S Campbell in 1934, which shows that at that time 49 different titles were 
being given by junior colleges 
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a four-year college or a university. In the beginning of the 
junior college movement most of the students were of the pre¬ 
paratory type, but in the last ten years there has been a signifi. 
cant increase in the number of students intending to end their 
formal schooling with giaduation from a junior college. For 
example, in the Pasadena (California) Junior College in 1936 
there were two of the terminal and 43 of the preparatory type of 
student out of an enrollment of 45; in 1935 there were 318 of the 
terminal and 192 of the preparatory type out of an enrollment 
of 510 It would seem that the 6-4-4 encourages more 
students to remain after the twelfth year, since entrance into a 
new school is not involved. A wider adoption of such an organ¬ 
ization would theiefore increase the tendency, already well 
under way, toward a preponderance of the terminal type of 
student in grades 13 and 14. 

The junior college should offer a range of instruction that 
will meet the needs of both preparatory and terminal students, 
and should provide for (a) the first two years of pre-professional 
education, given m a manner acceptable to the four-year col¬ 
leges and universities; (&) two years of general and liberal arts 
education, suitable both for terminal students and for those who 
continue their study; and (c) semi-professional education for 
which there is a community need. A semi-profession is here 
defined as a vocation for which two years of post-high school 
education are needed and are adequate 

The courses that the junior college offers in any field should 
be based upon the purposes of its students and upon community 
needs. They may be limited considerably by the character of 
the high school preparation presented by entrants and by inade¬ 
quacy of community resources, and they will doubtless be af¬ 
fected somewhat by the type of organization of the school itself. 
A mere growth of enrollment alone is likely to result in an in- 

^ Junior College Journal, Vol V, p 3J, 1934 35 It is to be noted that the Pasa 
dena school, being of the four year type, is not representative, so that figures tor 
It may not be typical Enrollments in grades 13 and 14 alone are included in the 
figures above 
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creased number of vocational preparatory curricula, some of 
which may in turn call lor the devdopment of somewhat spe¬ 
cialized courses in matheniatus and other basic subjects, 

PRESENT JUNIOR COI LEGE MAI HEMATICS 
Mathematics courses in the junioi college have generally been 
patterned after the lower-division courses in the universities,® 
An examination of junioi college biilletms and mathe¬ 
matics textbooks in use in junioi colleges in 1939 revealed the 
typical offeiing to he: inteiuiediate algebra (offered by 146 
junior colleges), college algebra (24B); tngononietiy (295); and 
calculus (17G) Theie weie 143 combined courses for freshmen. 
Elementary algebra, iilauc geometiy, solid geometiy, solid ana¬ 
lytic geometry, differential ecjuaiions, functions of a complex 
variable, and combinations of these with other subjects were 
offered, each by a few junior colleges Mathematics of finance 
was offered by 69 institutions. Few semi-piofcssional courses 
were found,® 

In many junior collegccs the courses offened cover appioxi- 
mately 3 to 5 semester horns of college algebra, 2 to 4 hours of 
trigonometry, 4 to fi houis of analytic geometry, and 6 to 10 
hours of differential and integral calculus. In some junior col¬ 
leges the courses are not oiganizcd under these names but are 
designated as Mathematics I, Mathematics II, Mathematics III, 
and the like. Such courses attempt to avoid arbitrary divisions 
that have seemed to many college teachers both artificial and 
undesirable. However, a careful examination of these ‘'unified" 
courses is likely to show that the student who takes from ir, to 
25 semester hours of nuuhematics in "unified" courses will have 
studied much the same set of topiccs and to ajiiiroxiraately the 

“Hills, JusLiii F "lunitir College Macheni.itin," School Science and Maihe- 
mal'M.Vol XX, pp 880-885, igsq 

“Hannclly, Robert J The Mathematics Program in the Junior College, Un¬ 
published Doctor’s clisseicition, Univcisity of Colorado, See also Calvin, 

link, et ai Reptyri of the CouimiUve of the California Junior 

^Jege Association. Mimeographed nuuerials. Cnlifoinia Stale Department of 
Education, Berkeley, 1935, 
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same extent as he would have if he had taken that number of 
semester hours in the usual courses in algebra, trigonometry, 
analytic geometry, and calculus No implication is here in¬ 
tended as to which anangement of material is to be preferred, 
nor IS it implied that a completely satisfactory unification could 
not produce materially different results 

DIFFERENT MATHEMATICAL PROGRAMS NEEDED 

Since the mathematical courses now offered by the junior col¬ 
lege are in the main patterned aftei university courses pre¬ 
scribed for pre-professional training, they presumably meet the 
needs of specialist students Any question as to modifications 
that might be advantageous foi the pre-professional group falls 
within the field of univeisity rather than secondary education, 
and is thus outside the scope of this Report. Spiecific mathemati¬ 
cal requirements for advanced college work, particularly m 
scientific and engineering courses, must be fulfilled if the prog¬ 
ress of the student is not to be inteirupted. To the extent to 
which a junior college serves a pre-professional clientele, it may 
properly include the existing type of course among its offerings. 

As already noted, however, a large majority of junior college 
students are of the terminal type. Moreover, a large proportion 
of the minoiity who constitute the preparatory gi'oup have a 
general or liberal arts interest. Thus only a very small part of 
all junior college students aie of a pie-professional type. 

In setting up a mathematical curriculum suitable for special¬ 
ists, It seems to have been assumed tacitly that students of the 
terminal type, as well as those intending to proceed with more 
advanced work in such subjects as languages and literature, 
journalism, and social studies, had already received sufficient 
mathematical instruction in the high school. Or, it may have 
been taken for granted that all students who studied mathe¬ 
matics should be given the same material, although naturally 
some of them would proceed further than others in the estab¬ 
lished sequence of mathematical courses. 
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The validity o£ these assumptions is open to serious question. 
Any person intelligent enough to giaduate from a junior college 
presumably should be able to carry successfully a course that is 
planned to give both an insight into tlie natuie of mathematics 
and an appreciation of its wide and growing importance m mod¬ 
ern life. If he does not take such a course, there is a strong likeli¬ 
hood that he will bar himself peimanently from understanding 
some of the most significant and distinctive phases of our present 
dvilization and culture. 

Moreover, different groups of college students, with different 
purposes, have diffeient types of mathematical needs. Non- 
specialists, particularly tho.se having a general or liberal arts 
interest, need very little command of the higher techniques; 
but they do need the sort of insight and appreciation just men- 
tioned-in short, familiality with the cultural .signihcance of 
mathematics. Students looking toward a semi-profession or 
other vocation may also need sjiccial mathematical courses dif¬ 
ferent from those designed for pre-])rofessK)iial training. In 
discussing different types of needs it will be convenient to clas¬ 
sify all students outside the pie-jnofessional group as either 
Semi-professional, including vocational, or Academic 

COURSES FOR SEMI-PROFESSIONAL GROUPS 

Semi-professional curricula are feasible only in iaigc munici¬ 
pal junior colleges or m tho.se small junior colleges of the 
dlstrict-and-union-ohdi.siiict.s types that, are situated in areas in 
which one or more common semi-professions arc practiced, e.g., 
in rich agucultuial or mining legioas. Such curiicula, not all 
of which involve coui-ses in rnathematiis, aic in operation in a 
number of special fields, mostly connected svith busine.ss or en¬ 
gineering. For semi-proCession.s relating to business, appropriate 
mathematical work include.s computational methods, commerce- 
algebra, mathematics of finance, and statistics. More detailed 
suggestions will nosv be given relating to commercial and voca¬ 
tional groups, followed by a remark on cultural interests. 
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Commercial Group. The students of the junior college in 
this group should have an opportunity to continue their work m 
commercial mathematics. 

The work should be somewhat broader than high school 
commercial or business arithmetic, though it must fit the stu¬ 
dent’s preparation. Some students probably will be deficient m 
algebra, and since this subject is fundamental to financial math¬ 
ematics, attention must be given to it early in the course After 
a foundation in algebra has been laid, questions involving 
simple and compound interest, true discount and present value 
annuities, sinking funds, and amortization, and related prob¬ 
lems can be studied intelligently. Detailed recommendations 
with regard to the course do not seem necessary, standard text¬ 
books are available and teachens should be able to develop 
materials suitable for special situations. The use of logarithms 
and the slide rule, as well as computing machines, is recom¬ 
mended. 

Vocational Group. Students in this group, many of whom 
may be graduates of vocational high schools, are likely to have 
their objectives rather fully developed, They will represent 
many fields of specialization, and in the same class there may be 
found future carpenters, electricians, plumbers, printers, ma 
sons, and mechanics. In fact, unless the junior college in ques 
tion is so large as to allow separation into more homogeneous 
groups, such students must receive common instruction. 

There can be no question that the vocational group can profit 
from the study of mathematics and its applications in their pro¬ 
posed vocations Decision as to the mathematics best suited for 
the purpose must be reachecl as the result of a careful analysis of 
the vocations in question. With the gi'owth of the junior college 
movement the field will become one of the most fertile for the 
experimentally-minded teacher Elementary mathematics of 
engineering, including the strength of materials, might const! 
tute one approach. The study of stress and strain, force, friction, 
beamed structures, and so on has direct applications in all of the 



Junior College Mathematics 15^7 

vocations, with the exception of printing. The printers consti¬ 
tute a somewhat special gioup* They are more concerned with 
questions of symmetiy, layout, and so on, than with problems 
that occur in construction work. 

Although the vocational gioup or others in the semi-piofes- 
sional group may express a primary interest in things that aie 
practical, we can hardly assume that only a few members of 
either group may be appealed to by other phases of mathematics. 
Matters that are stiictly "piactical" ale likely to interest a pet son 
only if they he in his own field of activity, while ideas and re¬ 
sults not so narrowly rcstiicted may stimulate the intellectual 
cuiiosity or satisfy the aesthetic sense of an alert mind, irre¬ 
spective of vocation, So long as wc see men in vocations desiring 
to have homes that have taste and chaim as well as homes that 
are comfortable, we should not doubt that a gioup of vocational 
students can be appealed to by the aesthetic nature of matlie- 
matics. The subject can be di.sLincily cultural for them, and it is 
one of the primaly respon.sil)ilities of the mathematics teachei of 
such a group to correct any false impiessiou the students may 
have that the subject exists simply because it is useful in a narrow 
bread-and-butter sense. In shoii, many vocational and other 
semi-professional students may develop an interest in the sort 
of course now to be suggested as appiopriate for liberal arts 
students. 


MATHEMATICS FOR THE ACADEMIC GROUP 
The academic group of studencs constitutes one of the most 
perplexing problcm.s of the junior college, in so fai as mathe¬ 
matics is conccined. It will be heteiogeneous with respect to 
background; most of the Tnembei.s of the gioup will have had 
no more than the equivalent of a year of algebia and a year of 
plane geometry, ivhilc there will be some who have had mathe¬ 
matics through grade twelve. The students whose mathematical 
study has lapsed should be given an opportunity to take courses 
different from those of the last two years of high school, which 
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they already have declined. On the other hand students who 
had mathematics throughout the high school obviously should 
be offeied something with a new flavor By no means should 
the work offered the academic gioup of tennmal students be 
merely customary high school mathematics slightly glorified, 
Great care should be used in so planning a course that it will 
give the appreciations and understandings of the nature o£ 
mathematics and its accomplishments that may form an impor¬ 
tant part of the cultuial outlook of the well-educated layman, 

An important consideration arises at this point Few students 
who take mathematics in the four-yeai college go beyond the 
calculus of the second yeai, and the majority who take mathe¬ 
matics stop with one yeai of the subject. The upper year courses 
are composed largely of mathematics inajois, and of other stu¬ 
dents who lequire advanced woik It follows that junior college 
couises suitable for the academic gioup of teiininal students 
should also be suitable for the majoiiry of pieparatory students 
Up to the present time, however, colleges and universities have 
given a very lestiicted type ol mathematics offering for the fiist 
two years, though thcie is a tendency now to design survey 
couises for the general student. This trend makes it appear 
likely that the ptoblem of tiansfeiring credits from the junior to 
the senior college in the field of mathematics may be liberalized 

The Commission believes that four-yeai colleges should give 
recognition to strong survey couises in junior college, whether 
or not they themselves offer such work in their first two years, 
If this practice is followed, many prepaiatory students of a 
junior college may be well seivcd by mathematics courses set up 
especially for the academic terminal students of the school. 

The Commission does not wish to endorse only one type of 
course. Two alternative types will be outlined, with the under¬ 
standing that others are feasible. 

Basic General Course. The first type is designed for a five 
hour course throughout a year for an able group of teiminal- 
type students whose high school mathematical preparation 
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includes but one yc;ii of algebta anti one year of geometry, or 
the equivalent. For a class of nieclimn ability and prepaiation 
some topics would need to be sluntcned or eliminated; for a 
group of yet lower ability enough mateiial is hetc suggested for 
a two-year course Flexibility is a matter of puimai y importance, 
since one of the pioblems of the junior college is the adaptation 
ofacourse to students with diireient high school picparatiun. 

CrlNlRAU MaIIU MA.'UOS, '1 Yl’K I 

(j) Measurcineni and compulation, companng distances; ac¬ 
curacy of mcasuremeiu; Mgnduaiit liguu's, lounding olE numbers; 
use of exponents; laws of exponents, logarithms, computation by 
logarithms 

(2) Elementaly nignuotneuy: lustoucal development of linear 
measurements, sbiulmv-iec koning used to determine hoiglus; right 
triangles, siinilai light tiiaugles; ratios of sides of tiiaiigle as func¬ 
tions of the angles, toiistnuuon of tables for sine, cosine, and 
tangent; height and distvintc pioblems; laws of sines, cosines, and 
tangents; solutions of oltlu[uc iriangles; apjduaiions, 

(j) Graphs and etpuuions* graphs of suaight lines and circles; 
graphs of quadratic fumEions; solutions of (piadratic ecpialions; 
graphical solution of sinuiltaneous hue and (irtle ccjualions; al¬ 
gebraic solutions 

b) Conic sections: clefiniuons of paialmla, ellipse, and hyper¬ 
bola; equations in siandaid forms; giaplmal and algcbiaic solu¬ 
tions of pairs of conics that arc easily solved by quadiatics; applica¬ 
tions of parabola and ellipse. 

(5) Statistical rejirescntation illustrations of statistical investiga¬ 
tions, measiues of cciitial tcncleiuy, statistical graphs; scatter dia¬ 
grams, simple coiiehuiou, apjilitations 

( 6 ) Normal dislribution' simple tllusttations of chance distribu¬ 
tions; ciuve of normal disiiilnuiou, applications 

(7) Elementary mathematics of nuante: installment buying and 
selling, present woith of defeitod payments; building and loan ac¬ 
counts, annuities 

(S) Senes: axuhnieiie and geometric series; sum of first n terms 
of series; infinite descending geometiic scries, idea of a limit and 
the meaning of the sum of an infinite geometric senes, 

(9) Derivatives, slope of a straight line; idea of derivative as slope 
at a point, idea of derivative as velocity of falling body; derivatives 
of polynomials, maxima and minima; applications. 

(ro) Integration: the integral as the limit of a sum; application to 
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areas, integration as inverse of differentiation, uses of integration 

A similar selection of material, but with more emphasis upon 
Its significance in the social studies, was recommended several 
yeai's ago by a committee of the Social Science Research Council 
The list of general topics there suggested—details of which, with 
a statement of the reasons for the choice of the material, can be 
found in the published repoit^®—is as follows. 

"(i) Logarithms, with applications to investment. 

(2) Graphs, as a tool in the study of tabulated data. 

(5) Interpolation by various methods. 

(./) Equations and forms of curves 

(5) Probability and fiequency distributions 

(6) Elements of diffciential and integral calculus, including par 
tial differentiation 

(7) Curve fitting and least squaies " 

In Older to equip students to uudeistand these topics ade¬ 
quately, SIX to nine semester hours weie estimated to be needed. 

Higher Orieyitation Course The other course that is sug¬ 
gested resembles the survey courses that have recently appeared 
m some universities, and that have caused the Commission to 
recommend a hberaliration in the policy of transferring credits 
The aim of the course is not so much to prepare students to 
work with mathematics as to give them a broad familiarity with 
the nature of various parts of the subject. 

General Mathematics, Type II 

(r) The genesis and development of mathematics; origin in 
problems of mankind; relation to advances of civilization; impor¬ 
tant role of intellcclLial cuitosity, vast modern extensions through 
free creative invention of new hekls. 

(2) Euclidean geometry, somewhat critically viewed; its signifi¬ 
cance as a logical system, jiostulaics and undefined elements, 

(3) Non-Eiichdean gcamotiics; Lolyai-Lobatchevsky geometry, 
Riemannian geometry 

{4) Number successive generalizations, symbolic treatment, nu 
merical computation; simple illustiations of number theory. 

(y) The group concept; elementary illustrations of finite groups. 

American Mathematical Monthly, Vol. XXXIX, pp 569 577, 1932 
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(6) Classes: corrcspoiulonte; types of older, transfmite number, 
mathematical induction 

(7) Functions* varieties; use in studying scientific laws; periodical 
phenomena: some ideas and tc(hni(|ues of coordinate geometry. 

(S) LimiLs, occurrence in faniihar concepts, derivatives; integrals 

(p) Statistical concepts, elementaly ideas; proliability, and the 
distribution of errois; illustrations from biology, medicine, the 
social studies, psychology and education, technology and other 
fields. 

(jo) Further mathematical aspects of the physical sciences* use of 
differential equations in studying plienomena, relativity, and other 
modern physical theories. 

(jj) The nature of inaiheniaius, rival views; miiure of the 
foundations; sigmficatue as a system of tiumght, relations to phi¬ 
losophy, aesthetics, and the sciences. 

The outlines above are iiKMiit to give only a first suggestion 
of the kind of couis(:.s that .should be svoiked out in the interest 
of the terminal type of junior college stiulent. 

In earlier cliapteis, in (onnectiun with the work of giacles 9 
to 1?, the importance of instiuclion in the hl.stoiy of mathc* 
madcs was pointed out. The courses outlined above will be¬ 
come more mtere.sting, and may take on new .significance, if 
they are so presented that .students gain a clear imprcs.st()ii of 
mathematics as a constantly growing .subject If historical mate¬ 
rial is properly presented, mathematics gives a student a look at 
the centuries as well as helps him to imdenstand contemporary 
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EVALUATION OF THE PROGRESS OF PUPILS 

. and whether he stood fortieth or ninetieth must 
have been an accident or the peisonal favor of the profes¬ 
sor. Here hts education failed lamentably. At best he 
could never have been a mathematician; at worst he 
would never have taied to be one; but he needed to read 
mathematics, and he never reached the alphabet" 

—IILNRV ADAMS, Hit tOUC'AIlON Or HENRY ADAMS 

A GENERATION ago tlic testing movement as we know it today 
was in its infancy. Although teadieis thought of testing as a 
part of their work, their purposes and the methods they used 
may now be legarded as rathei inadequate. Almost all teachers 
believed that the chief purpose of giving tests was to furnish a 
basis for assigning giades In flaming test questions and direc¬ 
tions characteristic words were who, what, when, where, define, 
describe, and discuss- The most important qualities which a 
pupil needed in older to respond successfully were a good mem¬ 
ory and conscientiousnc.ss in studying the lessons that were 
assigned The chief concern of teachei and pupil alike was 
mastery of the subject niattci of the coin sc, while the school as 
a whole made hulc sysicin.uic dloit to detenniiie the extent to 
which different studies and othei school activities contributed 
toward a geneial and bmad clevclopincnt of the pupil as an indi¬ 
vidual on the one hand and as a valuable citi/en on the other, 
As time has gone on a tiansformation has been under way 
Many teachers have bioadened their conception of the purposes 
of testing, and gradually the emphasis is shifting to a different 
set of characteristic woids. The cue is now more often why, 
how, explain, interpret There is more concern that the pupil 
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understand as well as remember wliat he has learned. Probably, 
however, the most stiikingdcvchjpincnt has been the large num¬ 
ber of so-called objettite tests that liave been published and 
used. Unfortunately it often .seems that the authois have been 
so interested m making ii.se of new testing techniques that they 
have neglected basic questions relative to the validity of the 
tests. In spite of this, howcvei, the tests have revealed many sig¬ 
nificant facts about achievement, and have stimulated the lead¬ 
ers of the movement to re-examine certain a.ssumpiions hitherto 
uncritically accepted, Finally the scope of testing has been 
greatly extended, and an ever l.irger group of teachers has be¬ 
come concerned with the evaluation of men e than subject matter 
achievement. They icrogni/e that inasieiy of various bodies of 
subject content is but one a.spcti of education, and they are at¬ 
tempting to evaluate the development of intciests, apprecia¬ 
tions, and other charactciistics of personality to which the 
schools are increasingly diiecting theii attention. In this con¬ 
nection it is important to note that evaluation means more than 
the giving of te.sts or exarninafionst the term is used to refer to 
any method of obtaining and interpreting evidence about the 
development of pupils. In the piocess, the discovery of lela- 
tionships among data beaiing on diifeient aspects of develop¬ 
ment is very unpoi tant. 

The purpose of this chapter is to call attention to some of the 
problems in the field of testing and to encourage investigations 
that will contribute to their solution. It is obviously impossible 
to give within the confme.s of a .single chapter more than a brief 
summary of recent developments. The Commission has there¬ 
fore chosen to consider only a few basic topics. It will discuss, 
the purposes of evaluation, .some hmitaiions of the types of tests 
now commonly used, some advances that have liecn made in re¬ 
cent years, and some suggestions for impioviiig this phase of 
instructional activity. Much of the discmssion will be quite gen¬ 
eral and will apply not only to the teaching of mathematics but 
to teaching in other fields as well. 
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THE PURPOSES OF EVALUATION 

Primary Pu7poses. M.uiy teachers would assert that the chief 
purpose of testing is to piovide a basis foi assigning marks, per¬ 
haps a deeper analysis is not to be expected from those who 
stagger under a teaching load of five or six large classes a day. 
But tests are given for many other pin poses, among which are 
the following: to maintain standaids, to select and reject pupils, 
to discover strengths and weaknesses of individual pupils or 
of the class as a whole, to {uovide a powciful incentive to study, 
to fuinish a (onvenient method of instiuction, to stimulate or 
even enforce inijirovemeut of teaching, to afford a basis for the 
apprai.sal of teathcis and depaitments, to serve as a basis forac- 
cieditiug schools and colleges, to fninisli data for educational 
guidance, to accumulate innteuals foi u'seaidi.^ 

Some of the puiposcs noted aie foiniulated fiom an adminis- 
tiativc point of view It is the administiatois, for example, who 
are most inteiested in using tests as a means of evaluating the 
effectiveness of teaching, The use of tests to discover the diffi- 
cultie.s of individual pupils seems to spiing fioin a different 
type of puip(jse--u focuses moie diiectly upon the learning 
situation and the pupils Thus it is possible to distinguish at 
least two tyjies of {niiiioses rvhich differ 111 point of view. The 
fust is primarily comeitied with evaluation of the educational 
status and piogiess of individual pupils; the second is primarily 
concerned witli evaluation of the sdiool as an institution. Both 
types aie iiiipoitant, Imt it is quite obvious that evaluation of 
the second type depends upon evidence obtained from evalua¬ 
tion of the 111 St type. Ihulci the emeiging eoncept of evaluation, 
attention is focused piirnaiily ujiuii the pujiil, the fundamental 
purpose being to olitain a conipieheiisive diaracterization of 
him as an individual and to discovei the effects of school ex¬ 
periences upon him 

1 HawkcK. H F , I imlquist, r P , and M.uin. C R (eels) The Construction and 
Use of Achievement E\.amtiin horn (Houghlon Midlin Co, 1936) See Chap. IX, 
“Uses and Abuses ot Examinaiiuns," by Mas. McConn 
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Evaluation, when approached from the jx)int of view just 
stated, is analogous to the piocedurc of the biologist examining 
the internal structine of a minute plant or animal Thin cross- 
sectional slices arc viewed under the niiciostope. By studying 
the variation m stituiural relations fiom slice to slice, the biolo¬ 
gist is able to reconstruct the oiganism mentally and to perceive 
the interrelations of vaiious pans. Simihuly, teacheis give a 
piriety of tests and also use other means of aniving at judg¬ 
ments about specific aspects ot learning and pcisonaVity growth. 
The real task of evaluation, and the leal pin pose of testing, is to 
piece together the data of vaiicd types and from many sources 
into a composite pktute of the individual. 

When evaluation is viewed in this geneial way some of the 
weaknesses of many cuiient ]iiactice.s lieconic moie apparent. 
Thus the types of tests oidinarily given aie seen to be seuously 
inadequate in several respects. One iccogni/.es the need Cor 
more comprehensive and leliable te.stmg pioginins in mder to 
avoid giving a distoitcd pic tine of the individual A few nu¬ 
merical or leitei "giades," lepiescmting often little more than 
ability to recall information alxmi .school subjects, aie hardly 
sufficient to serve as a basis foi knowing what a peison is leally 
like, or what effect the school, or even a paiticular study like 
mathematics, has had upon him The necessity of caieful inter¬ 
pretation of test results becomes veiy rleai, and one liegins to 
understand why it is impoitant that icsults on a jiaiticvdar test, 
or in a particular subject matter field, should not he viewed in 
isolation but in 1 elation to lesiilt.s fiom many other te.sUs and 
evidence about a number of cHffeicnt aspects of school ex¬ 
perience. 

The acceptance of the fundamental jnnpose of evaluation 
stated above carries with it a number of other pm poses as corol¬ 
laries Thus it include.s the discovery of the strengths and 
weaknesses of individual pupils—it implies that the testing pro¬ 
gram should be diagnoVic in natuie. If an evaluation program 

is in farf Hiaornncfir* if Jc crVinnl cVirvnlrl 
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attempt to develop the talents and i emove the weaknesses o£ 
pupils, then at least an elementaly foun of educational gmd. 
aiice is indicated This (lommissitm, of course, cannot under¬ 
take to descube how a guidance piogiam may function, hut it 
can endokse the proposition that guiflatuc .should be based upon 
data obtained ft cm leliahle tests If, for example, one obtains 
valid evidence that a pupil has talent and intciest in mathe¬ 
matics. the suggestion that lie should take fuither woik in the 
subjec t may he justified Oii the other hand it in.iy be discovered 
that he does jiooity in mathematical woik—in fact, he may lack 
some of the fundamental maihemaiual undcistandings and 
skills that aie vitally nnpoitant for successful home living or 
competence in many octupaiions. In such cases it does not 
follow that he should be advised oi peimuted to avoid mathe¬ 
matics. It seeiiis latliei that stejis .should be taken to provide 
mstuiction of a type designed to remove the weaknesses and fit 
him for competent cui/en.shii>. fiiuh consideiations strengthen 
the belief that the basic puipo.se of testing i.s the construction of 
a rompiehensivc desttiption of the individual. We shall have 
innie to say about these matteis ui latei set turns of the chapter, 
Since, liowevei, many othei puifioscs of testing have been men¬ 
tioned by diffeieiu wiiteu. .sotne discussion of them maybe 
wauaiUed at this ponu. 

Commrnis on OUirr Puifioscs. 'I lieie is one purpose of test¬ 
ing that looms huge in the iliinking of many teachers. Tests are 
said to be iietessaiy ioi die rnivnlcnuncc of standard’:. Accord 
mg to one wiiter, this "seems to mean t'ithei one oi both of two 
things: the imposititin and enfoit ement of a ptc,scubecl curricu 
him, 01 the enfoKement of some minimum degiee of attain 
merit." In piactice, it means that schools, state depaitments of 
education, oi colleges at ting thiough .111 examimng agency 
such as the College Enuance Isxannnation Board, lequiie pupils 
to secure a ceitain minimum .stoic on one or more examina 
tions in order to achieve some desiiecl educational status-pro¬ 
motion to another giadc, a diploma, entrance to college, and so 
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on, There are certain types tif sttiuiions in vvhuh tlie protection 
o£ society makes such examinations a desirable and justifiable 
hurdle for the candidate to surmount =* The licensing examina¬ 
tions for entrance to the legal, inedual, and teaching professions 
are cases in point. This also applies to examinations for admis¬ 
sion, promotion, and graduation set by professional schools; 
but there is some question as to how far such a justification may 
be extended What po.sition rs to be taken on the maintenance 
of standards in the setontlary stliool now ministering to the 
adolescent population as a whole? In seeking an answer to this 
question it is helpful to examine some of the assumptions upon 
which the notion of standards-cnforcement is based. 

The most obvious assumption is that for any given field there 
exists both a well-defmed body of subject matter and a standard 
of attainment that pupils may leasonably be expected to meet. 
It happens, howevei, that testing piograms based on this assump¬ 
tion have themselves provided evidence throwing doubt on its 
validity. They have, for example, revealed the wide range of 
differences in achievement that exist between individuals, 
classes, and school systems.® When the same test is given in 
different schools it is not uncommon to find that the lowest 
score recorded in one school may exceed the highest score made 
by any pupil in another. In a recent state testing program it 
was found that of two schools serving the same type of commu¬ 
nity and situated only a few miles apart, one stood at the top 
and the other at the bottom in the distribution of mean scores 
Another source of confusion is the lack of comparability be¬ 
tween tests given in successive years; rarely is there any evidence 
that a given score on one test represents the same achievement 
as the same score on another test in the subject given the follow¬ 
ing year. Under these circumstances the insertion of a few items 
that differ in difficulty from those on previous tests may bring 

“Hawtes, Lmdqiust, and Mann, op cil, pp. 45a it. 

’Eckert, Ruth E “Realism in Higher Education" Educational Record, Vol. 
XIX, pp 86-104, 1938. 
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4 diatigr in dir sisiulattl. It has also been found upon 
aJiaiysH tiut. nn ihr .nrjagr. pupils do well on material thathas 
4 ppf.ued in a nuntbri of pununts examinations, although uwas 
not mrtuflrd ni tin- imuw nf Mudy, and that they do poorly 
with rn.urii.il liurd in the nmisr of .study but not included in 
prruous irsis. Km li findings seem to make untenable the as¬ 
sumption ih,« undfum st.nid.nds of .suhiect matter content and 
.uminntrut exist m [u.iniir. 

A Mound m.tim .wsinuptinn often made m connection with 
trstiini' th.it pinpoifs in fosiri immuriiaiK e of stanclaids is that 
the tesfs nsril sir'ld irii.iblr mr.ismrs of athicvcnient. This also 
o td?(U hi^hh ijUf'Minnahlr. bnlourment of standards in the 
sense heir used «!r[tf'tuls njHin the esi.dilishment of some critical 
oi Jtnnnmuu sMur I'.omui; o\ei the point tfiat this is usually 
done t|unr .uhm.ntU, .iitmiinn is to lie (.tiled to the fact that 
while the tests used in.ss s.nisf.u tonlv deteinniic both high and 
love .11 hi< Vi UK nt. ihrv m.iy l.uk .snflKient piecision and relia 
htlirv to p!.t( e botih 1 hue i.ises.ui in.uely. Yet in order to main 
f.jjn sLutd.uds in flic stint sense tins .utinaty is essential, 

At pit senf tt IS not miumnnon bn u teaehei to issue the arbi- 
ii.tn dutum "Vou timst s»ri ,i m.nk of ,so and-so per cent on 
this lest. Ml else ‘‘ T hr .ihetnativc may he to receive a 
"f.nhnt*" in the toujsr. to jrptMt the cmmsc, to diop out of 
siln«d.oi .my of .t tinnihi”! of othrt possibilities. This sou of 
ise.itnienf m.n, hr ley.nded as .i fiisi lough approximation to a 
turtUod of m n’nt.nimm; st.md.uds. When one of the alternatives 
hriotnrs .m .utn.ihiv it so finpirntly irsults in psychological 
UHl-ulpistmenr tfi.ti vmir rdm.iioi.s air .supporting a policy 
tmdri Vs huh pupils .nr .idv.nued into the next giatlc or couise 
inrspmtne of past ,uhuoniirnt. Tlurr .ue many observers of 
the rdm.tilon.il strur who assru that such a jiolicy meansacom- 
phur hie.tkdmvn of the toiurpt of staiidaids and leads toeduca 
tiona! thaos, 

Rrtogniiion of the dulnous validity of assumptions like those 
mentioned above and of the difficulties into which they lead is 
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resulting in modificatitirifi of tlic in whtth test results are 
used in maintainuig standatds."' 1 lieie is a glowing tendency to 
believe that escape from ilie dtfliculties lies in the direction of 
devising not only better ineihods of nieasuung but also better 
methods of analy/.ing, letouling, and iqiorting acliievement. 
Arbitraiy decisions, stub as tliose typified by the phrases, “All 
who get less than tio% will fail" 01 ‘'Hencefouh there will be 
no failures in this school," must be supiilanted by carefully 
formulated judgments (oiueming what is best for each pupil. 
Itispaiticuhuly iiujuntaiit that the weltaie of able students be 
not oveilooked because of piftucupaiion with those who are 
having difliailty. Tests should be legaided as more than a 
method of “separating the sheep fiom the goats," They are to 
be used as a means of discoveiing what catli pupil needs most 
m order to gain the Cull benefit of school expeiienccs. When so 
legarded, the notion of how tests may he used to maintain stand¬ 
ards IS extended. Achieveineiit of the highest possible quality is 
to be sought for all. Tests caiefully constructed and used pri¬ 
marily for diagnosis aie a means to this end. 

It was noted above that from the aclmhiistrative point of view 
evaluation is important in ordei to judge the effectiveness of the 
sdiool as an institution. The emphasis in this case is not upon 
the development of the individual pupil, but rather upon 
whether the teachers are producing the kind and amount of 
growth that might reasonably be expected of the pupils as a 
group. Thts is a justifiable purpose, but in following it great 
care must be taken to be sure that the judgments are valid All 
that has been said about evaluation of the growth of pupils 
applies with additional complications to the evaluation of the 
work of teachers. Here also, a comprehensive picture is needed. 
To conclude that a given teacher or school system is ineffective 
on the basis of the results on a single subject matter test may be 
as erroneous as the idea one would get of a microscopic organism 

<See Eells, W C "Basis for a New Method of Acaeditmg Secondary Schools " 
Educational Record, Vol XIX, pp. 114-142, supplement 11, 1938 
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from the examination of a single cioss section. The teacher may 
in fact be doing superior work in developing many objectives 
that the test does not measure. 

In this connection it may be well to call attention to certain 
points often overlooked in te.sting programs. When the same 
test is given to a numbei of different classes (as in state-wide 
testing programs), it is customary to compute an average for the 
group as a whole and to compare the average achievement of a 
given class with the aveiage of the group. When this is done, 
teachers or classes tliat fall markedly below the group average 
are often subjected to censuic. As a result, steps aie taken to 
insure that in the futnie liighei class-averages will result In 
general this is desiiable, since it tends to raise the level of 
the achievement of the group as a whole But it is some¬ 
times overlooked that the aveiage i.s a statistical measure, and 
that the abilities commonly measured are, roughly speaking, 
normally distributed It thus appears that if the pupils in a 
given class are below normal in other lespects—of low intelli¬ 
gence, for example, or the product of poor teaching in earlier 
work—then one cannot expect the class average to exceed that 
of the total group. No amount of pressure upon teachers and 
pupils to raise the averages will bring about a situation in which 
the average score of every class exceeds the average of the group 
of pupils as a whole. Here again the only safe basis for judg¬ 
ment of success or failuie of teachers is data on many factors that 
must be studied to discover possible relations existing among 
them. The criterion of success should be phrased in terms of 
the growth actually produced in relation to the characteristics 
of the particular group, rather than in terms of scores made on a 
particular test and their relation to averages based on scores 
from large heterogeneous groups. 

Summary Considerations of the kind mentioned above and 
others that cannot be discussed here are bringing about new 
conceptions of the purpose of testing The use of tests to main¬ 
tain arbitrary standards and to appraise the effectiveness of 
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teachers is entangled in many diffiailties and subject to abuse. 
Teachers are becoming more cormious of tlie fact that the 
",, . major utility of examinations is educational guidance. 
That the developing doctiinc of guidance demands, first, diversi* 
lication of standards and courses and schools, and, second, the 
general introduction of the methods now available for the study 
of individuals ... in examining for guidance we need all 
known kinds of tests, many of them, preferably comparable tests, 
and preferably tests used explicitly for this purpose,"® 

The Commission wishes to cniphasire in addition that ex¬ 
aminations should aim to levcal the effet ts of ail the educational 
forces acting upon the mental, phy.sital, and peisonality charac¬ 
teristics of individual pupils. 

SOME LIMITATIONS OF CURRENT TESTING PRACTICES 

Scope of the Objectives Commonly Tested. How well do the 
tests now commonly used serve to reveal the effects of school 
life upon the development of individual pupils? The discussion 
thus far has implied that no single test is adequate for this pur¬ 
pose But what are the criteria for adequacy? To answer this 
question in detail would lead to technical discussion beyond the 
scope of this Report. But we may observe that the answer de¬ 
pends fundamentally upon the statements of the objectives that 
the schools hope the pupils will achieve. Earlier chapters of this 
Report have discussed certain educational objectives at some 
length The real question, then, is this: What sort of evidence 
do we now obtain about the achievement of these or similar ob¬ 
jectives? The first criterion for the adequacy of a testing pro¬ 
gram must be expressed in terms of the extent to which the tests 
given yield evidence concerning the achievement of all the ob¬ 
jectives that are considered to be important. 

We must recognize at the outset that until recently few 
teachers have been concerned with more than subject matter 
achievement The tests given by mathematics teachers have not 

'Haivkes, Lindquist, and Mann, op ett, p. 478 
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been designed to measure more than achievement with respect 
to the subject matter of specific courses. The same remark ap¬ 
plies to tests pi cparcd for state-wide testing programs and for 
entrance to college. This situation exists m spite of the fact 
that the objectives stated for these courses often emphasize 
general abilities-lor example, the ability to interpret data, the 
ability to generalize, and the ability to leason logically. These 
objectives, and others like them, are also considered important 
by teachers of other subjects. The study of mathematics can 
contribute to the growth of these abilities, but it is not unique 
in this respect. In stating these and similar objectives the as¬ 
sumption is commonly made that they arc general abilities to 
be apjiUed on any appropiiatc occasion But types of tests m 
common use do not take cognizance of this assumption, and 
restrict tlie field of measurement by sampling only the applica¬ 
tion of the abilities in situations oidinarily or exclusively mathe¬ 
matical, In order to sati.sfy the criterion given above we must 
either plan to extend the scope of oin sampling of pupil reac¬ 
tions to include many other typc.s of situations, or we must 
suitably restrict the statement of the objectives so that they 
apply only to situations that are definitely mathematical. The 
latter alternative is one that few teachers are ready to accept per¬ 
manently, but we must admit that at present our tests give us 
little direct evidence conceining achievement of many of the 
important general objectives of instruction in mathematics. 

A careful analysis of both the tests given by classroom teachers 
and those prepared by extramural examining boards reveals that 
they are restricted in another way—they measure achievement of 
only a few of the objectives that are specifically mathematical. 
The ordinary test places too much emphasis upon the measure¬ 
ment of technical facility and ability to recall specific facts and 
principles In the field of algebia, for example, a considerable 
number of test items is devoted to measurement of the ability 
to perform operations with abstract symbols Skill in adding 
or multiplying monomials, solving equations, and evaluating 
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formulas is an important objective of instruction in mathe¬ 
matics, but not the only one> The well-trained mathemada 
teacher should also be interested in discovering the extent to 
which the pupil undeistands the significance of what he is 
doing. The measurement of this understanding calls for ques¬ 
tions that require interpretative answers—staiements that ex¬ 
plain why one proceeds as he does, that describe the values 
achieved by performing the ptocess, or that show in what sense 
the formula or equation involved is a powerful tool of thought. 
Questions of this type are sadly lacking in most tests, and their 
absence is the basis for asserting that present-day tests measure 
only restricted types of objectives even within the field of 
mathematics. 

One reason for the existence of this situation grows out of 
certain theories of test construction. Early work in the field re¬ 
vealed that the scoring of test papers was often a highly subjec¬ 
tive process—the same paper when marked by different teachers 
was assigned a wide range of scores. Following this discovery, 
test experts began to seek techniques of scoring that would re¬ 
sult m a given paper receiving the same score when marked by 
several competent teachers. This led to the modern objective 
type of test and the widespread use of short-answer techniques, 
such as the "true-false” and "completion” type of test item The 
desire for objectivity stimulated a concern for techniques that 
tended to obscure more basic questions of validity. The methods 
used proved effective in the measurement of skills, the ability to 
recall facts, and similar objectives, but they appeared to be 
unsuited for the measurement of understandings, appreciations, 
and other objectives often called "intangible ” The assumption 
that objectivity requires the use of the better known techniques 
has prevented some examiners from concentrating on the ability 
to be measured and devising a technique to suit. This has 
tended to stifle measurement of achievement of many important 
objectives The assumption referred to above is not, however, 
an essential one, and recognition of this fact opens the door to 
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investigations in whieh the detenninaiion of suitable short 
answer techniques becomes subsidiary to other moie basic 
questions. 

There are, of couise, other reasons for tlie failuie to attempt 
to measure certain complex abilities, understandings, and appre¬ 
ciations. Perhaps one of these reasons is the assumption that if a 
pupil shows satisfactory achievement with respect to ceitain 
rather specific abilities he has acliieved the more general objec¬ 
tives. No one doubts that in order to think cleaily and succeed 
in madiematital woik a student lequnes certain essential facts 
and skills. If these abilities ate highly corielated with achieve¬ 
ment of the more geneial objectives, it would be unnecessary to 
test directly for the lattei. But to settle this question it is neces¬ 
sary to devise valid means of raeasmiiig the more complex abili¬ 
ties, understandings, and appreciations, and this has raiely been 
done. However, a similar assumption with respect to the ob¬ 
jectives of a number of different college couises has been tested 
and it has been found that the assumption is not entirely valid “ 
Similar findings in the field of secondary mathematics tend to 
confirm the observations of teachers that pupils who apparently 
know the facts and can perform the operations mechanically 
may lack real understanding and compichension of the signifi¬ 
cance of the processes.'' 

Testing in mathematics must find ways of measuring achieve¬ 
ment of many objectives in addition to those dealing primarily 
with recall of information and operational skills, Many excel¬ 
lent tests exist for the measurement of these abilities, and for 
certain other objectives of restiicted types Study of test exer¬ 
cises indicates that in some cases successful responses suggest 
the inference that the pupils understand what they are doing 
and why they are doing it But ordinarily direct evidence of this 

“See Judd, C H, et af Education as GuUivatton of the Higher Mental Froc- 
esses. Chapter II ("The Relation between Recall and Higher Mental Processes,” 
by R W Tyler) The Macmillan Co, New York, 1936 

^ Ibid j Chapteis IV and V ("The Number System and Symbolic Thinking," 
"Algebia, a System of Abstract Processes." by E. R Breslich) 
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understanding is not obtained. I lere, then, is a prommng Reid 
for investigations relating to insirutibn in mathcmatia. 

Consumers vs. Produce}s of Maihemaocs. Hiere is one aspect 
of the usual type of maihcmatiu test that is so impotiant it de* 
serves special mention. An analysis disclusta tliat tests seem to 
be designed primarily to measure abilities required by those 
who use mathematics horn a somewhat advanced standpoint. 
The number of such persons, however, is relatively small. A far 
greater number of citirens aic, on occasion, consumers of mathe¬ 
matics: they read newsjrajrers and magazines, and drey study 
semi-technical or technical books in which mathematics is used 
to obtain or explain the findings of investigators in many fields. 
In such cases, the abilities required are primarily interpretative 
rather than manipulative. 

Mathematical instruction has hitherto proceeded on the as¬ 
sumption that operational abilities are essential to interpreta¬ 
tive understanding, or that the latter is a concomitant of the 
former. This assumption should be tested, and for this purpose 
tests are needed which minimize technique and concentrate 
upon interpretation. If it should be found that interpretative 
abilities can be developed by attacking them directly rather than 
through the intermediary steps of calculation, then some reor¬ 
ganization of mathematics courses would appear to be in order. 
The interpretative aspects of mathematics range from very sim¬ 
ple arithmetical notions to relatively complex concepts associ¬ 
ated with calculus and statistics. Comprehension of the magni¬ 
tude of large numbers, such as the size of the national debt, is 
one simple illustration;® the interpretation of tabular and graph¬ 
ical data IS another. Matters of this kind receive insufficient at¬ 
tention in most mathematics tests 
Evaluation of General Objectives Mention has been made 
above of certain general objectives at present imperfectly tested 
The illustrations given were all related to the development of 

* See Judd, C H "Intoimational vs, Computational Mathematics.” The Mathe¬ 
matics Teacher, Vol XXlI, pp 187-197, 19*9 
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various aspects of dear thinking-for example, the ability to in¬ 
terpret data and the ability to icason logically. But there are 
many other general objectives of education. They may be classi¬ 
fied under various heads, the following being ty])ical; Interests, 
Appieciations, Attitudes, Effective Work Habits and Study 
Skills, and Emotional Maturity. The well-tiained mathematics 
teacher can contribute to the development of many specific as¬ 
pects under these general heaciuigs, but giowth with respect to 
desirable goals of these types is laidy measured. It is true, of 
course, that teachers in other fields have ahso tended to neglect 
the measurement ol these so-called "intangible" or “ultimate" 
objectives, m spite of the fact that in ceitain fields—notably the 
arts (including music) and English—objectives relating to inter¬ 
ests and appreciations are of paiamount importance. Similarly, 
many teaclieis of the social studies are deeply concerned about 
the social attitudes of their pupils. Dining recent years much 
work has been clone toward the development of techniques for 
evaluation with respect to objectives of the types mentioned As 
the effectiveness of these techniques inci eases and the value of 
the resulting interpretations becomes better known, we may 
expect similar techniques to be applied by mathematics teachers 
in Older to measure the effectiveness of their instruction with 
respect to such objectives and to provide a basis for sound educa¬ 
tional guidance The construction of tests that measure growth 
toward "intangible" objectives and that have special reference 
to mathematical instruction waits piimarily upon the recogni¬ 
tion of need for them and of the values that would accrue from 
their use. 


SOME ADVANCES OF RECENT YEARS 
The Commission has discussed the limitations of present tests 
at some length m order to suggest directions in which improve¬ 
ment may be sought It might appear from the discussion that 
little improvement has been made in testing during the past few 
years. This impression would be erroneous, for the last decade 
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has witnessed a number of significant devclapmcnw. A brief 
discussion of several of these may not lie out of place here. 

The Report of the National Committee, to which reference 
was made in earlier chapters, included as an appendix an article 
by Professor G. B. Upton on "The Testing Movement in Mathe¬ 
matics," That article summarized the status of the testing 
movement in 1923. In this chapter comments will be made only 
upon some of the developments since that time.* 

Among the promising developments since 1923, the following 
may be noted: the extent to which knowledge of testing metliods 
has increased among teachers in general; the publication of im¬ 
proved tests of various types; the growth in use not only of im¬ 
proved achievement tests but more particularly of tests for other 
purposes, such as diagnostic and instructional tests The latter 
development has been facilitated by the appearance of various 
workbooks that are designed primarily with particular purposes 
m mind. This movement, already under way in 1923, was dis¬ 
cussed and its growth predicted by Professor Upton in the Re¬ 
port of the National Committee on Mathematics Requirements. 
In spite of growing recognition that modern methods of teach- 

IS not possible to discuss particular tests and techniques in any detail, but 
the following references are given. 
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Breslich, E. R The Technique of Teaching Secondary School Mathematics, 
Chapter VII. University of Chicago Press, 1934. 

Smith, D. E and Reeve, W. D Teaching of Junior High School Mathematics. 
Ginn and Co , Boston, igay 

Every Pupil Tests, Mathematics, Supplementary Bulletin. University of Iowa, 
New Senes, No 716. 

Announcements of Tests The Cooperative Test Service, 500 West 116th St, 
New York 

Ruch, G M The Objective or Neiv Type Examination Scott, Foresman and 
Co, Chicago, 1929 

Buros, Oscar K (editor) Mental Measurement Yearbook, 1938 Rutgers Univer¬ 
sity Press (Includes reviews of tests and of books on measurement) 



Fifteenth Yearbook 

ing involve more comprehensive evaluation programs, the 
greaiat cmphaiis ha» been and probably will continue to be 
upon the mmurement of aefuevement. We shall now discuss 
some of the developments in this particular type of testing. 

We have already mentioned the growth in popularity of the 
workbook. This device has made testing materials available to 
teachers in a cheap and easily administered form. For the most 
part the re.s{)onses of the pupils may be quickly and objectively 
scored. This development has probably been an influential fac¬ 
tor in making teachers acquainted with modern “short-answer” 
techniques. On the other hand, workbooks have in some cases 
contributed to formalism. Teachers have sometimes allowed 
pupils to “fill in the blanks” a.s a means of disposing of the class 
period with a minimum of exertion, l>oth mental and physical. 
The blame for such abuses should, however, rest not upon the 
instrument, but ujacm the persons who misuse it. Many of the 
criticisms of tests in general are applicable to workbooks, but 
the weaknesses are not nee essarily inherent in the devices, and 
may be eliminated by experimentation and study. 

A second significant development of recent origin is the Co¬ 
operative Test Service. This service publishes annually a large 
number of different tests. In the field of mathematics alone the 
following are available; General Mathematics, Elementary Al¬ 
gebra through Quadratics, Intermediate Algebra, Plane Geome¬ 
try, Solid Geometry, and Trigonometry The annual forms are 
approximately equivalent in difficulty, and norms are so com¬ 
puted that comparisons are possible. These tests are wholly ob¬ 
jective, using several of the well-known short-answer techniques, 
and are carefully constructed according to widely accepted tech¬ 
nical principles. They are representative of the best modern 
achievement tests generally available. 

Another important development of recent years has been the 
spread of state-wide testing programs They are usually spon¬ 
sored by the state universities, or state departments of educa¬ 
tion, and are provided for the schools of the individual state and 



Evaluation of Pupil Progress 179 

others interested, on a non-commercial basis. The decision to 
use them or not usually rests upon the individual school or 
teacher. Carefully constructed (and often experimentally vali¬ 
dated before publication) by outstanding teachers or committees 
in cooperation with experts at the university, they are a dis¬ 
tinct improvement over the average test prepared by classroom 
teachers. Norms are computed that afford teachers of the state 
a basis for comparison of their work witli that of others in so 
far as the tests, pupils, and objectives are similar, and to the 
extent that the tests measure the achievement of these objectives. 
The programs and tests of the states of Iowa, Wisconsin, and 
Ohio are representative of this movement. 

For a generation the College Entrance Examination Board 
has been a dominant factor in secondary education. The com¬ 
mon criticism that extramural examinations encourage the 
tendency of teachers and pupils to regard passing the examina¬ 
tion as the chief aim of the course, and the tendency of the ex¬ 
amination to retard curriculum reform, has often been stated 
With added force in connection with the College Board examina¬ 
tions. As a result the Board from time to time has changed its 
requirements. A noteworthy revision in the field of mathematics 
Was adopted in 1935 Beginning in 1936 the Board instituted 
three new comprehensive examinations designated Alpha, Beta, 
and Gamma They attempt . . to combine the advantages 
of the longer essay-type, multiple-step question with those of the 
single-step question. . , ” 

The following quotation from the report of the Commission 
which formulated the revision will indicate the spirit of the 
recommendations. 

In formulating its recommendations, the Commission has been 
strongly influenced by the wish to leave teachers of mathematics in 
secondary schools free to guide the developments of their pupils in 
such ways as seem to them most desirable. 

It has been the aim of the, Commission not to indicate the content 
of the mathematics courses which lead up to the examinations in 
such detail as to hamper the work of the teacher, but to be suffi- 
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cJently definite in specifying the scope of the examinations to avoid 
uncertainty on the part of the teacher.'" 

The new examinations are superior in several respects to the 
former type used by the Board. In the first place, they are much 
more readily scored in an objective manner; second, they are 
more genet al in natuie and do not emphasize the traditional 
divisions into algcbia and geonietty—in fact, the solutions of 
some pioblems require an effective integration of these branches. 
Finally, there have been indications that the examinations would 
include items that aim to investigate the candidate’s under¬ 
standing of the natuic of logical reasoning. As yet, however, 
they have not gone vety far in this diiection 

The above disciission of some of the leccnt developments in 
the field of educational measui ements as applied to mathematics 
should make clear that (ominuoiis improvement is taking place 
By way of summaty we may note that aside from the points 
mentioned previously the changes have been chiefly in the di¬ 
rection of increased objectivity through the use of short-answer 
techniques, incieased availability of carefully constructed tests, 
and possibly reduction of the influence that extramural examin¬ 
ing bodies have excited upon the curriculum 

In connection with the last point, it may be noted that many 
educators have expressed the view that the testing programs 
mentioned above tend to obstruct desirable curriculum changes 
There rs little doubt that this fear is well founded; but it may 
well be that the tests also pi event some teachers from making 
unwise revisions and eliminations, and from undertaking experi¬ 
mental programs which aie unsound in theory and execution. 
On the other hand, the evil effects are within the control of 
those who make the tests and administer the programs and who 
can use the tests to bring about gradual improvements m meth¬ 
ods and materials that would otherwise be deferred for some 
time. Thus these programs are a potential source of strength, par- 

M Report of the Commission on Examinations in Mathematics, College En 
trance Examination Board, New York 
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ticularly in that they provide data on which to ba« conclusions 
and revisions. Real progress is slow when it depends upon an- 
dom experimenting on the part of individual teachers, but much 
can be done through concerted action bawd on reliable evidence, 

A PROGRAM FOR THE FUTURE 

The preceding sectiom of this chapter have indicated some 
of the developments of the last fifteen years, and have pointed 
out some of the limitations that are recognized to still exist. 
The obvious program for the next few years involves work 
toward the removal of the weaknesses of current evaluation prac¬ 
tices and the development of new or improved metliods. The 
following discussion will summarize the major points on which 
attention may well be centered. 

Evaluation. The development of means of evaluating achieve¬ 
ment of important objectives not now measured is the first essen¬ 
tial of the emerging program. This will include a preliminary 
clarification of the meaning of the objectives, for in many cases 
they are only vaguely formulated and few descriptions of the 
specific behaviors involved exist. It will also include the col¬ 
lection of numerous illustrations of situations in which the 
pupils should exhibit one or more of the specific behaviors in 
terms of which a particular objective is defined In many cases 
these illustrations should be actual concrete life situations rather 
than relatively abstract "problem" exercises The preceding 
steps are in reality a part of curriculum making Evaluation 
proper begins when the pupils are faced with the situations and 
a record is obtained of their behavior—what they do or how they 
think. Further steps in the process involve the interpretation of 
the behavior and the attempt to find convenient and reliable 
short-cut methods of obtaining the record. In some cases familiar 
types of short-answer techniques may be found satisfactory. But 
in general we must expect more elaborate testing devices in 
order to measure the complex behaviors associated with many 
general objectives. 
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Methods of Reporting. Revision of methods of reporting 
achievement is a second essential in the program for the future 
In the past we usually have attempted to describe achievement 
in terms of a single numeiical score or letter grade. This as¬ 
sumes that the abilities involved are distributed on a single 
linear scale If the abilities measured by the tests are quite 
homogeneous this is a justifiable and convenient practice; but 
there is little basis for asbuming that all of the varied abilities 
included in the objet fives of mathematics are homogeneous. 
The attempt to lump the different aspects of achievement into a 
single score often conteals moic than it leveals. 

In the future wc should seek to express achievement verbally 
in teims of the stated objectives of instruction For this pur¬ 
pose we shall need the results fiom evaluation devices or tests 
that measure vscpaiately giowili towaid each important objec 
tive. In many cases it will be possible to compute average scores 
or normal behavior with respect to achievement of the different 
objectives. We can then clesciibc the status of the individual in 
terms of a number of dilferent factors. This permits the re¬ 
placement of a single score by a roniptehcnsive verbal descrip¬ 
tion of an individual. The latter may, of course, include men¬ 
tion of the vauoiis scores that are included in the total mass of 
evidence. 

It may be well to claiify these points somewhat. Suppose a 
pupil has taken tests that measure ihllcunit objectives. The 
teacher of geometry might thus have available the scores on tests 
that reveal: 

Ability to recall geomen ic facts and jninciples 

Understanding of geomctjic concepts. 

Ability to prove "oiigiuar’ geometiic cxeirises 

Understanding of the role of definitions and assumptions in 
an argument. 

Ability to recognize and use ceiiain principles of logic in life 
situations. 

Social and economic attitudes or beliefs 
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Work habits and study skills, imiuding reading compte' 
hension. 

Scope and depth of interests. 

This list is only a sample of the different types of objectives on 
which data may be obtained. The last three items are objectives 
of concern to teachers in other fields, and in some schools the 
tests for them are given on a school-wide basis. In such cases the 
teacher of geometry would be responsible primarily for the first 
five objectives only, 

With scoies fiom these tests available, what leport might a 
teacher make about a given pupil? In the first place, it would be 
possible to repoit or comment on work habits and study skills, 
including reading comprehension, and on scope and depth of 
interests These obviously have a bearing on achievement in 
most subjects, and particulaily in geometry. In the second place, 
It is possible to comment briefly on achievement with respect 
to the objectives relating more specifically to mathematical in¬ 
struction. One pupil may be superior in solving exercises. 
Another may do well with purely geometric material, but may 
have difficulty in applying principles of logic in life situations. 
He may, for example, allow his social and economic attitudes 
or beliefs to supersede logical principles in arriving at conclu¬ 
sions in these fields. Data relative to the sixth item above would 
serve to support or perhaps to weaken a teacher’s judgment on 
this point, Still another pupil may understand the role of 
definitions and assumptions in an argument, but show rather 
poor understanding of geometric concepts. 

Written reports, sometimes in the form of a letter to the par¬ 
ents with a copy retained for the school files, are now being used 
m a number of schools. The labor of preparing such reports is 
of course greater than that involved in assigning a numerical 
or letter grade. For this reason reports are prepared less fre- 
quently, say three or four times a year instead of six, but they 
are more thorough and more revealing. Moreover, the task of 
accumulating the evidence' and preparing the reports may be 
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distributed over a considerable period of time. When achieve¬ 
ment of gcneial objectives is being evaluated, it is not necessary 
to wait until the end of a maiking period to administer tests and 
prepare reports. When tests measure piincipally recall of m- 
formation and skills, a few days 01 a week or two of instruction 
may produce appreciable increments to a test score, but im¬ 
provement is much less likely in a shoit time in the case of 
objectives loss specific 

If data on the dilTeiciit abilities arc obtained at intervals, it 
IS possible to descubo giowth and leiention; if m addition data 
are available on home and community background, previous 
tiaimng, and similar facions, still inoio significant interpreta¬ 
tions may be made. The relation of giowth made to initial 
status may be more signiru am than the pupil’s final status, Thus 
a pupil who otiginally lanked veiy low in seveial abilities may 
succeed in reaching the median. It ids background and a num¬ 
ber of iienscmality tuiits are taken into tonsideration, this de 
vclopment may merit high jnaise, ami may lepiesent greater 
achievement than that made by a pupil originally well above 
the median who .siucceds in maintaining his position but shows 
relatively little giowth. Numeums new methods of recording 
and repoiting pupil [nogiess au* being devised and tried. In 
every case the aim is to finnish to pupils, parents, guidance 
officers, futuie cinjiloyeis, and c'ollege cntiance officials data 
more revealing than data piosided m the usual records and 
lepoi ts 

We may suininaii/e (his station by saying that a forward 
looking piogiam of evaluation involves the development of new 
methods of judging, 1 molding, and lepoiting the achievement 
of pupils, ddu'se methods siiouUl emphasi/e giowth toward the 
objectives of the educational puigiam and the jiaiticular course, 
and interpietations should take into at count evidence concern¬ 
ing many relevant factois that influent e achievement. 

Administrative Pioblems. The task of evaluation as here 
r,i,fi,nr.ri mav annpaT to bc SO ETcat that the practicality of the 
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proposals is open to question. This is a pertin«u iiiue, and can* 
not be taken lightly. The following oljwrvations inty help 10 
allay anxiety on this jwini. 

In the first place, when general objectives become dominint 
in an educational program many teachers an contribute to their 
development and to evaluation of achievement. The tea^cher 
of a particular subject, such as matfiematics, need not be solely 
responsible for obtaining alt the evidence. A cooperative or 
schoohwide program of testing becomes possible, and the time 
and work necessary to effect it may be shared by many teachers. 

In the second place, the testing does not need to be carried on 
in a continuous block of time, say at the end of the year, leading 
to the complete exhaustion of both teachers and pupils. Ideally, 
it will be distributed throughout the school year, and the keep¬ 
ing of cumulative records will make possible the interpretative 
comparisons that should be made. The total testing period need 
not absorb an undue proportion of school time. Some of the 
time now spent in relatively ineffective but extensive testing of 
a few objectives may be expended on testing for other objec¬ 
tives, and the results of the tests if properly used should lead to 
more effective teaching which would compensate for the extra 
time required. The American schools now spend hundreds of 
millions of dollars each year on education and the pupils spend 
hundreds of hours in school. It is not too much to expect that 
ten or fifteen per cent of this expenditure may well be devoted 
to the determination of the effectiveness of the remaining 
portion. 

The administrative problems associated with a comprehensive 
testing program are gradually being solved. One striking exam¬ 
ple IS afforded by the recently invented electrical test scoring 
machine With the aid of this complex machine hundreds of 
test papers may be scored m an hour by clerical help, and with 
an accuracy exceeding that obtained by hand scoring This de¬ 
vice may ultimately relieve teachers of most of the drudgery of 
scoring test papers, ?ind Ifeave them freer to devote their talents 
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to interpretation o£ the results and the planning of more effective 
work. 


CONCLUSION 

Teachers of mathematics have not been accustomed to con¬ 
sider the problems of testing from a broad point of view. Yet 
professional maturity, the welfare of the pupils, and the future 
of mathematics in the secondary schools all demand an ever 
deeper and broader study of instructional problems. In such 
study evaluation plays a fundamental role Curriculum revision, 
guidance of pupils, and improvement of instructional methods 
all depend upon (aicful evaluation. If it is superficial and nar¬ 
row, the development of the place of mathematics in education 
is retarded If it is thoroughly and compteliensively done, there 
is much hope for the futine. 



CHAPTER X 


THE EDUCATION OF TEACHERS 

"When I say Vll learn a man , . , J mean it. And you 
can depend upon it. ni learn him or kill him'' 

—MARK. TWAIN, LIFE ON THE MISSISSIPPI RIVER 

GENERAL CONSIDERATIONS 

In a consideration of general educational problems it is neces- 
sary to give prominence to the preparation of teachers. The part 
of the teacher is so important that other considerations, even 
very essential ones, are secondary by comparison. For instance, 
any insistence that is placed upon good objectives and good 
programs of study only emphasizes the importance of the 
teacher. Not until we turn our thought to the persons who are 
to carry on instruction do we reach the crux of the matter; for 
then It is that we pass beyond mere plans on paper to the per¬ 
sonalities who will bring either success or failure to them. 

There are two important postulates that underlie our efforts 
at mass education and that are related to the teacher. First, it is 
assumed that teachers can be secured in the large numbers re¬ 
quired, and second, it is assumed that the necessary training 
will be given to them. 

There is no reason to believe that the demand for teachers 
cannot be met numerically. It is true that the teacher’s salary 
is often so small that it has been justly denounced as inadequate 
when account is taken of the social importance of his work. Yet 
it is sufficiently attractive for persons to seek it. There has been 
a relative stability to the teacher’s pay, even in periods of depres¬ 
sion, for economies that will make education suffer are likely to 
be applied with some moderation. The possibility that a posi- 
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don may be permanent is certain to be regarded as something of 
a balance for the smallness of its wage. Herein, however, there 
lurks a real danger, for we should not be content to know that 
we can obtain teachers We need good teachers, and men and 
women who are truly able will be attracted into the profession 
in sufficient numbers only if there is adequacy as well as relative 
security of compensation 

There are five major qualities that are to be considered in the 
mathematics teacher (/) social and civic attributes, (2) general 
culture, (j) familiarity with educational problems and theories, 
(./) skill in instruction, (5) knowledge of and interest in mathe¬ 
matics. It would be rather difficult to list the five attributes in 
their exact order of lelative importance, but the Commission 
regards the last quality mentioned as distinctly the most im¬ 
portant of all, after making an assumption, presently to be 
mentioned In the discussion that follows, (5) and (^) will be 
grouped under the general heading of professional education, a 
designation now very common 

SOCIAL AND CIVIC ATTRIBUTES 

Since it is undeniable that the personality and chaiacter of a 
teacher have much influence upon his success, an explanation 
IS needed to justify considering knowledge of the subject taught 
as of more importance It is taken for granted that in the matter 
of personality and character the teacher is satisfactory. Persons 
who aie cleaily unsuited for teaching, bctaiise of poor personal¬ 
ity, very poor health, or lack of sympathy for young people, 
should be eliminatecl early and they should not be allowed in 
piactice teaching couises Aithough it is possible to overcome 
many personal handicaps through instiuction and the exercise 
of vigilance, the instiuction required may be of so individual a 
nature that universities and colleges cannot provide it. No 
greater responsibility rests upon officials and instructors who 
are connected with teacher education than that of preventing 
persons from entering the profession when they are obviously 
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unsuited for it, The course in practice teaching', which is now 
generally required, is especially adapted to serve as a safeguard' 
ing banier. 

One naturally expects that teachers will show civic interest, 
for the schools have a purpose beyond spreading the knowledge 
that IS found in books and imparting the understanding that 
may be gained in the laboratory. Since an objective of the 
schools IS to inculcate civic attitudes and ideals, a teacher should 
feel the responsibility of exemplifying some of the attitudes that 
the school says aie impoitant. Public pioblems should interest 
him, and he should be willing to bear a share of those burdens 
that are necessary for the common good, But neither civic nor 
non-cumcular school activities should be expected or encour¬ 
aged at the expense of good classroom work. The primary duty 
of the teacher is to instuict, and it is only a shoi t-sighted policy 
that will put upon teachers demands that prevent a growth in 
scholarly attainment or general professional competence. It is 
to be expected that some teachers will have very discriminating 
tastes in the matter of using their leisure time. The great¬ 
est asset to any school system will always be those teachers whose 
time outside the classroom is spent in activities that are con¬ 
genial to a person of intelligence and culture. In ways that may 
not be perceived by an undiscriminating observer they reach 
those boys and girls upon whom must rest the real hope of raising 
the standard and tone of American life. Such teachers should 
not be visited with official displeasure merely because they have 
no inclination toward certain popular activities 

GENERAL CULTURE 

The complaint is frequently made that knowledge is too often 
artificially divided into compartments. Of course such a situa¬ 
tion as exists is to a large extent inevitable, being a consequence 
of the growth, of civilization and a result of ihe progress that has 
been made in the arts, the sciences, and technology Each major 
field of learning has become so vast that it daunts even the most 
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mdMSlrioui siudeni, and if the education of the secondary 
school teacher of niathcmatit^ i$ to be adequatCi a large part ot 
his college work must be devoted to mathematics and allied 
subjects. But this fact is not an excuse foi departing too much 
from the expectation that the teacher of high school mathe¬ 
matics should be a J>««tn with varied tastes and one who has 
interests outside of mathematics, tispecially is emphasis to be 
placed upon knowledge of English and correctness in its use, 
both spoken and wittten.^ One cannot expect to have good 
teaching of mathematits unless there is accuracy of expression, 
correct use of words, and a watchfulness of shades of meanings 
and the implications of sentence.i. The teacher of mathematics 
should be as careful in his speech and writing as the teacher of 
English, and he should help English instructors by the standards 
he requires in his own classes. 

PROFESSIONAL EDUCATION 

Professional education is older than is often realized By 
1840 normal schools in America provided practice teaching, and 
in the early 1850's some universities did the same, In the 1874 
catalogue of an academy one finds the statement: "Teaching is 
no longer an occupation, it is a profession; a profession which 
demands for its successful accomplishment as studied a prepara 
tion as that required for medicine, law, or the ministry." In the 
general program that was outlined we find "a course of pro¬ 
fessional instruction in which the science and art of Pedagogics 
will be presented with a discussion of all the minutiae of the 
school room work." The modern teacher may not be kindly 
disposed toward the word pedagogics, but it must be admitted 
that It has a candid directness. The Commission believes that 
professional training is an important part of the preparation of 
the teacher. We require far more teachers than can be obtained 
by selecting the "natural born teachers ’’ Probably such indi- 

^The present Commission endorses the statements made with regard to English 
by the National Committee of 1935 See its repoit, The Reorgannation of Mathe 
mattes tn Secondary Education, p. 84 
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viduals exist, but most successful teachers will admit that they 
have learned a great deal by experience. If this is so, it certainly 
should be possible to give valuable instruction and training to 
the future teacher while he is still a student. The Commission 
believes, however, that in Anuerica, the time spent in profes¬ 
sional training has been carried in some cases beyond all reason, 
and it expiesses the hope that members of education faculties 
who are conscious of this danger will take the lead in maintain¬ 
ing a sane balance. 

The most important element in professional training is stu¬ 
dent practice teaching, carried out under the most competent 
supervision that can be procured. The Commission considers 
this work so important that it urges that even greater attention 
be paid to it in the futuie than in the past. Work in practice 
teaching should be preceded by a good course in methods; and 
in this course special stress should be put upon the topics that 
are most intimately connected with the ideas, tlie concepts, and 
the basic processes of mathematics. Some phases of the work of 
the methods teacher should be carefully correlated with instruc¬ 
tion that Students receive in mathematics. 

Our public school teachers should certainly be acquainted 
with the history of American education; they should understand 
Its philosophy, the problems that beset it, and the ideals it strives 
for. Incidentally, by way of broadening the viewpoint and giv¬ 
ing the basis for a significant appraisal, they should know some¬ 
thing about the schools of other countries. Such topics make 
up the content of the familiar course in secondary education. 

It would appear to be more in conformity with sound educa¬ 
tional practice if a person were allowed to demonstrate his 
knowledge of them by an examination, without registered at¬ 
tendance at lectures in the subject- Not a great many prospective 
teachers would avail themselves of such a privilege, so that 
courses in secondary education would not dwindle away. But as 
the content of such courses is very simple, with little material 
that IS in need of the exposition of a teacher, encouragement 
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should be given to the ambitious and industrious student who 
desires to follow a route other than the customary one. 

The science of psychology has achieved an established place in 
teacher education. Since the teacher is dealing with human 
beings and is seeking to stimulate and arouse them to activity, 
he should know how to establish sympathetic connection with 
them. An understanding of other persons comes to some people 
quite naturally, and theie are masters of the art of instruction 
who never sat in a class in psychology, But other teachers fail 
badly through ignorance of principles that they might readily 
have been taught. A course in psychology of moderate duration, 
devoted largely to its educational aspects and to the learning 
process, is an important general requirement. Teachers are 
generous in their praise of such a course, especially if they have 
had the good fortune to take it from an instructor who was him¬ 
self a good teacher, and who by his own example could give 
conviction of the effectiveness of the principles that he set forth 

The fact that this Report devotes an extensive chapter to the 
subject of testing is itself evidence of the importance that the 
Commission attaches to the problem. Systematic study should 
be devoted to it in the preparation of the teacher Study of edu¬ 
cational measurement inevitably brings in statistical considera¬ 
tions, for which the prospective mathematics teacher should be 
well prepared by courses in his major department. It is not too 
much to expect that mathematics teachers in general should 
be helpful to colleagues m the subject of educational measure¬ 
ment and statistics 

Professional preparation should not be terminated with the 
initial education of the teacher. In fact, one can doubt if a per 
son can appreciate the importance of some aspects of such prepa¬ 
ration without a year or more of active teaching experience. 
Formal courses, during graduate study in a university, may not 
be necessary, though they are valuable when real substance is 
put into them The teacher can grow professionally a great deal 
in the environment of his own school and through contact with 
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other teachers. Unle® a school is so large tim there are several 
teachers of a single subject, Ute only bond between them may be 
common educational problems. The only study that they tan 
undertake together is study of general eduational problems, 
and when this is well conducted by a good school administrator 
It maybe as profitable as an additional educational course. The 
professional in-service growth of his teadhers is certainly one of 
the major concerns of the principal and die superintendent. 

TRAINING IN MATHEMATKIS 

The amount of study of mathematics that is required in order 
to obtain a license to teach the subject in a high school is far too 
low in most of the states. In some of them the prospective 
teacher need not have studied mathematics in college at all; so 
far as regulations are concerned, he is not obliged to have ad¬ 
vanced beyond those subjects that he may be expected to teach. 
Even in states where there is a requirement of college study, the 
regulation can often be fulfilled by a year, or a little more than 
a year, of work. All of this indicates that however much we 
profess a devotion to education, and however zealous we are 
in providing buildings, equipping gymnasiums, transporting 
children to schools in rural communities, and doing other like 
things, we have not in any determined manner faced the essen¬ 
tial problem of education, namely the competence of the 
teacher. By instituting certain professional requirements we 
have perhaps guarded against initial ineptitude in an instructor, 
and we have encouraged teachers to think about school prob¬ 
lems; but in spite of that, we are content with the most modest 
attainments in the subjects they teach, at least so far as official 
requirements go. The situation suggests that although we desire 
something in this country definitely superior to bare literacy, 
we are not greatly annoyed by mediocrity Excellence or su¬ 
periority does not stir us so deeply that we choose them as our 
watchwords and insist upon them in a grimly uncompromising 
manner. We desire that our boys and girls should be instructed 
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hf teachers whh »dal attitudes and coramunity interest but 
we dn not demand that they have contact with teachers who are 
m well informed m to inspire, and who, having awakened inter- 
wt, can wsist their puptls toward superior attainment. 

It is even argued at times that a scholarly teacher is likely to 
"talk over tlie heads" of his pupils, as if it is to be feared that a 
teacher may be too well informed. A teacher, especially an in¬ 
experienced one, sometimes does attempt too much and breaks 
connection with even the abler pupils, through forgetfulness of 
the needs of beginners. The danger may be particularly real m 
the Oise of mathematics, w’here understanding rather than mere 
memory is constantly involved. But a teacher who offends m 
such a way might still perform poorly if his knowledge of mathe¬ 
matics were even more limited. It is not to be forgotten that 
the verdict, "He knows his subject, but cannot present it," is 
often passed on teachers who really have only a modest knowl¬ 
edge when judged by a sufficient standard. The evil that is 
being considered is one that should be lessened by the practice 
teaching course, and experience in the classroom aids in its 
eradication. Administrators and supervisors should be only too 
glad to help correct such a defect when they are so fortunate as 
to have teachers who need help in bringing their daily class¬ 
room work down to the necessary level. It is far easier to make a 
correction of that sort in the case of a promising teacher than it 
is to bring the instruction of a teacher inadequately prepared 
in his subject up to the level to which the able pupils in his 
classes are entitled. 

It is fortunately true that in many localities the preparation 
of teachers is distinctly above the minimum set in the regula¬ 
tions. A large proportion of teachers of mathematics in the 
larger schools today have had in college an undergraduate major 
in the subject, or at least a minor. But so long as defectively low 
regulations reflect education practices, a teacher prepared for 
some other subject may be found weakly and diffidently presid¬ 
ing over a class in algebra or nonchalantly listening to the dem- 
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onstration o£ a thcoreoa in geomeofy. Pupil* realize the im* 
propriety of such occurrences, and we shall never create die 
respect for competence and knowledge until such instances 
become very rare. It is, of course, an excellent thing to have 
our practice actually better than our regulatiom, but die latter 
should be sufficiently high to command respect. 

If mathematics were simply a tool subject, it still would be 
necessary to insist that teachers study branches of it that extend 
beyond the relatively small field to which the secondary school 
is restricted. It is true that a person may acquire a seeming 
proficiency with high school algebra by thorough study of a 
number of high school textbooks, and that he can gain a certain 
competence in geometric demonstration by painstaking perusa 
of the better and more exhaustive introductory books. But such 
narrowness of preparation is contrary to modern ideas of what 
education means. There is no margin of safety, no large surplus 
of knowledge and competence, always there to be relied upon. 
A teacher should not resemble an unhappy banker who, wi 
reserves in a poor condition, nervously watches the door ®*■ ® 
examiner. At any time the bright boy or the able and insatiab y 
curious girl may cause considerable embatrassment. Not ing 
but study beyond the bare elements of a subject can make the 
elements seem simple and natural; nothing else can show eir 

full significance, , 

A still stronger reason for requiring broad and thorough 
training on the part of the teacher grows from the cultuxa at 
tributes of mathematics. The teacher s responsibility is not coti 
fined to the details of the lesson of the day, for he shou see 
to inspire and interest pupils in things superior to the contents 
of the book and the day by day discussion of the class, o pup 
he should appear as a person with experience, knowle ge, an 
capacity that far exceed the requirements of the moment, 
should be manifest that he is interested m thinking, that he is 
a citizen of the world of ideas, of concepts, of mental enter 
prises, as well as a citizen of a political community with its van 
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ous social problems. Contacts with personalities of such a type 
should be among the life situations that schools give to boys and 
girls if we are to hold schooKs in esteem, and not be forced either 
to smile or weep over their shortcomings, Of course a large 
number of boys and girls, absorbed in adolescent impulses or 
engrossed in fancied reS|>onsibilities, as well as the exhilarating 
Huck Finns, will not be at all impressed by such teachers But 
this fact in no way affects the obligation of providing teachers 
with the chaiacteristics clesciihed. 

A detailed consideiation of the contents of the college course 
of study is not necessary. In algebia and geometry, which are 
the basic subjects of the high school progiam, the study of the 
prospective teacher should carry him into fields that are defi¬ 
nitely wider than he will need in his day by day teaching. His 
study of trigonometiy should make him something of a master 
of that subject, so that the parts of it that find their way into 
the lower high school yeais will seem as simple as they truly 
are, while the parts that are taught in later years will present no 
difficulty to him. His contact with the calculus should be suffi¬ 
ciently prolonged and exacting to give a giasp of the prin¬ 
ciples and basic concepts that is so clear that it will last, and a 
grip of simpler techniques so firm as to be durable. The calculus 
being in a way the beginning of modern mathematics, this 
Commission believes that it is as bad for a high school teacher 
of mathematics not to have some clear conception of it two 
hundred and fifty years after its beginning as it would be for 
him not to know where London and Paris are, or to be unable 
to tell something of the story of Benjamin Franklin, The 
teacher should certainly be able to give an intelligent answer 
to the curious boy or girl who may ask a serious question as to 
the nature of the subjects studied in the calculus. It is to be 
recalled, furthermore, that parts of elementary differential 
calculus have been suggested in earlier chapters of this Report 
as topics for the last year of the high school. A study of mathe¬ 
matical statistics and of the mathematical theory of finance is 



Education of Teachers 197 

also important in addition to the study of the traditional 
subjects, 

The Commission believes that it should stress one subject, 
namely the history o£ mathematia. If the study of secondary 
mathematics is to reveal mathematics as one of the fundamental 
enterprises of man, which, though rooted in daily need, is an 
expression of deep, irrepressible, and idealistic impulses, then 
the teaching of it should constantly be associated with its history. 
One recalls the statement of Glashier, "I am sure that no subject 
loses more than mathematics by any attempt to dissociate it from 
its history.'’^* The history of mathematics, however, is too often 
treated by our universities and colleges as a stepchild. Though 
courses m it are provided, the Commission fears drat too often 
they are dry and sterile, and it believes that they will remain so 
until the subject is properly appreciated and steps are taken to 
develop more scholars who are ardent in the cultivation of the 
history of mathematics and enthusiastic in its teaching. 

Attention has already been called to the increasing number of 
subjects that are becoming mathematical in nature. The mathe¬ 
matics teacher may have acquaintance with this general fact, 
and know a little as to the nature of the applications, without 
having carried on systematic study of the related subjects It is, 
however, quite desirable for him to have had a good college 
course in physics, or chemistry, or astronomy, of such a nature 
that the employment of some mathematics was needed. As a 
high school teaching subject to be combined with mathematics, 
physics continues, as it has long been, a very natural related 
subject for many teachers of mathematics. 

But another consideration should be touched upon, even 
if slightly. There are many mathematics teachers who have pre¬ 
ferred foreign language, frequently Latin, as a minor, and others 
tyho have been drawn toward English, or toward history. The 

* Glashier, J W L , "Mathematics and Physics," Presidential address before the 
British Association for the Advancement of Science, Section A, 1890 Nature, Vol 
XLII. p 466. 
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Cornim^ion regards such combinations as having much merit, 
and would not discourage them. However coiiect may be the 
assertion that language study does not employ mathematics, the 
question involved is not disjmsed of by so obvious an assertion 
Many investigations have shown a sti iking correlation between 
grades in mathematics and grades in foreign language. Both 
studie.s are definitely intellcttual, with a good firm texture 
unalloyed by the trivial and the commonplace, and it is not 
strange that some persons should desiie to teach two subjects 
that spring from congenial impulses. Many strong students of 
mathematics are not atti acted to the laboiatory with all its 
paraphernalia, and it is doubtful if there is a gain when, for a 
second teaching subject, we force them away from a natural 
inclination into a study that has unattractive aspects, just be¬ 
cause the latter uses formulas and employs equations, It is also 
to be recalled that, if our schools are to exemplify culture in a 
broad sense, it is a wholesome thing to have some teachers cut 
across traditional lines and reveal an interest in subjects that on 
the surface seem unt elated The teacher of mathematics who is 
competent to teach Latin and enjoys doing so, should not feel 
obligated to explain why he does not prefer meter sticks and 
galvanometers to amo, amas, amat. 

It should be clear that the teaching of English may well be 
congenial to some teachers of mathematics, both on account of 
the part that deals with grammar and the part that deals with 
literature. In fact, if the great importance of English training 
to the mathematics teacher is stressed, we are quite certain to 
find ourselves producing some teachers competent in the two 
fields. As to the teaching of history, let the following remarks 
suffice. There is a tendency to have history deal more with the 
development of culture and less with political and military 
matters. The opportunity for the teacher of mathematics is 
obvious, especially if he has given thorough study to the history 
of science 

Although the traditional "major work" of the university or 
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college department of mathematia has been tm the mwi pan 
quite well conceived so fat as content is aincerned, its actual 
bearing on secondary education has too often been left for the 
student to infer. Moreover, university and college teachers have 
not always kept in touch with the problems of secondary educa« 
tion, even when a large number of their more advanced students 
were preparing for high school positions. Every mathematia 
department of any size should have some member, well trained 
in mathematia, whose dominant concern is the teaching of 
mathematics in the high school. In addition to an awareness 
of the difficulties of the problems of secondary education, such a 
person should reveal a strong devotion to the subject that he 
teaches Though he may not be engaged in technical research, 
there are plenty of ways in which he can show an extensive 
knowledge, activity, and enterprise. 

There is an increasing number of teachers of mathematics 
who take graduate study, and in many of the larger high schools 
teachers are expected if not required to hold the Master’s degree. 
Though some states now require that all high school teachers 
hold the degree, it is to be observed that such a prescription 
may not be accompanied by a comparable increase in training in 
the subjects that the teacher teaches, strange as this may seem 
to many persons. It is also to be observed that if the output of 
persons receiving a Doctor’s degree should exceed the demand 
of colleges and universities—a situation that seems likely to 
Wise—many of the recipients of such degrees will naturally find 
positions in junior colleges and the larger high schools. 

Several very important questions arise in connection with 
graduate work in mathematia for high school teachers. Al¬ 
though the traditional training has been quite suitable for those 
teachers who are strongest mathematically, it can be doubted 
whether it is best suited for many others Certainly there is a 
great wealth of good mathematical material from which courses 
could be built that would be appropriate for different types of 
high school teachers, although a too diversified list of offerings 
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is not to be expected: and the graduate programs of universities 
should not be devised solely for those persons who expect to 
take the traditional degiecs in the expectation of teaching in a 
university or a college. A commission of the Mathematical As 
sociation of America has recently published® a “Report on the 
Training of Teachers of Mathematics," which considers various 
aspects of the problems here briefly alluded to. 

.SPECIFIC PROGRAMS 

Theie is given below an outline of the training for mathe¬ 
matics teachers that the present commission recommends, the 
recommendations being in essential agieemcnt with those of the 
commission of the Mathematical Association, to which reference 
has just been made.* 

HIGH SCHOOL TEACHERS OF MATHEMATICS AND A 
SECOND SUBJECT 

A large number of teachers are employed in high schools in 
which they must teach more than one subject, and in some 
states where certification in specific subjects is required, a can¬ 
didate must qualify in two subjects. A committee of the North 
Central Association of Colleges and Secondary Schools has re¬ 
cently recommended® that learned societies, "in order to pro 
tect their own immediate interests as well as to improve the 
American high school . should undertake the task of de¬ 
fining the make-up of the broad fields within which their own 
subjects should be included,” It further states. "It is clear, for 
example, that physics and mathematics are inseparably related 

^American Mathematical Monthly, Vol XLII, pp, 863-877, 1935 

‘In its tabulated recommendations the former commission listed the study of 
English. Although this subject is not mentioned in the tabulation of the present 
repoit, enough has been said already to show that the present commission en 
dorses fully the statement of the former commission with regard to English, as 
well as Its statements about language, literature, and other cultural studies 

® See the report "Inadequacies in the Subject Matter Preparation of Secondary 
School Teachers and Suggestions for Their Corrections,” North Central Associa¬ 
tion Quarterly, Vol XII. pp. 439-539, 1938 
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and together might be regarded as a sufficiently broad field/' 
There is no question at all as to the great breadtli of the field of 
learning composed of the physics and the mathematics of today, 
but It is to be noted that there is a non*reciprocat character in 
the relation of the two subjects that gives rise to a grave question 
if one seeks to make a permanent union of them. Mathematia 
IS necessary for most parts of physia, unless the latter is made 
purely descriptive, but physics is not fundamentally essential 
for most of mathematics. The present Commission has already 
called attention to the fact that many good students of mathe¬ 
matics, finding no special appeal in laboratory manipulation, 
would prefer a second teaching subject outside the broad field 
recommended above. Especially in the case of women there is 
likely to be an attraction toward a foreign language, toward 
English, or toward history; and the Commission does not be¬ 
lieve that the necessity of preparing a teacher for two subjects 
prevents a non-mathematical subject from being joined success¬ 
fully with mathematics. The teacher will presumably have 
taken a major in one of the subjects he teaches, and a minor in 
the other, though m some current teacher training programs, 
relatively equal weight is given to each of two teaching subjects. 
As a rule, a teacher of mathematics and a second subject will 
not be giving the more advanced courses in mathematics, such as 
were outlined for the twelfth year in earlier chapters of this 
Report Consequently a somewhat more restricted training in 
mathematics might be accepted than in the case of a teacher in a 
school where more advanced courses are offered 
The teacher’s training should include: 

(r) In mathematics. 

(a) Courses including complete treatments of college algebra, 
analytic geometry (including a little solid analytics), and 
SIX semester-hours of calculus 

(b) A course that examines somewhat critically Euclidean 
geometry, and gives brief introductions to projective 
geometry and non-Euclidean geometry, using synthetic 
methods (three semester-hours). 
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(c) Advatkced algeljra, including work in theory of equations, 

mathematia of finance, and statistics (six seraester-houn). 
This course should give some careful attention to the basic 
laws of algebra, to the nature of irrational and complex 
numbers, and ojKfrations with them. It should be through¬ 
out somewhat critical and not purely manipulative 

(d) Either directed reading or a formal course in the history 
of mathematics and its concepts. 

(2) In related fields,® 

An introductory course in physics, astronomy, or chemistry 

that makes use of some mathematics. 

(3) In professional preparation.^ 

(а) A course m methods (two or three semester-hours). This 
woik should be given by a person who has had a good 
mathematical education and also experience in high 
school teaching 

(б) A course m secondary education (three semester-hours). 
Some consideration of educational pliilosophy and of the 
history of education can be given in this course 

(c) A course in psychology, with emphasis on its educational 
bearing and on the problem of learning (three semester- 
hours). 

(d) A course in educational tests and measurements that 
employs some statistical material (two semester-hours). 

(e) Practice teaching. It is not usually possible for a student 
to have practice teaching in two fields. If mathematics is 
his major he should have practice teaching in that subject. 

HIGH SCHOOL TEACHERS OF MATHEMATICS ALONE 

A teacher whose full time is devoted to mathematics and who 
is in a school that provides courses in more advanced secondary 
mathematics should have, in addition to the training previously 
described, as much as possible of the following work 

(r) Advanced calculus and differential equations or mechanics 

(six semester-hours). 

(2) Additional work in geometry, such as projective geometry, 

descriptive geometry, etc. (three semester-hours). 

* The related subject is not regarded here as a teaching subject. 

’’ The courses mentioned are likely to be included m state regulations, and it is 
taken for granted that a prospective teacher actually prepares to meet the pro 
fessional requirements of the state in which he wishes to teach 
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(j) Additional work in sdpbtt, indudii^ mtm nwidera iil|cb« 
(three semestcr-houn), 

(j) At least one tnom of the three sdenoes of phjwa. dictnMty, 
and astronomy. 

JUNIOR C»L1*EGE TEACHERS 

The teacher of mathemado in a junior oallcfc should have 
at least the Master’s degree in mathematics, and should pref¬ 
erably have some graduate work, beyond that normally included 
m preparation for that degree. Irrespective of whether a legal 
rquirement exists as to professional preparation, he should 
have given attendon to this quesdon. He should be a close 
student of educational problems, especially those that affect the 
junior college, so that he can assist in directing this new enter¬ 
prise in American education along sound lines. He should be 
able to institute and carry on successfully instruction for the 
commercial and vocational groups mentioned in Chapter VIII 
as well as for the academic group. 
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ANALYSIS OF MAl’HEMATICAL NEEDS 

The {acidly far truth h inogntzfd m a powr of disik- 
smiling and fixing dduaie and fugiliw detail/' 

““WALllR PAim, COLERJOea 

There will be given here an analysis of the maihemadcal equip¬ 
ment needed for the attiviues and experiences of life. In discussing 
us question, the svoid need will be understood to denote not only 
such knowledge or capacities as may be indispensable, but also at- 
ainments that may profitably be used in either a utilitarian or a 
cultural manner. In a very real sense such knowledge and capacities 
are actual needs, to be provided for by the schools. For it must be 
remembered, as has been said before, that the school has an obliga- 
iQn to create capacities of one kind or another, and should explain 
° pupils the advantages which may result from them, though it 
recognizes that in many cases the capacities will not all be employed, 
or reasons that seem obvious, the needs will be discussed under 
three headings' ''For ordinary life"; "For leadership and higher cul¬ 
ture , ''For specialized use as a vocational tool." 

FOR ORDINARY LIFE 

dnthmehc. The paramount mathematical need of the average 
citizen IS for a greater knowledge of arithmetic than is now common, 
by arithmetic is meant more than computational facility and under¬ 
standing of principles There is needed also familiarity with appli¬ 
cations to a wide variety of problems or situations that confront 
people, and ability to understand certain mathematical ideas and 
procedures that may be encountered m ordinary reading. 

From among the many activities of ordinary life which require 
some use of arithmetic, a few typical examples are listed here; 

(r) The, home' 

(fl) Budgeting income, keeping accounts, checking bills. 

(h) Quantity and installment buying. 

(c) Estimating depreciation on home or car. 

(d) Buying or settling fire or burglary insurance 

207 
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ft| iumh tteiiiig, remuting, 

1*1 llr#rfw«fti«||, piling j«*ao^ «ndi jturwM. 

awl thmmng wtimiiei. 

|rf) Iilf awl shtalitlHy imurance, and annuities, 

|#| Piling rorsitsiwtijtg ujnharinw 
III miwiftn 

|a| Itiprig lufcrii l«r ^imn\ jdajs, lectures, music, 

m Pkrsmrsg irj|ii*-cA|jrtt'rf*% iitnr Mhrdules. 

Arr«ng!i9g wwial furutwJiw 
(d) HH|*tng tv'Hfi nogblM»rhw«! ctncrtaimnenis. 

Atmmg tJw mimcKius itcnn ufirii cntcnimc'rfd iji general reading 
matter^ the ffuripirhen-sKin o! which rrquirrs a considerable Vnov/1 
edge ol arithmcuc, may Ik; memumeti iwnne relating to. 

(f| Cwic md $0ftai 

(») Taxe»““i»toperty, income, inheritance, sales, imports, 

(h) Use ot public fundii—for roads, public deicnse, social se 
curiiy, health, inieresi on debt. 

(c) Social ataiistio^popuiation, vital statistics, distribution ot 
wealth, dependency. 

(a) JEconomic condiliom: 

(a) Industrial activity, volume of output, dividends. 

(b) Agricultural acreage, crops, prices. 

(c) Labor conditions, wage levels, unemployment. 

(d) Price indices, real wages, living standards, 

(e) Financial conditions, interest rates, public debt, monetary 
standards. 

(/) Exports, imports, international exchange. 

(S) General information: 

(a) Scientific and technical advances, involving use o£ very 
large or very small numbers; c.g., relating to stellar dis 
tances, inCra-molecular physics, engineering feats, numbeir 
theory. 

(b) Statistical data involving averages~mean daily tempera' 
lure, or average annual rainfall; average crop per aae; 
average speeds 

(c) Further data involving ratio, proportion, or percentage, 
dietetic and budgetary matters, probability of death or 
illness, "expectation” in games of chance, cost of essential 
elements m materials containing large portions Of waste. 

(d) Diagrams, records, puzzles in reading material for recrea¬ 
tions, and in accounts of sports. 

Graphic Representation, To understand numerous mathematical 
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ideas which are commonly encouniered in g««cm! reading, one 
should be able lo inierprei graphs such as the following? 

(7) Line graph: 

As used for market quotation*, growth of r»opulaiion, progress 
of a campaign, course of a fever temperature. 

(a) Bar graph: 

Showing the distribution of telephones, radios, automobiles. 

(j) Circle graphs: 

Portraying the percentages of land given to cultivation, graz¬ 
ing, forest, waste; or the distribution of the national income. 
(4) Scale drawings: 

As used in surveying, or to find forces or velocities, 

Algebra. Although the average citizen rarely or never uses formal 
algebra as an instrument of calculation, it could so be used occa¬ 
sionally to advantage if its possibilities were understood. For in¬ 
stance, in studying investments, installment buying, statistical as¬ 
pects of one's bu.siness, solving mixture problems, or indeed in 
dealing most effectively with various matters listed under arithmetic 
above, one needs some command of formal algebra. For the average 
citizen, however, the chief need is for such algebraic knowledge as 
will give him insight into and appreciation of mathematics aspects 
of the modern world, scientific achievements, economic questions, 
and the like. In particular he needs to be familiar with; 

(7) Positive and negative numbers: 

Their frequent use in describing such opposites as assets and 
liabilities, forces or motions m opposite directions, tempera¬ 
tures above and below zero, rates of increase and decrease 
(5) Formulas and the function idea’ 

Such related variables as the age and value of a house, amount 
of use and annual cost of a car, driving speed and distance re¬ 
quired for stopping, length and period of a pendulum. 

(j) Equations: 

Their constant employment in technical and scientific work, 
as a general way of finding unknown quantities. 

{4) Coordinates' 

Their more common use in plotting curves, mapping, and as a 
basis for engineering projects, 

(5) Indirect measurement: 

Finding elevations of inaccessible peaks, or constructing a long 
tunnel from both ends, understandable on the basis of nu¬ 
merical trigonometry using simple algebraic equations. 

(6) Modern methods of calculation. 

The power of generalized exponents as logarithms. 
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(7) Frr»Mf«Citt«4 and inmhtnmtmn%: 

Their frequent apf»lH**ntjn in devhing diiiiuctive labels, eU. 
Infpmal ttemnrtry. hruiw griniietrir kiinwlrtlge is occasionally 
emplayed m a working toed al^om the home*, in sucJi activities as‘ 

(jf) Making memuraiimfit tafcutatinm, 

(a) Using a pmlmclor and other tmirumenlu 
Bui, as in the case of lUgefira, the most tmjKtrtant uses that the 
ordinary citizen tan make of gt'cnnciry are those by which he may 
achieve insight. For instance, a gond foundation in geometry will 
rontribuie materially toward an informed appreciation of matters 
relating to: 

(/) Arrhtieclurr and detnralioe art; 

Rccogniuon of the skillful use of geometric relations in pat¬ 
terns, arches, vaults, columns, buttresses, apses, windows. 

(3) Engineering and manufacture' 

Realization of the impnance of triangles fot rigidity of struc¬ 
tures; of angles in surveying, geography, and navigation; of 
circles jn machinery and appliances; of jiolygons m furniture, 
jewelry, diamonds. 

(3) Natural forms: 

Awareness of geometric figures In natural objects, terrestrial, 
and celestial, eclipse phenomena, stellar configurations, hexag¬ 
onal cells, ciy-stals. 

By way of summary it is to be said that the important uses of 
mathematics for the ordinary citizen arc in large measure cultural. 
Mathematics provides an outlook, and a means of understanding 
There are important aspects of the world that only mathematics can 
interpret to the citizen. Mathematics furnishes a mode of thinking 
about many aspects of life, and a very general kind of language A 
liberal view of education regards such matters as genuine needs of 
even the ordinary citizen It rejects the thought of a person being 
satisfied with such a minimum working equipment as would enable 
him to exist as nothing more than a "hewer of wood and drawer of 
water," 


FOR LEADERSHIP AND HIGHER CULTURE 

Next will be considered the further mathematical equipment 
which is important for most persons who are to occupy positions of 
responsibility and leadership, or who seek through higher education 
to attain a broad culture marked by a catholicity of interest 
Public Service and Leadership. Individuals who exercise large in¬ 
fluence on either organizations or communities should understand 
public affairs thoroughly. Some mathematical aspects of such a 
many-sided competence are these abilities: 
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(i) To judge the signifimnre of fomphcal^d numrtkat data: 

Here one needs a knowledge of siatktkal involving 

considerable mathetnaiics. 

(a) To follow quaniftalit>e studies nf sactal phemmem whtre 
necessary; 

Studies of cyclic changes commonly erajptey irigoawnetrk 
analysis, those dealing with {»opuiation growth and other 
trends often involve calculus, 

(j) To recognize fallacious conclusions; 

(а) By checking against known facts. 

(б) By scrutinizing critically the authority for each step in the 
argument and the cogency of each implication. 

(c) By realizing that the validity of condusloas depends not 
only on coirect .steps of deduction but also on the basic 
assumptions or presuppositions 

Cultural Satisfaction. The more highly educated group of persons 
who wisli to be familiar with the most significant modern theories, 
the central problems, and the principal methods of investigation, m 
various fields, can make good use of mathematical knowledge far be¬ 
yond the elementary field: 

(/) To understand quantitative procedures; 

Through some familiarity with calculus and with group con¬ 
cepts 

(a) T0 follow philosophical discussions: 

(a) As to the nature of space, using ideas of non-Euclidean 
geometry. 

(b) As to the nature of number; complex numbers, series, 
theory of classes. 

(c) As to the problem of knowledge; foundations of mathe¬ 
matics 

(d) As to the nature of scientific law: functions of a real vari¬ 
able, and of many variables; point sets. 

Obviously laymen can scarcely devote to mathematics all the time 
needed for high achievement along all the lines mentioned; but, to 
the extent to which the indicated equipment is lacking, in so far are 
an individual’s potentialities circumscribed 

FOR SPECIALIZED USE 

The mathematical needs of those who are to use this subject as a 
working tool in their vocations or professions differ greatly, accord¬ 
ing to the field. 

The Physical Sciences. Here the needs are especially extensive. 
There is scarcely any limit to the amount or variety of mathematics 
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thm cao profitably be employed in some branches of physia or in 
certain laboratory rcseardiet. Although laboratory work in chemis¬ 
try is not partiruJarly maihemaucal, it is impossible to follow work 
iti physiail chemistry or chemical theory without a substantial knowl¬ 
edge of higher maihematkx The following equipment is m very 
common use; 

(r) By phydeuts: 

Advanced rakulus, probability, theory of functions, differen 
tial equaiioui, Bessel functions, Fourier and related series, 
calculus of variations, differential geometry, vector analysis, 
tensor analysis, matrices, groiq) theory, and so on, 

(a) By chemists: 

Calculus, including advanced topics, differential equations, 
group concepts. 

(}) By pharmacists: 

Percentage, proportion, formulation and solution of simul 
taneous linear equations relating to mixtures. 

Engineering and Related Activities. Flandbooks and shop rules 
embody results of mathematical work, and render unnecessary the 
direct use of calculus and higher subjects in routine work. To meet 
situations which are new, engineers must have a knowledge of the 
mathematical principles involved, and must sometimes formulate 
and solve differential equations. The mathematical requirements of 
engineering schools are doubtless reliable indications of a suitable 
equipment in this field: 

(r) For engineers. 

At least calculus and differential equation.s, besides analytical 
geometry and descriptive geometry 
(2) For engineering employees. 

As a minimum, facility in handling algebraic formulas and 
graphs, and mechanical drawing, a good knowledge of geome¬ 
try: some familiarity with trigonometric functions and the 
solution of triangles. Larger equipment is very helpful. 

(y) For skilled mechanics: 

Ability to apply arithmetic principles, to compute without 
making mistakes, to determine the degree of precision re¬ 
quired m instruments, and to keep calculations correspond¬ 
ingly accurate; facility in dealing with formulas and graphs 
that involve positive and negative numbers, square roots, 
quadratic and simultaneous equations, sines, logarithms, very 
large and very small numbers, occasional interpolation to sec¬ 
onds, knowledge of many geometric facts needed in working 
with triangles, and experience in analysis, an extensive mathe- 
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matical vocabulary and abtluy in read tetlinkal and 

articles, 

The Earth Sciences, In phy«»<^raphy, metenrolngy, geology, as¬ 
tronomy, and such related fields as raruigraphy, geodetic simeying, 
navigation, and aeronauitts, the snuattnn as to maihemaiical needs 
resembles that in chemistry. Many branches of the work are not par¬ 
ticularly mathematical; oiliers arc highly so. Emmtlal equipment is 
somewhat as follows; 

{i) Physiography and cartography: 

A good command of trigonometry, some analytic geometry 
and calculus, 

(2) Meteorology: 

Elementary mathemauts through integral calculus. 

(j) Geology: 

(a) Locating oil deposits: graphic, algebraic, and geometric 
technique,?. 

(b) Stratigraphic work: trigonometry 

(c) Seismology, elementary mathematia through integral cal¬ 
culus. 

(y) Navigation (marine or aerial): 

Trigonometry at least 
(5) Ballistics: 

Analytic geometry, calculus, differential equations. 

Practical astronomy: 

Elementary mathematics including spherical trigonometry. 

The Life Sciences, Most of the work here is not mathematical; but 
there are divisions in which certain algebraic, geometric, trigono¬ 
metric, or statistical techniques are employed, and some requiring 
calculus and differential equations. In listing the following typical 
examples of mathematical aspects of biology and related fields, ele¬ 
mentary algebraic, graphic, and statistical methods will not be ex¬ 
plicitly mentioned since they occur so generally 
(r) Biochemistry: 

Production of lactic acid by bacteria 
Coagulation of blood by adrenalin. 

Rate of digestion as related to the amount of pepsin present— 
this study involving a differential equation. 

(a) Other metabolic studies. 

Healing of wounds—the celebrated work of Carrel and Du 
Nouy. 

Pathology of bones and other parts of the body 
Production of red blood corpuscles 
Respiration and nutrition 
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Ilf labcilic rair « a funeiion ol l»mly weight in mammals, (All 
tltcv* uw ihs,mK«'»1 trratjonaJ algfhiaic lunciions, and 

»me emj*kiy iMinw^rapfiu «iuHn| 

(|| laglil liwifogy. 

Depth ol {wnriration »f iiMUtrs by light of various mtensities 
X-ray therapy (use »! wsm logariihitiic charts). 

Formation of thcniital proclutts in the retina for different in 
tensities of light. 

Fluttuaitom of knnirmus intensity in eertain oiganisms. 

(f) //mt and energy prohknn: 

Daily expend it tire of energy at various ages. 

Eifrt ts of different tv(K'S of rlothing 
Mcdianital efltcienty tif tnuseles dining work. 

CirtIllation of the blood (ust* of hydrodynamic principles). 

(5) Grauilh and samcrni^: 

Growth curvTS-studictl by T. H. Robertson and others, using 
dilferciiiial equations. 

Growth and form-stitdicd by D'Arcy Thompson and Julian 
Huxley. 

Ti-ssue cuUiirej regeneration of tadimle’s tail; etc. 

Effects of diet ancl light uptn growth. 

Senescence of various types-studied by Jatnes Gray and others, 

(6) Population problems: 

Census Bureau studies, using multiple integrals. 

Human and insect populaiions-sludled by Raymond Pearl, 
using differential equations. 

Colonics of bacteria, studied by using calculus 

Actuarial problems, requiring piobability, calculus, and 

higher analysis. 

(7) Genetics- 

Mendelian and other questions of heredity—using algebra and 
probability. 

Genetic theories of natural selection (R. A. Fisher); mathe¬ 
matical theories of evolution (G, U, Yule), 

( 5 ) Forestry and agricultural experimentation- 

Using sampling theory and other mathematical analysis. 

(p) Biometry and anatomy: 

Studies of arterial form involving trigonometry. 

Studies of measurements and ratios (some used in medicine), 
involving frequency curves and correlation. 

Relation of body area to weight, involving nomographic 
charts and Du Bois’ formulas 
(jo) Newology: 

Electromotive force generated by stimulating a nerve. 


Efiecis of narcotics. . 

_ . . »_Hid?iol sapstiCwi 


methods in>ychoHy and edueauan, and iM « 
some of the newer studies, such as those of L- L. ^ . 

Vectors of Mind, the following maihcmatta! sections of t« »«* 
may be mentioned. 

(r) Threshold sttmuH and the Weber-Feehner law: 

Some use is made of calculus. 

(2) Problems of vision: 

Campimetry. using trigonometry and plar coordinates. 
Helmholtz's studies, using iruegittl caiadus. 

Psychometrics—with its plii gatnma curves, an 
equations. , . 

The Social Sciences. In the social sciences, 
largest demands upon mathematios, though ^rnolov 

ciology make considemble use of statistipl metho , 
growth curves in connection with cultural change an mathe- 

ment of institutions. Subdivisions of economics whic 

raatics beyond arithmetic, including calculus in som • 

7)%““ (tadudins !«• ot demand and 

supply). 

(2) Economic trends and cycles. 

(5) Index numbers (and the purchasing power o ^ L’onoDolY 
S General economic theory (including equilibrium, monopoly, 

effects of taxation, and related matters). 

(5) Mathematics of finance and accounting. , (Vp, 

Industry and Commerce. Here the 
quently needed are statistical in character: ana y gm-put The 

uon of directors; and sampling theory for the control of output. 

mathematics of finance is also highly impor an 
Philosophy. What was said on page an applies 

cated laytJar^ who wishes to follow ^X/oTopiier for 

here wiih even greater force to the 
whom a knowledge of symbolic logic is a so e g 

1 Instead o£ going into detail here reference te Mathematics 

mittee of the Social Science aretencled d!sculn may be found, 

Needed in the Social Sciences, where an exten ^ Hotel- 

Amencan Mathematical Monthly, December, '93*' xhe Mathematics 

ling, "Some Little Known Applications of Mathematics, 

Teacher, Apnl, 1936, pp. i59-i®9 
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Jtathetkii mnd (hr httw Aih. A broad familiariiy with the prind 
pies of geomriry wiU he fcninel helpful in this field. This is obvious 
as rrg^attls archurrttirr and some decorative arts; and is doubtless 
tnie in reading sitth wtuks as Ruskin's on "Drawing and Design” 
Efforts have Ikm made to deimnirie a mathematical measure for 
aesthetic qualities. 

In the field of literary rritit istn the work of W. W. Gregg, Calculus 
nf Varmils shows what may in the future be deemed a need of some 
scholars in that domain. 
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THE TRANSFER OF TRAINING 


“Emtsd fli he was, he could have had no conception of 
the advenlwes to which his mathematical cakuhltons were 

destined to lure men,'* 

-JO»N HOtU TOE STORV OF EVEREST 

The Commission does not deem it necessary or desirable 
an elaborate study on the Transfer of rrainmg- As t P* . ’ 
however, has had an important place in recent educauona g < 
a brief review will be given of the main ^ 

geslions that have emerged from recent studies an 

be especially significant for the P^'f the question of 

The importance of the attitude of teachers toww , / 

of Training can "“ttgld .fbtS 

Whipple, It has been for many years acKnowie g 

tral problem of educational psychology." held 

The doemne of •'formal dUciplino" aa » 

many years ago, furnished a ^alid ‘ questioned hy 

matics in the educational program. This theo y /I . un as a 

many psychologists and as a result of investigauon ^ Tramme 
theoiy of learning A new theory, known as Transfer of Trammj, 

emerged. Transfer of Training as defined y hahit skill 

of usLg or applying P« ^Tetlv^Tw^ n^ril 
attitude; or ideals m dealing with a relat X nnvpstmations, 
tion."i This theory has been the subject of ^ 

and even now is central in the study of a „i„.n,pci to invah- 

large part of the rapidly lost its strong 

date the theory, and as a result, mathema P ^ 

position as a required subject in the that most 

The Commission feels that it is desirable to P^^' 
of this experimental approach was in no sense . _ ^ 

should have been treafed as such. Pnor to 

important studies the subjects of i y ®Yery imporfeant 

graduate students and instructors of psychology Very imp ^ 

1 Grata, PT -Transfer o£ Trammg and Rea>nstrucUon oE Fxpenenc. TU. 

Mathematics Teacher, Vol XXX, pp. 99'i09t '957 
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toiitlusions were reathed even though no om* claims that the learn¬ 
ing processes of children are the same as those of adults. In the fa¬ 
mous Thorndike-Woodworth experiment of tgoi a single group of 
adults was used. In many experiments fewer than seven subjects 
were used. 

Many psychologists and educators have protested against the non 
scientific investigations that were made the basis for far-reaching 
changes. Hollingworth's criticism is typical of that leveled against 
this type of study. Refeiring to the controversy of transfer he says, 

"It is a long and pitiful story of the blind leading the blind. . . In 
due time the experimental method wa.s applied, and a long series of 
.suidies appeared, for the most part inadequately planned and often 
erroneously interpreted."!* R^Rlcy speaks even more directly, "As a 
matter of plain fact, the evidence was (tpiite without deliberate 
intent) actually distorted. Some of the professors of education who 
followed caicfully the published reports of the 'transfer' experiments 
as they appeateci iecognii;ed this and protested against it. Many 
professors of education, however, look their evidence, not from the 
primary sources, but from inteipretaiions of the evidence from the 
point of view of a narrowly mechanistic p.sychology,’’® 

In the famous Thorndike experiment of 1924, m which an effort 
was made to discover th'e disciplinary values of the high school 
studies, it was reported by Thorndike: "The expectation of any 
large differences in general improvement of the mind from one study 
rather than another seems doomed to disappointment."'* It was re 
vealed that one might as 'Well study sewing as mathematics so far as 
any development of the thinking habits were concerned. However, 
near the close of the report one reads, "A repetition of this experi¬ 
ment with i6jOoo or 18,000 more cases is needed before final condu- 
.sions should be stated " Most educators who were planning for the 
great mass of incoming students probably never read that far in the 
report. 

Most of the early experiments on transfer dealt with the mech¬ 
anistic or specific habit types of learning. The idea underlying these 
investigations was that "the mind is not a collection of general 
powers or functions, such as observation, attention, memory, rea¬ 
soning, and the like but that it is the sum total of countless particu¬ 
lar capacities.”® A fundamental weakness of this philosophy is that, 

^ Hollingworth, H L Educational Psychology, pp 404, 406 D Appleton 
Century Co , New Yoik, 1933 

® Eagley, \V C Education and Emergent Man, p 87 T Nelson & Sons, New 
York, 1937 

* Thorndike, E L "Mental Discipline in High. School Studies." Journal of 
Educational Psychology, Vol XV, pp 97 98, 1924 

® Grata, P T. Theory of Identical Elements, p 5 Ohio State University Press, 
Columbus, 1828 
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from processes involving rote learning, mechanical hahtis and drill, 
which have little to do with real learning, no- trantfer would ever be 
expected to result, H the teaching and experiments had been 
planned so that large concepts and broad generalisations had been 
taught and tested, the results would have been different, indeed 
they were in later, belter conceived efforts. The following dear state* 
ment as to confusing lower levels of learning with higher under¬ 
standing has been made by Dewey;® 

"In some educational dogmas and practices, the very idea of Grain¬ 
ing mind seems to be hopelessly confused with that of drill which 
hardly touches mind at all—or touches it for the worse—since 
It is wholly taken up with training skill in external execution. This 
method reduces the 'training' of human beings to the level of 
animal training. Practical skill, modes of effective technique, can 
be intelligently, non-mechanically used, only when intelligence has 
played a part in their acquisition.” 

In the igu? Thorndike study, ninety-seven graduate students 
were asked to square x-j~y. There was an error of 6 % of the results. 
Then the group was asked to square Oj fls, with a resulting error 
of a 8 % of the results. According to the spedfic habit psychology 
here are two distinct learning situations. There was no transfer. Any 
teacher of mathematics knows that there is one learning situation 
here that is a generalization applicable to the squaring of all bino¬ 
mials It 18 very doubtful if any real learning situation had been 
developed and hence there could be no transfer. 

Another school of psychology interprets learning as a result of a 
generalization of experiences. This demands understanding, a 
development of concepts, a conscious generalization of many specific 
related experiences Thus, if the processes of arithmetic are learned, 
algebra, except for the notation involved, offers far less difficulty 
than when it is considered as distinct from arithmetic 
Professor Judd, who has for many years advocated the importance 
of training in generalizing as a way of promoting transfer, has given 
considerable attention to the case of transfer in mathematics. Here 
much depends upon how the subject is handled, and Judd says, 
"The most promising subject in the curriculum can be turned into 
a formal and intellectually stagnant drill if it is presented by a 
teacher who has no breadth of outlook and no desire to teach 
pupils how to generalize experience. On the other hand, a teacher 
who has the ability to train pupils to look beyond particular facts 
and to see their relations and their broader meanings can stimulate 
thinking with any material of instruction that comes to his 
hands."’^ 

* Dewey. John How We Think, p 5a D C Heath and Co , 1933 
T Judd, C. H. Psychology of Secondary Education, p 492 Ginn and Co., 1927. 
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In reccni yrars man) cs|«‘nmenis havt* been conducted in which 
ronsdoui auempts have Ijeen made m produce transfer. Along 
with ihew expert ineiit^i tuheri? have Iwn set up with no effort 
Ireing made to wture transfer. In one of the best studies in transfer, 
“The Theory of Identital Ekmems," by Grata, a summary of these 
cx|jerimenis is given In the first grt^ip experiments, transfer was 
very evident. Grata makes this observation; 

“It is evident from tliis experiment that the automatic transfer of 
training from Latin to English is comjiaratively small; and that it 
can be increased three-fold or fonr-foltl by proper selection and or¬ 
ganisation of subject-matter and proper methods of teaching"® 

The Commission could offer much supporting evidence to the 
thesis that if sve wish to uansfer we must teach for it It is the old 
saying in different language, "We reaji only wdiat we sow." A very 
helpful .suggestion comes from another rejnesentative of the field of 
education, Dr. Ficeman." 

"Whether education improves the intelligence will depend largely 
on whether the education is of a nanosv sjiecilic sort oi of the broader 
sort which encourages the development of ideas and generalizations. 
The kind of education we give the child furthermore will depend 
upon whether we believe in the possibility of the broader outcomes 
of education. This being the case it seems wise to give the child the 
benefit of the doubt and to provide for him the type of education 
which will develop his intelligence to the highest point of which 
he seems capable." 

The education of young people must be a cooperative effort. No 
subject will transfer automatically Very early in the experimenta¬ 
tion on transfer an effort was made to find out if a habit, such as 
neatness, would carry over to fields not included in the experiment 
The teacher of arithmetic was to use all efforts possible to secure 
neatness in the class in arithmetic. The improvement in arithmetic 
was very noticeable, but the same pupils showed not the slightest im- 
jirovcment m language and spelling papers. In a later experiment 
neatness not only as a habit but as an ideal was held up in not only 
a particular class, but in dress, appearance, business, in fact every¬ 
where except in other classes Three months were required for the 
experiment, which included pupils of grade seven in three cities 
W C Ruediger who conducted the experiment reported* “Evidently 
neatness made conscious as an ideal or aim in connection with only 
one school function does function in other subjects.”^” 

® Grata, P T, op cit„ p. igg 

* Freeman, F. N. "The Effect of Environment on Intelligence," School and 
Society, Vol. XXXI, pp 623 632, 1930 

Ruediger, W C "Improvement of Mental Functions through Ideals " Educa 
tional Review, Vol XXXVI, pp 364-371, 1908 
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In an artide by W, O. Bro^iiw'li. a mmtmMf td irttttfw 

siudies recently made, Me reMr. ’'Tiw turf si* iwlf** 

bility of lansler «nrmt be qumiMed. TSw |W»lbic«i ifciii 
one of so orgsmiainig the materials atsd wnrtl^fKls. d! » 

guarantee die largest atmamt ol jimtuve sratirfw,”” 

Transfer, when detached trsm the eBorts *A rh« iesiwf, h a 
km that can be tolved only by the jpim eiw-is cif all winchen and 
by properly nrtiiing varioit* forces that ■ctmirShuie m the de^ctep* 
ment of children. If the leaehiiig td the larger »«tw»m«at of laymiit^ 
IS not secured, no positive transfer can be rsoecittL Quoiiitf Mitii 
from Grata in the recent article: 

"The various subjects of ihr curriculum, most of all maihcmatio, 
cannot be expected to result in auiomaiic tmmsler to the social situa¬ 
tion that confronts the child, unlo® by proper insiruttfen and or¬ 
ganization of the scliool, these subjects can be made a 'way of fife' 
and be 80 regarded and used by the child himself. This is what we 
mean by 'humam'aing education in the concrete.' ft is the hind of 
teaching that will promote intelligent and functional learning.*'^* 
The question raised by the quotation from Oraia is that of trans- 
tet of the results of mathematical study to social siiuatiom and to 
specific problems that confront persons throughout life. Such a 
transfer is certainly an important concern, and a course of mathe- 
matical study should be planned so as to mate it possible, and 
teachers should teach in such a way as to achieve that goal The 
thought that the transfer that is so earnestly desired may not be 
automatic is one to be kept constantly in mind. 

But there is another aspect of the broad question of transfer 
that extends it quite beyond its purely social phases. It is described 
as follows by Judd. < 

‘At the higher levels transfer is typical, not exceptional. Indeed, 
the function of the higher mental processes is to release the mind 
from particulars and to create a world of general ideas Thus, when 
the intellectual efforts of the race evolved a number system, it be- 
came possible to deal readily with every situation in which quantity 
IS involved; when languages were developed, men found themselves 
in possession of means of communicating on every conceivable topic. 
The psychology which concludes that transfer is uncommon or of 
slight degree is the psychology of animal consciousness, the psychol¬ 
ogy of particular experiences. The psychology of the higher mental 
processes teaches that the end and goal of all education is the de¬ 
velopment of systems of ideas which can be carried over from the 

Brownell, W A "Theoretical Aspects oE Learning and Transfer of Training " 
Review of Educational Research, Vol VI, pp sBi-sgo, 1936. 

Orata, P T., op cit 
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liuwiiora ill i(?h{(h they wrc aquired to other dtuatiom, Systems 
cjf pocral iikw iliiiminaie and darily human experiences by lais- 
ing them to thr level of abittaii, genetah^d, conceptual under 
standing"’^ 

Thii Maienwni should give the teacher of mathematics a fim 
catwifiion that the mathemaiks of the secondary school, especially 
that of the later years, can be of the greatest possible use m achiev 
ing the highest aim of education. But again, it is the teacher's obli¬ 
gation to reach so as to assist the pupil in forming those general 
ideas and attaining the conceptual understanding alluded to in 
the (pioiaiiau alxive. 
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TERMS. SYMBOLS, AND ABBREVIATIONS 
IN ELEMENTARY MATHEMATICS^ 

", . . disclosing the fourth important fact, that the ratio 
of the diameter and circumference is as five fourths to four'’ 
HOUSE BILL 246 , imiKHK, 1897 . (BAILED) 

VOCABULARY 

A PART at lea,St of the difficulty that pupils find in mathematics arises 
from the abstractness of some of its conceptions. In past years an 
exaggerated emphasis upon techniques and skills often failed to 
reveal the vagueness that enveloped the fundamental concepts of the 
subject in the minds of individual pupils, If understanding and 
power are to be explicit aims in mathematical education, then it 
is essential to emphasize the meaning of all basic terras ^ Mere 
verbal memorizing of definitions may become a formalistic rote 
devoid of value in enlarging the pupil's intellectual horizon. 

The Commission urges that time and effort be devoted directly to 
the problem of clarifying the pupil's understanding and increasing 
his power to use appropriately the technical vocabulary of the sub¬ 
ject. The teacher should take special precaution to see that mere 
imitative usage does not pass for real understanding It recom¬ 
mends further that enlargement of vocabulary be a gradual and 
continued process, with effective evaluation tests from time to time 
Each new term should be made the object of study rather than be 
allowed to enter casually into the working vocabulary of the student. 

Terms may be appropriately divided into two categories with 
respect to the nature of the pupil’s desirable mastery over them. A 
large number of the technical terms belong in the category of terms 
to be recognized Such recognition involves, first, that the pupil 
learn which term among several terms offered is the one appropriate 
in a given situation Second, after this first stage is mastered, it re¬ 
quires that the pupil become proficient in illustraLing terms as they 
are mentioned, for instance, he should be able to sketch figures, or 
1 An extension and revision of the recommendations found m the Report of the 
National Committee of 1933. 

233 
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give examples. Far (lie numerous terms in this first category, formal 
definitions may esemually be presented but need not be made the 
object of memoi i/ation. Formal definitions, despite their logical 
prioruy, must be lerogtnVcd as psychologically furnishing the sum¬ 
mary or ftnal symhesis o£ the process of understanding. Explana¬ 
tions, with simple tllustraiions, with comparisons and contrasts, serve 
to carry the pupil over the first difficult stage of acquiring a new 
concept and placing it in pio|icr relation to lus previously acquired 
system of concepts. 

A second category, much tnoie liniited than that just considered, 
tonipiises terms of so tlcarly derivative a nature as to admit of defi¬ 
nition in terms natural to the pupil. For this smaller category the 
fuipils may reasonably be expected to engage in the problem of de¬ 
vising adequate definitions. Tliis endeavor should be a task for the 
gioup, proposals and ciilicisms being made by all. After a class has 
readied a workable definition, a standard official definition may be 
offered by the teacher as an example of what others have done. For 
all terms in this second category the pupils should feel that they 
have the power to frame appropriate definitions and pick out serious 
flaws in defective proposals. 

The question whether a term belongs in the first category or in 
the second cannot be settled offhand or permanently and simul¬ 
taneously for all classes. The decision must depend upon the intel¬ 
lectual maturity of the pupils, the time available, the extensiveness 
of the course, and so on Although some thousand technical words 
are likely to be met in elementary mathematical instruction, a large 
part of them ai ise in the field of application. 

The Commission urges that teacheis recognize in their teaching 
the futility of pretending to define all terms. That mathematics 
must be based on certain undefined terms is of course readily seen by 
those who examine the nature of postulational systems. This logical 
impossibility can be recognized in part at least by school pupils. It 
is distinguishable from the psychological complication of defining 
complex and difficult notions, At an elementary level the logical 
game of attempting to reduce the list of undefined terms to a mini¬ 
mum or of basing mathematics upon general logical rudiments need 
not be discussed It is entirely fitting that a rather extended list of 
terms be accepted without attempt at definition, either initially or 
later. Among such terras are space, point, straight line, distance, and 
others listed later. 

The teacher should be versed in certain points of view with re¬ 
gard to the nature of mathematics, not for the purpose of training 
the pupil m pointing out logical, psychological, and metaphysical 
distinctions but rather that the teacher himself may avoid making 
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wrong statements or even adopting di^maiic aiittailrs.. The ilisiliie* 
tion between the view of tlasiicil ansifjtttif m M iJw naittiK ©I f» 
tulates and axioms and the mrnlcm mncr|jii«« tie rJetr i# 

him. For Euclid and his followm through «ntttri« tliere ««d 
to be truths so self-evident and .basic that one who cwtW »«it « 
would not acknowledge their truth woitlil ifiielSmoally or |»f- 
chologically unfitted to punue the study of maihemaiia. The fun¬ 
damental terms, while undefined or at most partially described, wore 
regarded as having clear and unambiguoms meaning. For modem 
postulational treatment some basic undefined terms arc to he 
thought of as essentially undefined logical parameters capable of 
interpretations and exemplificaiionai different for each student of the 
subject. Where consistency is the only requirement, broad general¬ 
ity IS available and a system of logical inference becomes at once 
applicable to realms not anticipated in the original formulation. 
The pupil may be spared all this sort of discmaion. But the teacher 
at least should realize that to ask whether a ‘'point'' is a spot located 
m the physico-spatial realm, or a triad of numerical coordinates, is 
to ask a non-pertinent question. Relationships among points rather 
than the nature of poinu constitute the concern of formal deductive 
geometry. For informal geometry one intends to think about the 
physical space of common sense and daily perception, a space illus¬ 
trating only approximately the idealized, generalized, and abstract 
space of pure deductive reasoning. Hence in informal space study it 
IS appropriate to explain, as dearly as possible by comparison, con¬ 
trast, analogy, and illustrative instance, what is meant by such terms 
as point and straight line even though actual realization is foreign 
to the conduct of deductive proof. 

In a limited measure the pupils will readily sense an element of 
arbitrary convention in dealing with basic terms and assumptions. 
They are playing a game with points, lines, etc, according to rules 
which usually at first seem vague or tacit, but which the teacher 
seems to regard as important and directive. They have played other 
games, learning the rules in most cases incidentally in the process of 
active and vigorous participation. Most school work is a mildly ex¬ 
citing (or depressing) game, in which the teacher seems to make the 
rules and act as judge. Language, penmanship, spelling, and arith¬ 
metic become collective ventures in which basic principles, if any, 
may be unsuspected but in which teachers hope to maintain certain 
standards of accuracy, clarity, neatness, speed, etc In outdoor sports 
and games, also, the individual player is not expected to dictate his 
own rules The first exercises in formal demonstration offer for most 
pupils an experience of helplessness in an entirely novel direction. 

It might be well to emphasize more than has usually been the prac- 
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tirr iti« ttw riiJn of gromeiry are the remit of a romcnsus of opm 
mn mvahioi; joatry wjw and sktllfttl players ami developed without 
riwrfUial rhange in [dan over many (encnrirt, and accepted in all 
tountrie*. Bm ofmornly, oilier games perhaps timely similar are 

fwwIWe. 

The Giromisdnn lirlirves that it is nnnetessary to furnish any 
ihmf like an "Auihori/ed List" of fnridainental terms, since such a 
list might f« in dangei of interpretation as Ixuh prescriptive and re- 
firictive. 'flic sets of Jerms that ajjjH'ar in current textbooks are in 
large part neither tiHi rxtensisr nor too narrow for pedagogical 

purjwsrt. 

It is to he noted that many words of a geometric or a quantita¬ 
tive sigrtificante otrur in school subjects other than mathematics, or 
are found in general reading and tonveisation. In some cases the 
words are exyiliculy tatiglu in rnaihcmatital works, instances being 
ffmr, comrx, iji'mil. In othen cases the words arc related to mathe¬ 
matical terms, instances Iwing lube, oval, otbU, which can be dis- 
aisscd in connmion with cylrndn, ellipse, cirde. On the other hand 
there are many wortls that have a tjuaritiiative significance, though 
not tethnically mathematical, instantes being the words /eta and 
several. The mathematics teather should not only be familiar with 
the precise vocabulary of the subjet t, but also be able to use the less 
lethnical (luumnulive words ol daily life in tlie way best approved 
'riiere are a few terms winch are of such frequent use and funda¬ 
mental thararter, and which at the same time present such wide 
divergence in usage, according to the tastes and traditions of indi¬ 
vidual authors, tliat some special comments seem to be called for. 
The list of terms selected for these detailed recommendations is to 
be considered typical rather than exhau,stive. A general comment 
may be made with re.spect to terms in elementary geometry The 
powers and also the limitations of algebraic language in describing 
space figures have motivated a profound change in the fundamental 
concc^pts of elementary geometry, a change liardly suggested by the 
vocabulary itself. Coordinale geometry i.s well adapted to handle 
algebraic curves, hut relatively poorly adapted to represent many of 
the figures studied since classical antiquity. With little change in 
terminology and but mmor verbal modifications in the formulation 
of theorems, the geometry of the Greeks is being transformed into a 
geometry adapted to algebraic treatment In general, portions of a 
complete algebraic locus have lost the spotlight in favor of alge¬ 
braically complete loci. Specialized restrictions, expressible by in- 
equalilies, have been waived, with the result of including rather 
than excluding specialized cases. There is a growing tendency to 
recognize directed quantities in geometry, a tendency favored by the 
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conventions in trigonometry. The Comrniiskm approve! of the in* 
creasing use not only of negative angles, but al» of negative areas, 
particularly when thb permits a single formulation to cover cases 
otherwise treated as quite distinct. Such a change in |joint of view 
IS in no sense a judgment of scientific error on the pan of the 
founders of the subject. It 15 merely an acknowledgment of the 
broader points of view made possible by the discoveri«i and inven¬ 
tions of Fermat, IDcscanes, and their illustrious successors. (These 
comments are not intended as any rellection upon the permanent 
beauty, conciseness, and suggestiveness of a neat synthetic proof, 
when one can be found. Analytic methods are often almost imprac¬ 
ticable because of tedious complexities But a terminology adapted 
to analytic methods offers rich advantages with no corresponding 
difficulties beyond a possible break wub the past.) 

For the sake of unifying mathematics, and avoiding artificial dis¬ 
tinction requiring the use of sjietialized terminology that may seem 
to the average pupil to be unnecessary or somewhat stilted, good 
psychological practice tends to carry over into geometrical discussion 
available algebraic notions rather than to preserve a separate system 
of terms derived from the Greeks whose knowledge of algebra was 
at best quite meager. For example, the special terms once common 
in discussing proportion, such as antecedent, consequent, and sym¬ 
bols such as : and the sign : for ratio seem inappropriate for present- 
day elementary instruction. 

There are also trends of current style whose origin may not lie 
wholly in logic but which the teacher would do well to respect, and 
symbols used in other classes or outside of school contacts may some¬ 
times be employed Some special recommendations follow. 

Geometry 

Undefined Terms. The Commission recommends that no attempt 
be made to define formally terms of logic and geometry, such as 
angle, correspondence, dtreetton, distance, figure, magnitude, num¬ 
ber, plane, relation, solid, space, straight line, surface, variable, al¬ 
though the significance of such terms should be made clear by 
informal explanations and discussions. 

Definite Usage Recommended It is the opinion of the Commis¬ 
sion that the following general usage is desirable* 

I Line should mean complete straight line It has no finite length 

2. Circle should be considered as the curve. 

Polygon (including triangle, square, parallelogram, and the 
like) should be considered, by analogy to a circle, as a closed broken 
line. Similarly, segment of a circle should be defined as the figure 
consisting of a chord and either of its arcs 
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4. Ana of a circle should be defined as the area (expressed in units 
of area) of the jroriion of the plane enclosed by the cade. Area of 0 
polygon should l>e treated in the same way. 

5. The usage reatramended above with respect to plane figures is 
also recommended with resjH’ci to ihrce-diinensional figures. For 
example, a.sphert should lx* regarded as a surface, us volume should 
be defined in a manner analogous to the area of a cirde, A similar 
usage .should be followed with lespcct to such terms as polyhedron, 
cone, and cylinder. 

6. CiicumfeTt’Wr sluiuld Ik’ considered not as a set of points, but 
as the length (expressed in units of length) of the circle (line) Simi¬ 
larly, perimeter should be defined as the length of the broken line 
which forms a polygon; that is, as the .stun of tlie lengths of the sides 

7. Obtuse angle should be dclined as an angle grcatei than a right 
angle and less than a sliaiglit angle and thciefnre should not be de¬ 
fined meiely as an angle greater than a right angle. 

d. Convex (as opjiosed to concave), because of its wide application 
in science autl the arts, may well be used and illustrated 

7. The term right triangle should he preferred to "right angled 
triangle," this usage being now so well siandardirecl in this country 
that It may properly be continued in .spile of the fact that it is not 
international. Similarly for acute triangle, obtuse triangle, and 
oblique triangle. 

JO. Such Engli.sh plurals as formulas and polyhedrons should be 
used m place of the Latin and Gicek plurals 

IT, It IS not necessary or desirable to distinguish between axiom 
and postulate. The word assumption can be used in place of these 
wQicls and may have more meaning to the pupil. 

Teims Made General It is the recommendation of the Commis¬ 
sion that the modern tendency of having terms made as general as 
possible should be followed, although the special ca.ses may continue 
to suggest separate discussion. For example. 

Isosceles triangle should be defined as a triangle having two 
equal sides. There should be no limitation of two and only two 
equal sides. 

a Rectangle should be considered as including a square as a spe 
ciajx:ase, although the notions of a square may be discussed first. 

^ Parallelogram should be considered as including a rectangle, 
‘and hence a square, as a special case. 

4 Trapezoid seems to be most frequently defined in textbooks as 
a quadrilateral with two and only two sides parallel, but in some 
cases the "only two” restriction is omitted (which causes a parallelo¬ 
gram to be a special case of a trapezoid) Consistently with the first 
definition, a trapezium is defined as a quadrilateral of which no two 
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sides are parallel. Some Ametkan dkdanariei i^r«« wkh wch tlcR'- 
nitions, preserving the "only two*' mirlciion In the wape»W; but 
other dictionaries inierchange the iw« deftmtitins. The C^mmitslon 
recommends that irapezoid be dehned m fim menUonetl, and ilwt 
the word irapmum be dropped m uniseceswry. 

y. Segment (in eonirasi lo iifie) should te used to disigtiaie the 
part oE a straight line included between two of its {^winis (M well as 
the figure formed by an arc of a circle and its chord), thi* being the 
usage generally recognized by modern writer*. (One obiaitts the 
length of a segment, never of a line, since a straight line extends 
indefinitely in each of two opposite directions.) 

Terms to Be Abandoned* It is the opinion of the Comtnteion that 
the following terms are not of enough usefulness in elementary 
mathematics at the present time to make their recognition desirable 
m examinations, and that they serve chiefly to increase the technical 
vocabulary to the point of being burdensome and unnecessary, 
r. Antecedent and consequent. 

3 Equivalent. This is an unnecemry substitute for the more 
precise expressions "equal in area" and "equal in volume/' or (where 
no confusion is likely to arise) for the single word "equal." 
Trapezium. 

p Schohumj oblong, scalene triangle, sect perigon, rhomboid (the 
term oblique parallelogram being sufficient), and reflex angle (in 
elementary geometry). 

5 Subtend (in certain connections). Probably pupils have been 
confused by the statement that an arc subtends a chord or an angle, 
In such connections the word has can be used. There seems, how¬ 
ever, to be no adequate simple substitute for the word in such a 
statement as "A flagpole on top of a building subtends an angle of 
10° at a point, etc." 

6 . Intercept. Since this term has special meaning in higher mathe¬ 
matics, it seems advisable to avoid it in elementary work. 


Algebra 

I. With respect to equations, the Commission calls attention to 
the fact that the classification according to degree is comparatively 
recent and that this probably accounts for the fact that the termi¬ 
nology is so unsettled. The Anglo-American custom of designating 
an equation of the first degree as a simple equation has never been 
satisfactory, because the term has no real significance The most 
nearly international terms are equation of the first degree (or first 
degree equation) and linear equation. The frequent use of both 
pbnases will enlarge the pupil’s understanding, though it is to be 
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noitd ihac the appropriatPn(*vs of the name linear equation is not 
seen until tilt* graph of such an etpiatirm is tonsidcrpcl 
2. The U'Jm quadratic equatitm n well csialilished. There should 
be, however, a clear understaiuling of the somewhat confusing ety¬ 
mology involved, and the use of the description \eiand degi'ce equa¬ 
tion should be neither prrstiibed nor banned. '1 he terms pure 
quadratic, nffeded quaduitir, cinnfdcie quiidmtUj and incomplete 
quadratic aie rnriuiiaiely disapjieanng 
y. As to other special ttrtns, the Coinniissinn recommends that the 
use of the follow’ing he avoided tu elciiientrny instuit tion evolution 
as a geneiiil desnipiinu foi finding rootst irwolutian for hndmg 
powers, exlrad foi finding a root, multiply an equation, clear of 
pnction^, (uncel and Iratnpoie, at least until the sigmlitanrc of the 
terms is entirely clear; aliquot part (cxtepi in tomiiiercial work) 
q. The Coniimssion also atlvises the u.sc of eilhei system of equa¬ 
tions or set of equations rather than the phtasc “simultaneous 
equations." 

5. The term simplify should not be used in cases where there is 

possibility of misunderstanding. For pitijjoses of computation, for 
example, the foim \/i\ may lie smiider than the fonn 2\/^ 
some tasc.s it may be better to expuss V'fAl ‘i'' Vt™?'") of as 

i\/^. In such cases, it is better to give more explicit instructions 
than to U.SC the misleading term "simplify ’’ 

6 . The Commission suggest.s that the woul swd need not be used 
for the expression ir'iaiionnl numhei It recogm/es the dilficulty 
generally met by young pupils in distinguishing between coefficient 
and exponent, but it feeLs that it is undesirable to attempt to change 
these terms which have come to have a standardized meaning and 
which are rea.sonably simiile Considciations of a similar nature 
wdl probably lead to the retention of such terms as lationalize and 
extraneous root. 

7 Since the word plus is associaied wiili addiiinn and minus with 
subtraction, the Commission fc'els that "positive" and "negative" 
numbers arc to be prefcired to "plus” and "minus" numbers. The 
fact that "pins" and "minus'’ serve also to characicnze results of 
rounding oil approximate numbcis as in 17 a and 3 4 — militates 
against the use of "plus number” for "positive number." 

Arithmetic 

I. While It is rarely wise to attempt to abandon suddenly the use 
of words that are well established in our language, the Commission 
feels called upon to express regret that very young pupils, often m 
the primary grades, are still required to use such terms as sub¬ 
trahend, addend, minuend, and multiplicand Teachers seem rarely 
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to ufldewttndi liw red %Mifiance «rf ih«e 4& ihtf *©^» 

tiize that they are coi»f*araiiwly fpwElms iMIilaiii » wftit m 
be a much simpler vixabulary i« arkhmetfc Ti» Coafflteioft we* 
oirunends that such iienai ol iftewreilotl ariilitiitiic || Mt ili, 

only after the sixth grade. 

3 . Owing to the MOKrtaioty aiitebed to «clt espre»i«ni w **to 
three decimal places,” **io thousandth*,”' “correct lo ihtee 
"correct to the ncami thousandth,” u»a^ of the following feind If 
recommended: "To three decimal place*” and “to dwu#andtt»" 
should be regarded as identical and as referrinf to a rasult wried 
only to thousandths without »nsidering the figure of ten-thou^ 
sandths, "Correct to three dedmal places" and "correef to the near¬ 
est thousandth" should be regarded as tdcntioil and as referring to 
a result which has been or might have been carried to ten-thou* 
sandths and then rounded off to show the nearest thousandth. It 
may be well to use "exact” in connection with the number of correct 
decimal places, using "precise” as described below. 

i. Because of the appearance in many textbooks of careless defini¬ 
tions of "significant figures,” the Comramion suggesu the following 
convention; When every figure in a number except the last is exactly 
correct and the error in the last is less than one-half unit, all the fig¬ 
ures have actual meaning and are called significant figures. Zeros 
are significant when they come within this definition. When they 
are used simply to give place-value to other digits, zeros are not sig¬ 
nificant. It may be well to use "precise” in connection with the 
number of correct significant figures, For example, a measurement 
may be precise to one part in ten thousand. 

r- The Commission recommends the use of the expression "num¬ 
bers in standard form.” By this is meant a numeral with the decimal 
point located after the first digit and this numeral multiplied, if 
necessary, by a power of ten to compensate for the change of position 
of the decimal point, such as 97000 = 9 7 X 10*, .00097 = 9 7 X to“*> 
978 = 7 g iQis^ 1/987 = 1 013 X io“®. 

SYMBOLS 

Mathematics is characteristically symbolic The importance of the 
general question of symbolism is well recognized—words are them¬ 
selves symbols. For this section, however, we are interested in 
nonverbal symbols only Many questions arise concerning the re¬ 
sponsibility of those who would originate new symbols. Mathemati¬ 
cians at advanced levels vary greatly in their readiness to propose and 
Use novel symbols There are involved questions of typographical 
availability as well as questions of intelligibility and good taste. 
There can be no doubt that new symbols are being continually in- 
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iroduccd. Many of them attain favor with the specialists or general 
mathematical public; more are eventually dismissed as personal idio¬ 
syncrasies. At the setoiulary sthool level, caution is usually to be 
preferred to unrestrained originality. One should hesitate to assume 
that new notation is called for extensively in the traditional branches 
of elementary mathematics Sjmbohsm that is misleading or merely 
unintelligible defeats its own purixises, and reasonable uniformity 
is demanded for maximum seivue. Consequently the Commission 
mahes certain detailed suggestions regarding individual symbols and 
even goes so far as to piopose a list from which teachers may select 
.such as seem appropriate. Pupils may be encouraged to discuss their 
need for new symliols and devise as exercise material several symbols 
to be used in class. But they should ever keep in mind that symbols 
are not merely for (he convenience of the writer. Unless the reader 
can be expected to be familiar with them, they fail to serve the first 
objective of communication- For habitual use m examinations or 
elsewhere, it is wise to be conservative and to use symbols familiar 
and acceptable to the puljlic generally. From time to time mathe¬ 
matics teachers may be expected to extend approval to new symbols 
tried and accepted by experimental classes. 

Pupils should not be allowed to form the habit of using unusual 
combinations of symbols and abbreviations. A teacher may well 
hesitate to approve such writing as the following: “a boys bt s doz. 
eggs @ ^rj^/doz. and 5" (JD 4'7^/do7.'’ However, on tests in which 
speed IS being tested one may permit symbols and abbreviations as 
a sort of shorthand, provided that no ambiguity results 
Elementary mathematical symbols fall roughly into four types' 
(/) General literary or typogiaphical symbols, such as ? " : , (2) those 
used throughout mathematics generally, such as the Arabic numerals, 
-j-, —, =, (), y, X, and the decimal point; (5) those used extensively 
in special parts of the theory but chiefly in informal classroom work; 
(4) standard commercial symbols that the student of mathematics en¬ 
counters only in applications to commercial problems, such as $, 
# (for pound or for number). 

Geometry 

T. The symbols A and Q for triangle and circle are international, 
although used more extensively in the United States than in other 
countries. Their use, with appropriate plurals, is recommended, 

2 The symbol 1, representing the term perpendicular or the 
phrase is perpendicular to, is fairly international and the meaning is 
apparent Its use is therefore recommended. 

5 The symbol || for parallel or is parallel to is fairly international 
and is recommended 


1 
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f The symbol for $mikr or .t# imtkt to i# itwatttlkiml 

is recommended, 

<i. The symbols m and « for cowfmisfir m u mngrmmi to km& 
considerable u« in iliii couniry. Tito Gjwroiwfen feel* il«i lire 
former, which k fairly iniernatiorml, w to be pwferred (in gwjtwrry) 
because it is the more distinctive and tu^oilve, pardcMltrly since 
s has been, widely used for ideniUy. 

The symbol Z for angle h asmirtg to be generaffy preferred lo 
any other because of iu simplidiy, and is itjcrtfore jwoatfomdedL 

7 . Mathematical writet^ have not developed any symboli itat 
have general acceptance for the following words, and there mm to 
be no necessity for making the attempt; sguare, reciangk, par&Ueldh 
grants trapezoidj guadrilateral, semiarde, (Certain obvious symbols 
suitable m print, would produce confusion if written carelessly.) 

8 . The symbol AB for arc AB cannot be called internattenaL 
While the value of the symbol in place of the short word arc is 
doubtful, the Commission sees no objection to its use except possible 
difficulty in typesetting for publication. 

9 . The symbol for therefore has a value that is widely recog¬ 
nized, but the symbol v for since is used so seldom that it should be 
abandoned 

ro. With respect to the lettering of figures, the Commission calls 
attention, for purposes of general information, to a convenient 
method, found in certain European and in some American text¬ 
books, of lettering triangles thus: Capitals represent the vertices, 
corresponding small letters represent opposite sides, corresponding 
small Greek letters represent angles, and the primed letters repre¬ 
sent the corresponding parts of a congruent or similar triangle. 
There is much merit in the plan, and the Commission is prepared 
to recommend it, with optional use of the Greek letters, 

II. In general, it is recommended that a single letter be used to 
designate any geometric magnitude, whenever there is no danger of 
ambiguity. The use of numbers alone to designate non-numencal 
magnitudes should be avoided by the use of subscripts or accents,® 
Au a', b". 

13. With respect to the symbolism for limits, the Commission 
calls attention to the fact that the symbol (for "tends to") is both 
international and expressive and has constantly grown in favor in 
recent years Although the subject of limits is not generally treated 
scientifically m the secondary school, the idea is often mentioned in 
geometry and a symbol may occasionally be needed 

® Elementary mathematical notation is relatively simple, and superscripts, 
which, mn be easily contused with exponents, are hardly needed There is not the 
same danger in primed letters 
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ij. The ComtnisisiiiiJ seft no objpctttin to the use o£ the following 
abbmiation^ alter the inijtil im atijuitcd faftliiy in stating the 
theojfiiis: 

.w for "ihrw si(ks,“ 

etsi for "two suits and an angle adjacent to one of tlieiii," 

Mis for "two sides ami tlie iiuhuteil angle." and 
asa for "two angles and the imhulcd side," 

The woids i(>pinmtt, rtilUnmi, ami (tmttnienl hate now acquired 
wide use and slionld he letained, Caniteniiug the leims my and 
kalf4ine the taantiitssion wislus to he non ttnmniltal, 

A!nrbin 

'Ilie ssiiihoK in ( hnieiu.ii) sdgehia aie now mi well stamUrdi/cd 
as to letjune hut few toinnit tits in a lejtoit of this kind The Com- 
inissitm heheSes that it is tlesnahle, Iwmeset, to call attention to the 
folltiwing points 

r Owing to the fietjnent use of the letier a, it is piefeiahle in 
most cases to use the center dot (a taistd jieriod) for imdtiplication 
in the few casts in whith any .sjnihol is netessaiy, For example, in a 
case like i ■ a ^ • f-' J) • the << niei dot is jireferahle to the 

synihol X. while in cases like un(\ ti) no syinhol is necessary. The 
Coininission retogiii/es that the jieiiotl (as in a . h) is jiioic nearly 
inteniaiional than the ceiiiei dot (as in n ■ h); hut since the period 
will continue to he used in this cemntry as a decimal point, it is 
likely to cause ctndusimi, to ch me ittary pupils at least, to attempt to 
use It also as a syniliol foi muhijtlicatum. As noted earlier one writes 
(in siandaid form) tiy** y.B icd*. to a\oul ptissihle confusion. 

2. In recent yeais the "deiinud" janiit has acquned new uses, For 
example, banks <[uote (p, 17 foi a I.ibejty Bond, meaning 95 17/32. 
and eciucciiioniil joycbologists state a pupil’s mental age as 123, 
meaning tsveKe yeais anti thiee months. The Commission looks 
with disfaven u|)on such piaciices hut admits their convenience, It 
is necessary to inform pupils of these jnaciices, 

Wall respett to clivisum, the syiuhol ■ is purely Anglo-Ameri¬ 
can, the symho] ; seis'ing in most countues for division as well as 
ratio, .Sime neiiliet sviiiltol pi,ns any laige jiair in business life, it 
seems propel to considei only the* neetls of algebra, and to make 
inoic use of the fiaciional foim and (wheie the meaning is clear) of 
the symbol /, and to chop the symbol in sviiting algebraic expre,s- 
sions In the case of unusually long cxpiessioas for numerator and 
denominator, one may wntc, "A/B where A— B= . or 
otherwise make clear the occurrence of division, 

^ With respec t to the distinction between the use of + and — as 
symbols of Opeiation and as symbols to distinguish positive and nega- 
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tive numbers, ilie Qnnmiwion sr« no reastjn for attempting to use 
smaller signs for tiie laiitr fnir}xj«?, xuth an attempt never having 
received internal tonal rerogiiififtn, and there is nnt sufficient need 
of two sets of syinlwh to warrant tiolanng international usage and 
placing an additional burden on the pupil. 

5. In connection with signs it is well to refer to the pedagogical 
question of explaining the rule of signs in products. One cannot 
explain, for instance, that a jKnitive number multiplied by a nega¬ 
tive number gives a negative number, by saying that subtraction is 
mvolvetl. A correct explanation based ujron the distributive law is 
simple, and throws much light upon the nature of algebra. The 
proof reveals that algebra resembles a game with the distributive 
law prescribed, and shows that important consequences can be de- 
rived from the law. Sjrecial cases can be used to advantage; for ex¬ 
ample, by applying the distributive law to the product 5(9 4 * (~ 3 ) )> 
which is known to be 50, it is readily found that 5(—3) must be —15. 
It is better not to attempt to prove the law of signs than to use 
fallacious reasoning that proves notliing and either confuses or mis¬ 
leads the pupil.* 

6 With res[M*ct to the distinction between the symbols = and = 
as representing re.spcctively identity and equality, the Commission 
calls attention to the fact that, while the distinction is generally 
recognized, the consistent use of the symbols is rarely seen in prac¬ 
tice. The Commission recommends that the symbol s be not em¬ 
ployed in examinations for the purpose of indicating identity. The 
teacher, however, should use both symbols if desired. 

7 The Commission calls attention to and approves the use o t e 
symbol = for approximately equal to, the symbol having been intro¬ 
duced first by the engineering societies and having found wide use. 


1,000 


r , 6*^0 X 47 600 X 50 

For example; —~ -r— 

32 30 

8 . With respect to the root sign -»/“ , the Commission recognizes 
that convenience of writing assures its continued use in many cases 
instead of the fractional exponent. It is 
that in algebraic work involving 
exponent be used. It should be emphasized tha y/a ( 

* For somewhat more advanced pupils U Is a good ^ Llors 

and minus signs to distinguish positive and negative numbers, but to use color^ 

writing, for example, positive number, In blue and numb« tn r^ A 

brief addition table sLuId then be made out (m LSLmn 

to integers, m which numbers ° durt of a blue num^ber by a blue 

should be started. Here the ^ ^ „ be completed by using the dis- 

number are easily j, understand that it makes no 

tnbutive law and the T red number means subtraction 

sense to say that a blue number piuiapiica uy 
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pOMtive miiulwr) mran-i anly the jMisisive root. To have ambiguity 
in such a syitihol tvouW l«: contusing, and good usage is clearly es 
tablishcd. If ihe jcmh sign iiseU indicated two numbers, it would not 
be necessary to use the sign of anifnguity, , in the familiar formula 
for the ciuadtatic equation, but that sign is always printed Thus 
a, and it is not gcnid usage to write 2 Similarly the 

two square roots of 3 and — Vi. Analogous remarks can be 

made almut\^/ej, a' S etr- 

When imaginaric’S aie used, the svmbol i should be employed in¬ 
stead of r fvept imssibly iu the first presentation of the subject. 
The reason for sv'nttng ,, A-n (where a ts jmsiiive) in the form 
becomes apparent iqwm tonsidcting multipluaium. The product of 
(t\/h) (I's/'i) might not be ob 

tainetl if the numtuis aie left m the form and ■^-5, respec¬ 

tively. Finally tt is to Ik* noted that neither t nor -t should be 
referred to as posiiue, ’'[wisiiue" implies “re.d." 

p. As to the fattoii.ll symlaili Mith as m r,! and L 5 , to represent 
5*4 3 • 2 • 1, the tendenty is sery general to abandon the second 
one, probably on attoutu of tlu* diflituky of priming it. In such 
abandoniiient the Clnmiui‘*sion toiuurs. (T his ([uesiion is not, how¬ 
ever, of great i»i[>oiian<e in ilir geneial ttmises in the high school.) 

10. ^Vith resjicHt to symlmb for an unknown number there has 

been a noteworthy change within tetent yeais. 'Wliile the Cartesian 
use of X ami y will doubtless (oniinue for two general unknowns, 
the recognition that the formula is m the hioad use of the term, a 
central featuie of algclmi has led m the extended use of the initial 
letters of svords to rejuesent tpiantities. This is simply illustrated 
by the foimula d Ihe custom leferred to is now interna¬ 

tional and should lie fully lecognired in the schools. 

11. Unfortunately, it is still necessary to advise abandoning the 
double colon iu ptopfiiiioo, and the svmbol ~o in variation, al¬ 
though both of ilu'se symbols aie pi.utifally obsolete in mathematics 
except in textbooks. 


VFRIHt. ABnRF.VIAl IONS 

There is much differenre cif taste as to how extensively verbal 
abbreviatioms should he used anti hmv long a list of abbreviations 
should be allowed. The pupil should be cuibed in any tendency to¬ 
ward the slovenly willing that lelies on sv'holcsale use of abbrevia¬ 
tions for svorcls when they occur in complete sentences Abbreviated 
word symbols are acceptable only in so far as they are easily under¬ 
stood and arc called for in the interest of compactness and economy 
of time, 
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It may be well for a das» to discuM from time to lime the worda 
for which abbreviatiotii would be mwi weltame, and to vote ap¬ 
proval, for biacklxmrd work, or ufKm tests during which a student 
IS pressed for time, of the use of simple abbreviations; but it should 
be insisted that abbreviations 1)« the same for all users and that no 
unauthorized abbreviations be allowed. For example, if "hyp" be 
used for "hypothesis" and "hypn" for “hypotenuse,” then to write 
“hyp" for hypotenuse should tie treated as a breach of accepted cus¬ 
tom. It is to be Iiofjcd that eventually teachers from various schools 
and from various parts of the country may come to some common 
official undersiantliug as to what abbreviations seem appropriate, so 
that students taking examinations in sdiools other than those in 
which they were first trained may be free to use appropriate abbre¬ 
viations Without fear of ambiguity. No such widespread agreements 
have been reached as yet, however. 

In closing this appendix it may be well to quote the following 
forceful injunction from the Rermrt of the National Committee of 

"It is to be feared that many teachers encourage the use of a kind 
of vulgar mathematical slang when they allow such words as 'tan' 
and 'cos,' for tangent and cosine, and habitually call their subject 
by the title 'math.' " 


AH'ixnix IV 


HitirMI \ M’»l i HI M \ un MAIICkS CLASSROOM 

IB 

I? f ’’ ^ r’?!■>-’. ii, fitid entirely 

»■'(«'<f 1 * ' I'f?'. '' > <' I' ’j'' C""*! ***^' fd 

tM'*, AM) urns 

Itti* ^tfs 355'in)i5 «»wl H|5n|i}4sn^ of a Htathematics class 

fj-nH s-r«'f'u«»i s--«v Ar'j'?fsi sfi-*3i SuMwih. mam teachers not 
Iwsfig %!ili l>oi 3 H «5f^ AH*! A liLnkl»f)aj(l. *rhe movement 

H paiiL a rsihiStutr^i 5 iift 5 } mI !?r sjrtiir.ii itj remove barrenness 
fr#w 5 wls«-«i!r4iwi»j«% a?i*1 uuii «lt*m soim? uml platn whose good 
tlirrr tisiiiiir*i as)*! jrll't'joir Il«iJ ss »<!'*(> ihottglu that proper 
«|inj)itMni aii4't il !Si«S«i«l u si tsot an meuiial for the 

up nf iirjrlisjsg sis 4 i l«fn iira^lr nsuwary by the present dien 
irif of Elm 

AltHotigb shr t,omo55M!'m itruEUj^h tr(<*tnmrmh that careful at- 
ir'f^iiotj tr j{ju '0 !'»iijsHppiOjt; ihr »i»as}iu)i4!ui tidvsroom so as to 
art! nw!ni(!i»m .itol itrwsilair it Im'Iuwcs dial a balanced 

|»oint «rf virw liiMid*! tar sssaiiisainid I hr argument for equipment 
w tiijujf d radmr ilmti hf-ljrrl if rf'a’wiiii ao given that are not sound, 
or if iomparrvHiv dir nuidr dyi au* mti w.irr.itued. lor example, 
frji!i|n»nni ihH\ m)i War ihr miiu' itlijrinri to maihc'maiics thatn 
dotn to 4 l.ilf<)i4ior\ «it me. ^mh as (bnmviiy or jjhysits. Apparatus, 
wjmcumrv vny tl.dMO.sir’ «ind pj^jn iimm*. iv tmrdrd by the physicist, 
Jntf dm Riddiromtu i 4 ir tbmi bu wsirJt mm as formerly, with paper 
ami jwnnl rMtpt whin malttig tMcinisr mitiif'riial computations. 
I -01 ihr stt<)rig«tt nudrnin lu iluMmvtr) the most extensive equip 
nmm tnigbi bo tuMbd, foi ibe siioiigrsi itmlrius in mathematics 
iitiibtttg is usually lujumd but InwAs ami a place to workquiety 
anti imdistuilMd t,lasses mav, as a luatitr of fact, be overtnduge 

with fviii the simplr bash nntrtnmms of mathemaura. From a 

geometry tourse a jnipd should dense altdily to make fair free an 
drawings. Both his stiaight hues and Ins drtks should present a 
tolerable apptaiance; but they will not do so if all his drawing 
done with ruler and tomjiasses He will not be able to draw we 
scale assisted only by his eye if he has worked exclusively 
section paper or on a blacklmard divided nicely into squares. i 

338 
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drawing insurunicnis arc not habitually carried^ the ability to tnake 
free-hand sketches of both plane and space figures ftfeould % obvious 
enough, It can be said also that even the imineiimie avalkbility of 
instruments does not indicate that they should unreservedly be iwdj 
for example, although the digits on out hands lend themselves w 
problems in addition, their use for such a purpeme is somewhat in 
disrepute. Unless a teacher is careful, he may forbid a pupil to find 
the sum of 15 and la by using his fingers, only to discover that he 
obtains their product by using a slide rule. 

The place where profier equipment has by tradition been most 
recognized is in connection with leaching solid geometry and for 
giving adequate and clear .space perception. Stereoscopic views of 
figures do more than assist in understanding proofs of theorems; 
they cause lines to stand out so dearly that a figure in a plane ac¬ 
quires some of the charm of a graceful and well proportioned struc¬ 
ture. More aids in the way of models and views at a moderate cost 
are available than formerly, and they should be used to instruct and 
to arouse interest. Certain basic figures and sqlids should be promi¬ 
nent in the dassroom, to which they give an, atmosphere that is ap¬ 
propriate to the subject that is being taught. A knowledge of the 
properties of figures and a recognition of their importance is stimu¬ 
lated by having the figures form a part of one's habitual surround¬ 
ings. Equipment appropriate for the physics laboratory may also be 
employed in the mathematics room. For example, instruments that 
explain the resolution of forces will assist in understanding some of 
the applications of trigonometry. 

The use of calculating machines in connection with commercial 
instruction is already well established. It is obvious that pupils 
should be taught methods used in the business world and that they 
should be made familiar with appliances that have greatly simplified 
numerical computation. An understanding of machine calculation 
may increase a pupil’s opportunity of finding employment. Ma¬ 
chines also have an important place in mathematical work other 
than commercial work. The time that they save in the making of 
necessary computations can be devoted to covering more theory or 
to studying more thoroughly concepts and principles Indirectly, 
then, machines, when they are properly utilized, can aid in basic 
mathematical instruction. Pupils seriously interested m mathemati¬ 
cal study, as well as those who desire thorough commercial training, 
should have the opportunity to gam some skill in machine calcula¬ 
tion. Much can be accomplished m the way of instruction by means 
of the lower priced machines designed especially for school use. 

Instruments for surveying, especially a transit, have considerable 
usefulness in teaching parts of geometry and tiigonometry. The 
interest of many pupils is increased by means of practical problems 
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and an insEruincm inakc^ it |Ki%sihIe for pupili lo .wcxn:c their own 
data for a varit ty of ^xnd'm. In addition, skill in the use of instru¬ 
ments is valuable. An ait urate engineer’s transit is not needed un¬ 
less work in surveying of a high qualiiy is atietnpiecl. Very mexpetv 
sive transits designed for the use of builders and for farm surveying, 
as well tus spei lal st Imo! instruments, arc on the market, and they are 
suitable for dfuiointtatinn pmjmses and for the held work that may 
go with a tmirsf in tiigonomeii). SutU insirumenis have made it 
jKJvsibie fm m hauls to juavide a set tom unit of fidd work, thereby 
giving a type of tiainiiig forimrly v’ldom available. Sextants for 
sthool use aie alvi avadabb at low piites and are instiuctive instru¬ 
ments. A person familiar with the use of svuh an instrument may 
desiie unr for letifinioiia! purfKises, and individual ownership of 
inexpensive instiuriients isipnte jwissible. 

More vaitcd aids tluui (hme distussed above are needed for the 
rank and file of pupils tf they ate to undeisiaml mathematics and 
applet late Us pLur in lurieni life In Cdutptcr V^II it was slated that 
the .slower [tupih "must handle, mrasuie, tut, count, draw, make 
models, draw gtaphs . in order to li ain. Anoidingly the nec¬ 
essary cquijnneni must l>e jirovided, ami it is not expensive. The 
interest of average ynijnls and even of sonu* of the stronger one.s may 
be siimiilaitd by gathering, ingamrmg. and piepaiing posters or 
other material tliat will show the wide and varied u,ses of mathe- 
xnatves. Some atientum has already Ireen given to this subject in 
Chapter V, and the possibilities o{>en to a resourceful teacher are 
very great. Displays arc instiiu tive things in themselves as well as a 
means of stimulating study. Pictures and diagiams do not need to 
be restricted to appUcaiions of maiheinaiits; theorems and demon¬ 
strations lend themselves to the purpose, 'I he theorem of Pythagoras 
with the (Hsumiary proof is worrliy of display in any mathematics 
room; one of the simple methods of uisci ting an angle by compasses 
and a straight edge with marks iijniu tt, would make an exhibit that 
would hdp toneii the t urrent mist out epiion about one of the most 
famous of all inaiheiinnUal problems 
Ptoiier furnishing of a immi is reipiiied for displaying and using 
equipmenl. ‘Dieie sliouhi be cases for bmiks, for instruments, for 
models, ami wall spate for pit tines, and posters. Storage space 
should be convcmently actessible for keeping the work that is done 
by diflerent classes, I'liere .should Im a good drawing table, properly 
equipped, at which caicful drawing tan be done; and there should be 
other work tables. In a large school with a number of rooms devoted 
to mathematics instruction, a separate room to serve as laboratory 
and museum can be used with very valuable results. A projecting 
lantern and scieen can be used to advantage at times, and the future 
will probably see the development of more and better films having 
a mathomatital bearing. 
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Some suggeied eqoiprafeni m Jisted WlnSIe it is 10 t«i oc* 

peeled that an appropriate arnoum of the mJtml b«c%et will be 
allotted for the purchase of equipment and wppli« for the math«* 
matia department, »i is to be remembered that nwst of the charts 
and posters, many of the model*, and some of the other eq^uipmeat 
can be made by the pupik, 

^NSTRUME^r^S 

Under this heading should be included not only obvious items, 
sucli as compasses, drawing instruments, slide rules, protractors, 
parallel rulers, a pantograph, a vernier, and a vernier caliper, but 
the more elaborate equipment, such as a surveying transit, a sextant, 
and a calculating machine, whose uses and advantages have been 
previously discussed.® A sfiherical blackboard should also be in¬ 
cluded, as well as cross section blackboard graph charts.* 

MODELS 

Among models should be found; Prisms,'* pyramids, cylinders, 
cones, spheres, the five regular polyhedrons. There should also be 
a stereoscope and views. 

SHOWCASE AND WALL DISPLAYS 

An abacus, Napier's bones, sundials, pictures of ancient clocks, pic¬ 
tures or models of ancient surveying instruments, various models 
made by pupils, drawings and proofs of important theorems, pictures 
of general mathematical interest, posters, etc., may be among e 
showcase and wall displays. 


SUPPLIES 


Supplies should include: Graph paper rectangular (several dif¬ 
ferent units), logarithmic, semi-Ioganthmic, polar. Mimeograph ma- 

iS« aUo Woodring and Sanford, Enriched Teaching of Mathematic, .n the 

Junior and Senior Bigh Schools pp. loi-iii. 

*Sce Woodting and Sanford, foe. cit., for dealers in mstruincnta Adver .se- 
menU of mathematical supplies and equipment will also be found in The Mathe- 
maJ, Teacher and School Science and Mathematic, Well known mail-order 
houses handle low pr.ced transits Among the belter known caiculaung machines 
are the Monroe, the Marchant, the Fr.eden, the Mathematon, and the Merced«. 

> Diferent sizes of such charts on slated cloth are available Since they ate 
movable they present certain advantages over a permanent wall board that is 


4 There should be prisms with different numbers of faces, also oblique prisms 
and truncated prisms There should be a corresponding variety of pyramids, and 
cones cut to show the different conic sections 
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lerial Gctsrrat tolorrd ihatk, BriiUfl board, paste- 

btwrd, t»ann|5 inaurwi 


•IEAC.HFR‘& Wt.E 

In the teathri\ file '^honkt Iw' Iniitnjctitinal materials, including 
applicalinin, Ift^i stiatcriah Biblif^gtaphks. 

ntKJKs a'<d hkiouicals for the 

ItUrH St HtKH. l.tItR\RY 

Ttxl% The library shnuhl (amain a g«Kitl selection of standard 
texts covering rlnnentaty algebra, geometiy. trigonometry, high 
stltool general matheiiiaiicv tolltge algebra, analytic geometry, 
maihemancs of fitiantr. eleiiirniaiy MaiiMnv, ralitilus,® and unified 
college rnalhfmaiuA 1 here dutnltl aho Iw an adetjuate number of 
good matheinattial tables, available in the binary and at special 
jslateft that are dcMgiied for work involving laltulaiions. The li- 
braiy shtnild alw liavr viandaid works ort the teaching of raathe- 
tiiaiits for the use of teachers. 

Itffereme Baaki 1 he list of rrfrienre l>ooks below does not aim 
at completeness, Inil it covets vc-ry adecpiaicdy the history of mathe¬ 
matics. and also ptuvidts for oihei types of supplementary reading 
and instruction. 

Abbott, Edwin A. Ftatlantl, (and c'clition). Little, Brown and Co., 
Boston, itiaR, )f,r,pp.. $t.Br, 

American Cottncil on Education. Athinrmenls of Civilization. 

No. a The Story of Niimhrrs. »{app., $o.rt). 

No. §. The Story of Wrij^lifs. and Meti'iuTes, $o.tD. 

No, 4. The Story of Oto Cnlemlar, 32pp,$o, 10. 

No 5. Telling Time 'rhunn'Jiout the Cniturif^. 64pp , $o.xo. 
American Camncil on Education, y.pj Jackson Place NW, Wash¬ 
ington, D. C.. Kj^s. 

Andrews, E‘. Emerson. iVeie A’timherjr. lltireourt, Brace and Co, 
New York, (ispp.. $o,r,o. 

Andrews, Willitun .S'. Afogi’r Square% nod Cuhei, Open Court Pub 
lishing Co., Chicago, KfoS. logpp. (Out of print). 

Archibald, R. C, Outline of (he HiUoty of Mathematics. (3rd edi¬ 
tion). Mathematical Associaiion of America, Oberlin, Ohio, 1936 
6a pp. $050. 

“Some cit the hrvefer and simpler iKioks on calculus are lo be recommended. 
Calculus Made Easy, by Silvaiuis ?. Thompson (Macmillan and Co,, »nd edi 
igiq, 2G5 pp), IS likely lo arouse die mteiesi of studcnis. a fact that olfsets criti¬ 
cism one might make of a deceptive suggestion of the oiVc and the unconvention 
alUY and lack of precision of treatment 
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Ball, W. W- R. Mttthemaikal Rm^alwm and Mmoys, (ytti edition). 

Macmillan Co., Hew York, t^so. 506pp., $3.50. 

Bell, Eric. Men of Malhematia. Simon and Schuita", Nw York, 
1937 * SWP'-lsoo* 

Bell, Eric, Queen of the Sciences. Williams and Wilkins Co., Balti¬ 
more, 1931. igSpp. |t,oo, 

Bentley, W. A. and Humphreys, W. J. Snora Crystals, McGraw-Hill 
Book Company, New York, tggi. ssypp., Iio.oo. 

Bradley, A. D. Mathematics of Map Projection and Namgaiion. 
Lafayette Instruments, Inc., New York, 1938. io8pp. (mimeo¬ 
graphed), $1.75. 

Bre.slkh, Ernst R, Excursions in Mathematics. The Orthovis Co., 
Chicago, 1937, 47pp„ $1.50. 

Brodetsky, S. A First Course in Nomography, Open Court Publish¬ 
ing Co., Chicago, 1925. 160pp., $3.00. 

Cajori, F. History of Mathematics (snd edition). Macmillan Co„ 
New York, 1 gig. 516pp., I4.50. 

Candy, Albert L. Construction, Classification and Census of Magic 
Squares of Order Five, The Author, 1003 H Street, Lincoln, Neb., 
1938. i4tpp-, $1.00. 

Collins, A. F. Fun with Figures, Appleton Century Co, New York, 

■ 933 . 253 PP'. I2-00, , , ^ , 

Dantzig, Tobias. Number, the Language of Science (3rd edition), 

Macmillan Co., New York, 1939. gaopp- $S o®- 
Dudeney, H. E. Amusements in Mathematics. Thomas Nelson and 
Sons, New York, 1917. 258pp., $1.50. 

Dudeney, H. E. Canterbury Puzzles Thomas Nelson and Sons, 
London, 1919. 255pp., |i.50. 

Dudeney, H E. Modern Puzzles and How to Solve Them. F. A, 
Stokes and Co., New York, 1926. igopp, $1 25. 

Dudeney, H. E Puzzles and Curious Problems Thomas Nelson and 

Sons, London, 1932. i 95 PP»?> 5 o xr , 

Heath, R. V. Mathemagic. Simon and Schuster, New York, 1933. 

138pp., fi.75. 

Hogben, Lancelot. Mcth^fitutics fox the Million W* W Norton 

Co., New York, 1^7. 647pp., $ 3 - 75 > , 

Hopper, V. F. Medieval Number Symbolism. Columbia University 

Press,’New York, 1938. 241pp., I2.80 
Hornung, C. P Handbook of Designs and Devices Harper & 
Brothers, New York, 1932 204pp, S2.50 
Jones, S. 1 . Mathematical Nuts. The Author, Life and Casualty 
Bldg, Nashville, Tenn , 1932 340 pp, $3 50 
Tones, S, I. Mathematical Wrinkles The Author, Life and Casualty 
Bldg, Nashville, Tenn, 1926 (3rd edition). 361pp., ?3 00 
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Karpinski, L, C. The Hntary of Anthmetk. Rand McNally and 
Q>., <.Jticagt), ty35. stKtpp,, |p tjo. 

Levimon, llowcc C Ymir VJmwe Ut IVsn' T/n* Lam of Chance and 
Probainhiy. I'.nrai and Rjin-liari, Ncu Yink, 343pp,|a.5o, 
LicH n E. Rrtreatwm t« Mathrmaius. 1) Van Nostrand Co, 
New York, ipty. if)''jpp-. 

lawmis, E. S l\lhagi>rean Theorem. Mawniv, tgai W. inth St., 
Cleveland, Ch»>, *927, snipp. 

MacMahon, P. A. AViv Mtiihnnaltrnl Pttslimr'i. Macmillan Co, 
New York. 1930 n-tpp-. $3.00. 

MtKiiy, Hmlnn .i<iH‘nrnrr.v in .*Iiii/irnr!i< Macmdlan Co, New 
YtnL |i ft'i 

Mfiiill, IlrUii A. Mulhriii.stnal Huuc Humphries, 

Iiu., liftstmn, MasN., 1933 nrd’P* 

Sanford, Vtui. .Shutt //nnoy of Mathnnutus. Ilougluon Mifflin 
Co, New Ycnk, 11.130. ioopp . $3 Sfi 
.Shusiicr, C. and Btdltnd, F. Held IFork 01 j\f«fhp»mfici. American 
Hook Qj, New Ycnk, 1935. ifiKpp , $1,20 
Smuli, D, h Hntfiiy nj Muihnnaim (.ion ami Co., Boston, 1923, 
25. 2v. i^aipp , S“,iHi t.tili. 

Smith, D. E. Mal/irmalin, Our Dehl to (heete and Rome, Marshall 
jemt's Co., Boston 17.', pp. $1.73 

Smith, D. E. Kinnhn Siotus <ij Lung .i.go. Ciun and Co,, Boston, 
n)ig. i^fipi), $o.(iH 

.Smith, I). E. and Cinslnng. j. Numbers nnd Numerals, Bureau of 
Publitatums, Tcachois ColUgt*. Columbia Umwisiiy, New York, 

1937- 5 SPF'. lo-sro 

Stcinhaus, Hugo Mathrjnatunl Snaiishats. (7 E, Stcchcrt and Co, 
New Ymk, ig.^H. 1371*1).. 

Weeks, Ra)nH)ml. Boys' Oivn Anthtnelic E. P. Dutton and Co, 
New Ymk, 1924 iHH|>|», Sa.oo 

WhiU*, W E, A .StrajdHUik f>f Klnnrntaiy Muihemalks, Open Court 
Publishing Co., Chuago, i<|*'7. 248(9*., f 1,70 
Woodring, ilaxu* N. and .S.mhncl, Vet.i Enruhed Teaching of 
MatlinnatHs tn the Jtnuur and Senufi Ihgh .Sthotd (revised edi¬ 
tion). Buu'iui of PuljlicitioMs, Iv.uhris Collegt*, Columbia Uni- 
vmity. New Yoik, itjyH $1.77 

The last hook, whidi has lawn (ireviouslv referred to in footnotes 
on earlier pages, should Ih* well known to all teathers of mathematics, 
Its 133 pages give in tonvenient form nnuh material and many ref¬ 
erences brought together in no otliei plate Vaiious sections in it 
are especially useful in connetlion svith pages 68-71 of this Report, 
and with the last three horizontal divisions of the Grade Placement 
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Chart, which form* Afjfjcwls* V. Bknh iis ilte ImxiI. gite » 
ready place 10 wpplwiew k by wcw ffifmanies tkai taaf he found 
ia current liiertnure. 

Periodkak. Surh magakwa at The dmerkm and fypu- 

krSckna have a certam amount ol matbiwMiital interett ti tlsiei. 
Periodicals of ijiecial intwot in the semtudiiry mathemaito ieW 
are: 

The Mathemalirs Tmcher, gsj W«t tsnihSiimei, New fnrfc CSt|. 
Eightyajjpics a year. |a.<x> a year. 

This is a publitaikm of tire National Ctnindl of Teacher of 
iVfathemaitcs. A siibscripiion aunriai membership in the OJundL 
The magarinc is dcvotrcl w the inieresis of mathemtUa in clemem 
lary and secondary schools. 

School Science and Maihematks. Menasha, Wis. Nine copies a 
year, la.go a year. 

This is a publication of the Central Association of Science and 
Mathematics Teachers. Contains articles dealing with tnathemaria 
and iu teaching, and also a problem department. 

In addition to The Mathematics Teacher, the National Council 
has, since igsG, published annually a Yearbook. These works have 
covered a wide variety of articles and studies valuable to elementary 
and secondary maihcmatia teachers. 
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appendix 

CJRADF. PLACEMENT CHART FOR 



CRADl. y 

ORADI. 8 

GRADE 9 

ARITHMETIC 
((Mumbcr and 
Clorapulniion) 

t. r.xptricnret, l,iii- 
guage, and ideas 

9 . Fumliimrnial pr'w ■ 
eisfa With wiinlr 
riumliers, fratiuais, 
and dnimah. and 
related jinmijilri 

3. .Signtlifam appli* 
falicru, 

4 (Optional) I.le- 
inriitary apprii'ii- 
rnale iianptilaliuii 

1 

1. I xperieiu et, Ian-! 
eiiage. and ideas! 
U'nnlintird) 1 

2 I umlninmtal firra- 
esw« and related 
Ittimiplei (reviewed, 
and extended). | 

'{ .Sittiiilitnnf appluvi-l 
(atinns. | 

‘4 (Opfnmal) Approxi-! 

tiifite innipiitatu)ii| 

‘ (uintinnni) | 

1. Review and exten¬ 
sion of Concepts 
and skills 

2. Applications, pref. 
crably m connec¬ 
tion with algebra 

3. (Optional) Loga¬ 
rithms and the 
slide rule. 

Ct.OMETRY 
(hpate rertri)- 
iion, Detinmsira- 
non) 

(/fl/fitwaf) ' 

1. Lx|irrirmrs, lati 
Ruage, Hin! iilein 

9 . Drawing nr 1 mi- 
siruiimg liarn tig» 
iires, 

3 Direct meaiiirr- 
irietu (letigtlis and 
Hiigles). 

4 Intiiicrt measure-, 

tneiit (aie.ii and 
vnliimri). 1 

3 (Optional) Appli¬ 
cation of, elemen¬ 
tal y ainirnximaie 
tornputation 

6, Related fw is aixl 
pnnrifika 

7 Sigruficiint appli- 
j raimiis. I 

1 (hjtnmt) j 

1 l.xprnnn es, Itui- 
J EuaKe, and ideas,' 

* (itmiinurd) 

’u Drawing nr inn-l 
atimiiiip imporiant 
' figures j 

3 Indirrtt nirasiire-. 

' iiiPin ‘ 

j 4. (Opi1un.1l) Appliea -1 
, tiuii 111 flemeni.try . 

1 appriixiinate tmn-| 
put.ituin (fontin- 
\ lied) t 

f, Rehtted fat n and' 

1 print iples (tmuin- 
! ued) ! 

j(/ Signifnant applua- 
' tnins ! 

1 1 

‘ 1 

(.Informal) 

I Review and exten¬ 
sion of concepts, 
skills, facts, and re¬ 
lations 

a. Apjdications, pref¬ 
erably m connec¬ 
tion witli algebra 

3. (Optional) Intro¬ 
duction to demon¬ 
strative geometry, 

(In grades g and to, 
algebra and geom¬ 
etry may be closely 
correlated) 

CRAwnc: 
REPRLSEN- 
TA'l ION 

I InierpretntKiri of 
Miiiple pictogiains 
u r a t a t i s 111 .11 
gniphj 

2, <tra))liir represrii- 
lalion nf simple sUi- 
(isiitul data 

1 Illterpirltllion tlf 
Mististiial graphs 

2 Crapliit irpreiirtitii. 
tiiiu «l eveiydav «la- 
t1si11.1l data (liat 
gi.ipli, line Riii|ih, 
<11 lie gtapli) 

3 (1 iptintitil) "laltiiliir 
and grapiik repie- 
sentation tif rtlation- 
fllu|i5 expressed by 
simple formulas 

1. .St<ilistiral graphs 
(reviewed and ex¬ 
it tided), 

2. I unctional graphs 
(forinulasiyotw-hi, 

■» ax*), 


Ncirp I. The central theme or tore of rach veai's leclinical work is indicated by means of 
Noti 9 In general, no single claas should attempt all the optional lines of work or types of 
omitted if local conditions n quire suth inodifiration This is especially true of certain of the 
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V 

PLAN OF CHAPTER V, GRADES 7-12 


GRADE 10 

GRADE u 

GRADE la 

t Review and extension, 
preferably in connec¬ 
tion with applied prob¬ 
lems. 

a The use of itratonal 
numbers 

3 Approximate computa¬ 
tion 

4. (Optional) The use of 
the slide ride 

t. Review and extension, 
a. Study of the numbex sys¬ 
tem. 

3 /^proximate computation 
4. (Optional) Study and use of 
the slide rule. 

5 (Optional) Use of calculat¬ 
ing machines. 

1. Review and extension, 
a The number system (com¬ 
plex numbers). 

3 Approximate computation, 
including use of the deriva¬ 
tive. 

(Formal) 

I Transition to formal 
geometry. 

a. Acquisition of skill m 
demonstration. 

3 Famillanty with facts 
and propositions, ptop- 
erly organized 

4. Development of ele¬ 
mentary spatial insight. 

-1 

1 Review in connection with 
trigonometry 

I. Basic propositions in solid 
geometry with properties 
and mensuration of solids 
a. Equations of straight line 
and circle systematically 
studied 

3. Simple locus problems 

4 (Optional) Introduction to 
parabola and clhpse 

I. Review and extension, 
preferably in connec¬ 
tion witn the social 
studies and science pro- 
wama 

a (Optional) Graphs of 
simple cquauons 

1 Representation of more 
complicated statistical data 

2 Graphs of linear and quad- 
mtic functions 

3 Graphic solutions of prob¬ 
lems 

4 Graphs of trigonometric 
functions 

1 Graphic solution of equa¬ 
tions 

2 Representation of complex 
numbers (either m rectan¬ 
gular or in polar coordi¬ 
nates) 

3 (Optional) Use of logarith¬ 
mic paper 

- 


double borders Mathematical modes of thinking, etc, should be stressed in all years 
enrichment suggested for each year Some of the topics not marked optional can be deferred or 
historical topics suggested 
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(JRADK PLACEMENT 


GRADL 7 


(iRADR 8 


GRADE 


ALGEBRA 


1. (Optional) riir iiir 
and application of 
formulai as expres¬ 
sions of simple rela¬ 
tions and of funda¬ 
mental rules ofptii- 
cednie 


[Informal) 

I The shorthand of al- 
(telira (coniepts and 
simple techniques) 

2. The formula (evalu¬ 
ation and construc¬ 
tion) 

*5 'I he ecjuation (sim¬ 
ple eases) 

4 (Optional) Signed 
numtiers tuul then 
uses. 

ej .Sittnificiint npplii a- 
iHins. 


j [Elinunlary) 
j i Language and 
I ideas (extended) 
a. Fundamcntaltech- 
niques. 

3. Fundamental prin- 
j cinlcs 

4 Thcfunctionalcore 
i of algebra (for- 
i nuila, table, equa- 

I tion, CTaph). 

‘ 3. Significant applt- 
I cations (See text 
for dctatli) 

I 

I (In grades 9 and 10, 

II algebra and geom- 
I j etry may be closely 

I correlated) 


TRIGONOM¬ 

ETRY 


[I'rtpartitorf II sr^) 

1. Seale drawing (be¬ 
gun) 

2, Measurement of 
lengths and angles 

3 Ratio (begun) 


[I'ttftmatory H’tirk) 

1 .Stale (hawing (con¬ 
tinued) 

a, Similaiity and pro- 
jmiliriii. 

3 Ont'Of-diKir wnrh in 
intlirei t measure¬ 
ment 

4. The use of simple in- 
sti uinriits 


{Numerical) 

I. Language and 
ideas. 

a Necessary skills 
(drawing to scale, 
using tables of 
sines, cosines, tan- 
gent-j) 

3 Applied problems, 

4 Approximate com¬ 
putation arising 
from use of tables 

5 (Optional) The 
sliclc rule 


MATIIEMAIT- i. The dcvelnptnent of habits of corrertness in 

CAI. MOI)r,.S eomputaiion, lueasuremeiit, and drawing, and 

OF THINK- m tnaking verbal ataiements. 

INO, IIAHITS, 2, The development of liahits of estimating and 
ATTITUDE,S, ofelieeking 

TYPES OF 3, Learning to interpret and to analyre rlenicn- 
APPRF.CIA. taiy prnlilem situations 

TION 4 Learning to prepare neatly and economically 
arranged written solutions of suitable mathe¬ 
matical problems. 

5, The develupmciu of an interest in the study of 
simple quantitative relationships with the aid 
of the table, the graph, the formula, and the 
equation 

6 Learning to appicciatc the place of mathemat¬ 
ics in everyday life. 


1. Continuation of 
the modes of think¬ 
ing outlined for 
grades 7 and 8 , 

2. Learning to under¬ 
stand and to apply 
relational thinking 
(the idea of de¬ 
pendence, of func¬ 
tional thinking) as 
a key method of 
dealing with quan¬ 
titative changes 
arising in nature, 
in business, and in 
everyday life. 
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Grade Placement Chart 


chart { Continued ) 

-- 

- 

GRAOE 10 

GRADE M 

GRADE lu 


I Use of algebra in con¬ 
nection with geometric 
proo& and worki 

(Tnlermtdiali) ^ 

,, Review and 
basic concepts and teen- 
niqucs, , 

a Linear functions and equa- 

tions . . 

3. Quadratic funcuons ai^d 

4. SicX'and radical equa- 

5 Logarithms and the slide 

6, ScriM (arithmetic, geomet¬ 
ric, binominal). 

7-11 (See text.) 

'"(AMnadlaniEit^ 

equations, mcluding deter 
nunatmn of real . 

2, Permutations, 

tions, and simple work m 

3 SifRrSation of polyno- 

4. Slopes, maxima 

^ Elements of finance. Stabs 
tics. 


{Numerical) 

1. Review and extension^ 

4, Functions of 30°, 45 > 
60° ' , I 

4 Significant applied 
problems involving use 
of natural trigonomet¬ 
ric functions. 

4 The slide rule 

5 (Optional) Use of loga- 

nthms and slide rule 

(Formal) 

I The SIX trigonometric func¬ 
tions, 

Q Basic identities 

0, The addition ,r 

i Double-angle and half- 
angle formulas 

5 Laws of sines, cosines, tan- 

5 Solution of triangles 

7. Components and resdtants 

8 Simple identities and equa 

I Review 
a. Radian measure 

a Inverse functions 

4. Identities and equabons. 

5 DeMoivre’s Theorem 

(When desirable, 

V moved from grade I I to 

grade m. and some topics 
above may be omitted ) 



tiona, 

ra Fieldwork 

_ _—- 


1 Continuation of the 

modes of thinking out- 
Uned for grades 7, 0, 

2 Leaning to understand 

and to apply A® 

uve type of think'"?®® 

Tmethod of dealing 

with situations involv¬ 
ing sets of interdepend¬ 
ent concepts arid closel) 

related propositions 

of thinking suggested for gra es 

2. A more systematic^ in the 

IS smdieU Jn iS'deductwe reasoning 

: ^ Kuuralvdues of mathematics 

f 




GRADE PLACEMENT 



HISTORY OF I The story of num- t.Tlic story of the tied- i. The story of alge- 

ATHEMAT- berj and numerals mal system and of braicsymbohsm 
a. The story of meas- romputatum a. The story of mdi- 
urement a, Early history of rcct measurement 

geometry, 3 (Optional) History 

of signed numbers 
and elementary as¬ 
pects of irrational 
numbers 


CAL 

PROJECTS 

AND 

ACTIVITIES 


.Frojcfts (home, 
adiool, fommti- I a. Intome taxes. 


miy) 

а. ThesduKillMiik 

3, Simple measute- 
meni projft ts, 

4. iSimfile gfoinelru* 
designs in nature 
and art, 

5 Making maihcmat' 
leal sourffi liooks 
and posters. 

б, Correlation with 
eeniers of interest 

7. Mathematical ree* 


3, Tamily budgets 


I The place of math¬ 
ematics mthemod- 
em world, 

a. The mathematics 
of business and of 


4 Correlation with 
science and the so- 











Grade Placement Chart 


CHART (Continued) 



GRADE 10 

GRADE II 

GRADE 12 

I. The development of 
geometry m Egypt, 
Babylonia, and Greece 

2 Great Greek mathema’ 
ticians 

!) Pre-Greek mathemat¬ 
ics 

Sec Note 2 

1 Systematic development of algebra, as centering around the 
solution of equations, leading contributors 

2 Beginning of the modern period, Descartes, Newton, Leibniz, 

3. Great development of analysis since lyoo, leading contribu¬ 
tors, 

4 Mathematical physics and astronomy, leading contributors 

5. The mathematics discovery of Neptune 

0 The discovery of non-EucIidean geometry 

J, Development of mathematics m America, the influence of 
Bowditch, Peirce, etc 

i Using postulational 
thinking in life situa¬ 
tions 

2, The geometry of archi¬ 
tecture, of surveying, of 
design, and of related 
fields 

3, Mathematical recrea¬ 
tions (fallacies and the 
like) 

1. Calculating machines 

2. Making simple surveying 
instruments 

3 Surveying projects 

4. Introduction to astronomy 
(mathematical) 

5. Mathematical recreations 

1 Statistics and modern life, 

2 Mathematics of finance 

3 Elementary work in me¬ 
chanics 

4 The mathematics of the 
telescope 

5 The mathematics needed in 
the leading professions 

6 Mathematical recreations, 
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